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PREFACE 


Although a number of excellent books on quantum mechanics, statistical 
mechanics and molecular spectra are available, much of the material 
contained in them is not of immediate interest to the majority of chemists. 
The purpose of this book is to provide an introduction to certain aspects 
of these subjects that have a bearing on chemical problems. Such topics 
as the quantum theory of valence, the concept of resonance, the electronic 
configurations of molecules, the calculation of thermodynamic functions 
from spectroscopic data, dissociation accompanying light absorption, 
valence force constants, bond distances, and intermolecular forces, to 
mention a few, are of direct importance to chemistry. 

It cannot be claimed that the treatment given here is comprehensive 
or completely rigorous. This book alone is not necessarily sufficient to 
supply the detailed instruction which would permit the reader to use 
quantum mechanics and statistical’ mechanics as tools for himself. Its 
primary object is to help him understand clearly how they have been 
employed by others to obtain results of chemical significance. At the same 
time, the knowledge gained from the present work will provide, the founda- 
tion upon which may be based a more detailed treatment of the subjects 
to be found in the publications mentioned in the text and at the end of the 
preface. 

It is inevitable that a book dealing with topics which are largely theo- 
retical should be somewhat mathematical in character. However, the 
mathematics used should be within the scope of the reader with an ele- 
mentary knowledge of calculus, including simple differential equations. 
Since these are prerequisites for majoring in chemistry in most colleges 
whose courses are approved by the American Chemical Society, the material 
should be understood by any graduate in chemistry. In any event, pure 
formalism in the mathematics has been avoided so far as possible; whenever 
feasible an attempt has been made to give a physical basis to the problem 
under consideration and to illustrate the results by means of practical 
examples. While it is admitted that the subject matter of this book is not 
easy reading, the contents should be readily comprehended by those who 
are prepared to devote a little time to its study. 

In preparing this book invaluable assistance has been derived from a 
number of standard works to which the reader is referred for further infor- 
mation. Special mention may be made of Dushman, Elements of Quan- 
tum Mechanics”; Fowler and Guggenheim, "Statistical Thermodynamics”; 
Herzberg, "Atomic Spectra and Atomic Structure,” and "Molecular 
Spectra and Molecular Structure: Diatomic Molecules”; Kronig, “Optical 
Basis of the Theory of Valency”; Mayer and Mayer, "Statistical Me- 
chanics”; Pauling and Wilson, "Introduction to Quantum Mechanics”; 
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Penney, “Quantum Theory of Valency”; Sutherland, Infra-Red and 
Raman Spectra”; Tolman, “The Principles of Statistical Mechanics ; and 
Wu, “Vibrational Spectra and Structures of Polyatomic Molecules. To 
the authors of these books the writer expresses his ^eat indebtedness. In 
addition, use has been made of some portioi^ of Glasstone, Laidler and 
EyrinK, “The Theory of Rate Processes.” Two other books, published 
since the manuscript of the present work was completed, are recommended 

to the reader; these are Margenau and Murphy, The ° 

Physics and Chemistry,” and Eyring, Walter and Kimball, Quantum 
Chemistry.” Finally, the writer wishes to record his appreciation of the 
help given him by his wife in the preparation of the manuscript and in the 

correction of proof; 

Samuel Glasstone 

Berkeley, Calif. 

April 1944 




CHAPTER I 

INTRODUCTION: QUANTUM NUMBERS 

Atomic Quantum Numbers * 

la. Principal and Azimuthal Quantum Numbers. — The energy of an 
electron moving in the central force field of a single atom is determined 
essentially by two quantum numbers, designated by the letters n and /, re- 
spectively. As will be seen in Chapter II, principal quantum number n 
must of necessity be integral, while for a given value of w, the so-called 
azimuthal quantum number I may have any one of the values » — 1, « — 2, 

• * 1, 0. In classical mechanics the principal quantum number represents 

the ordinal number of the particular orbit occupied by the electron, but in 
wave mechanics the concept of definite orbits is discarded. The number n 
can, nevertheless, be regarded as giving an indication of the mean distance 
of the electron from the atomic nucleus. Thus, an electron having a prin- 
cipal quantum number equal to unity will, on the average, be closer to the 
nucleus than will an electron whose principal quantum number is two. 
Similarly, the latter will, in general, be nearer to the nucleus than will an 
electron of quantum number three, and so on. It will be apparent from the 
equations to he derived in the following chapter, that the binding energy of 
an electron in a hydrogen-like atom decreases as w is increased; this is in 
harmony with the view that increasing values of the principal quantum 
number represent larger mean distances of the electron from the nucleus. 

Instead of describing an electron by the numerical value of its principal 
quantum number, e.g., 1, 2, 3, • • •, etc,, it is sometimes the practice to em- 
ploy the letters AT, Z,, M, • • *, etc. Thus, a K electron is an electron having 
a principal quantum number of unity; for an L electron the value of n is 
two, and so on. These letters are also employed to describe a group of 
electrons in an atom having the same principal quantum number; it is thus 
possible, for example, to refer to the K shell or the L shell of an atom. 

The azimuthal quantum number / gives a measure of the angular mo- 
mentum of an electron in its orbital motion about the nucleus, generally 
referred to as the orbital angular momentum. In spite of the fact that orbits 
have no precise wave-mechanical significance, the orbital angular mo- 
mentum may be described by a definite vector quantity having the value 

'V/(/ + l)A/27r. For the purpose of identifying the various electrons in 
atom, the general procedure is to employ a symbol consisting of an integer, 
which is the principal quantum number w, followed by a letter representing 
the value of /; the letters used are Syp, dy jy etc., corresponding to / equal to 

* Herzberg, “Atomic Spectra and Atomic Structure”; “Molecular Spectra and Molecular 
Structure: Diatomic Molecules”; Kronig, ‘The Optical Basis of the Theory of Valency.” 
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0, 1, 2, 3, etc., respectively. If, for example, « were 2, then / could be 0 or 1, 
and the electron would be designated as 2s or ?.p, respectively. The number 
of electrons in an atom having the same values of n and / is indicated by a 
superscript; thus, 2p* would mean that in the given atom there are four 2p 
electrons, that is, four electrons for which w = 2 and / — 1. The qu^ion 
of the number of electrons in an atom that can have the same values of both 

n and / will be considered shortly. 

lb. Magnetic and Spin Quantum Numbers.— In a magnetic field the 
vector representing the orbital angular momentum undergoes a precessional 
motion, describing the surface of a cone whose axis is the direction of the 
field. The possible orientations of the vector in space are limited by the 
necessity, according to quantum theory, that the component of the angular 
momentum in the field direction shall be determined by an integral quantum 
number. In other words, there is space quantization of the angular mo- 
mentum in an electric or magnetic field, and the component in the direction 
of the field is represented by a quantum number; this is called the magnetic 
quantum number of the electron, and is designated by the symbol m\. The 
maximum value of mi is clearly /, and its minimum is zero; the possible 
values are consequently given by 

mi = lyl ~ 1, * • *, 0, ■ ■ 'j "■ (f “ ~ ^ (I'l) 

The negative values of mi take into account the fact that the component 
of the angular momentum vector may point in a direction opposite to that 

of the magnetic field (Fig. 1). There are evidently 
2/ + 1 possible orientations in space of the angular 
momentum vector of the electron, each different 
orientation being represented by a different value of 
the quantum number mu Even in the absence of a 
magnetic field, this number retains a definite signifi- 
cance in providing a description of the electron. For 
zero field, however, the value of mi has no effect on the 
binding energy of the electron. 

In order to account for the fine structure of the 
lines in the spectra of certain atoms, it was found 
necessary to postulate that an electron has an angular 
momentum of rotation about its own axis. That is 
to say, every electron must be regarded as possessing 
spin angular momentum; the ma gnitude o f this momen- 
tum is given by the expression 4s {s + 1) hjlvy where s 
can only have the value of In a magnetic field the 
vector representing the spin momentum can orient 
itself so that its component is either in the direction 
of the field or opposite to it; the corresponding spin quantum numbers 
are then or — ^ 
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Exclusion Principle. — According to the foregoing discus- 
sion the state of an electron can be determined by four quantum numbers, 
namely M, /, mi and m,; the possible values of / and mi depend on w, while 
m, can be either or -J. A further restriction is placed on the values 
of these quantum numbers by the Pauii exclusion principle^ which states 
that two electrons in the same atom cannot have all four quantum numbers 
identical. The operation of this principle can be readily understood by con- 
sidering some particular cases. If the principal quantum number n is unity, 
the azimuthal quantum number / can only be zero; consequently mi must 
be zero. If two electrons for which w = 1 are under consideration, three of 
the four quantum numbers must be identical, i.e., « = 1, / = 0, Wi = 0 for 
both; hence the fourth, m,, must differ for the two electrons if the Pauli 
principle is to be obeyed. The only possible values of tw, are -f J and - J, 
and so it is obvious that in any atom there can never be more than two 
electrons in the K shell, i.e., with w = 1, The four quantum numbers of 
these two electrons are as follows: 


" * Ttit Symbol 

10 0+1 1 , 

10 0-1 1 , 

Both these electrons would be represented by the symbol Ir, and so an 

atom cannot possess more than two h electrons; thus, represents a 
complete shell. 

If the principal quantum number is 2, / may be 1 or 0. When / = 1 the 
possible values of m, are 1, 0 and - 1, so that there are three different ass'ign- 
m^ents for the three quantum numbers. In addition, when / = 0, the value 
of m, must also be 0, and this makes a fourth arrangement that is different 
from the other three. In each case, w. may be +i or and so there are 
eight ways, and no more, in which the four quantum numbers may be as- 
signed when « IS 2. The quantum numbers of the eight electrons which 
may have the principal quantum number of 2 are given below. 



Symbol 

2s 

2s 

2p 

Ip 

Ip 

Ip 

Ip 

2p 


The symbols for these electrons are 2s, when « = 2 and / = 0, and 2« when 
n = 2 and / = 1. ^ 

It was seen above that there are 21 + I values of mi for every value of / 
and there are « possible values of /, viz., « - 1, « - 2, ■ • 0; the maximum’ 
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number of assignments for the four quantum numbers, allowing for the fact 
that m. can have two values, is then given by the summation 

"Z 2(2/ + 1) = 2«2. (1-2) 

1^0 

The maximum number of electrons in any atom having the principal 

quantum number » is thus seen to be ■ c 

From general considerations, which are borne out by an examination ot 

the tables of quantum number assignmentr given above, it is evident that 

for any value of », there can be no more than two electrons for which / is 

zero. That is to say, for each value of the principal quantum number n 

there can be only two s electrons. There is thus a maximum number of 

two 1 j electrons, two 2s electrons, two 3s electrons, and so on. When any 

group of electrons contains its maximum number, it is said to be a completed 

group or closed shell; consequently, etc., represent closed shells 

of electrons. , i • n 

When n is greater than unity, I may have the value unity as well as 

zero, and the maximum number of p electrons, i.e., electrons for which 
/ - 1, is equal to six. It follows, therefore, that 2p®, 3p\ 4p«, and so on, 
would indicate closed shells of p electrons. Since there can be no p elec- 
trons when n is unity there arc, of course, no Ip electrons. When w is 3 
the value of / may be as high as 2 > and then d electrons become possible. 
By the use of arguments similar to those presented above, it can be readily 
^own that the maximum possible number of d electrons for any value of n 
is ten; hence 4^/^®, etc., would imply closed shells of d electrons. In 
general there are 2 ( 2 /+ 1 ) electrons in any completed group; 2 / + 1 gives 
the number of values of oti for a given /, and the factor 2 arises because nit 
can be +i or — 5 . 

If the principal quantum number « = 1, there can be only s electrons, 
as already seen; when w = 2, both j and^ electrons are possible; for w = 3, 
there can be j, p and d electrons, and so on. It follows, therefore, that the 
completed Ky Z, M and N shells, i.e., w = 1 , 2 , 3 and 4, respectively, of an 
atom could be represented symbolically in the following manner. 


K shell 

\s^ 

Total * 2 

L shell 

Isnp^ 

= 8 

M shell 

3s^3p^3d^^ 

*=18 

N shell 

4sHpHd^Hf* 

= 32 


The totals, 2, 8, 18 and 32, respectively, represent the maximum numbers of 
electrons that can occupy the first four principal quantum levels. In agree- 
ment with equation ( 1 . 2 ), these totals are equal to 2 w* in each case. 

Id. Electronic Configurations. — In the study of the arrangement of the 
electrons in any atom, it is imagined that a hypothetical process is carried 
out. Starting with the bare nudeus, it is supposed that the electrons, equal 
in number to the nuclear charge, are added one by one until the neutral 
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atom is obtained. By making use of a variety of information, most fre- 
quently obtained from optical and X-ray spectra of the atom concerned, it 
is possible to determine the arrangement of the electrons in the various 
groups and subgroups. The complicated procedure is greatly simplified by 
assuming, what appears to be the case for most atoms, that the main struc- 
tural arrangement of electrons in any atom is the same as in the preceding 
one. It is then usually sufficient to determine the position occupied by the 
one additional electron which distinguishes the two atoms. The principle 
upon which the elucidation of electronic configuration is based is, that in pass- 
ing from any element to the one with the next higher atomic number, the 
additional electron occupies the place in which it becomes most firmly bound. 

The detailed results of this method of studying atomic architecture need 
not be given here,* but reference may be made to a few cases. The hydrogen 
atom, for example, has one electron only, and this must undoubtedly be Ij, 
since the binding energy of an electron in the K shell, {n= 1) is always 
greater than for one in the L shell {n ~ 2). The next atom, helium, with 
two electrons must consequently have the configuration Ij*. The K shell 
is now complete and so the third electron, in the lithium atom, must enter 
the L shell; the distribution of the three electrons will then be according to 
the representation 1 j*2j. When the 2s subgroup is filled with two electrons, 
as in beryllium, the next electron will enter the 2p group, giving 1 j*2j* 2^ 
as in boron, and so forth. 

Attention should be called at this point to the necessity of distinguishing 
between an atom in its normal, or ground, state and the atom in an elec- 
tronically excited or metastable state. One of the latter states results when 
an atom takes up sufficient energy for one or more of its electrons to be 
changed to a quantum level in which the binding energy is less than in the 
normal state. The change may take place in any or all of the four quantum 
numbers at the same time. Generally, changes in the principal quantum 
number are associated with the largest excitation energies. The formation 
of electronic states that differ from the ground state may be illustrated with 
reference to the element carbon. This atom has six electrons, and the ar- 
rangement giving the strongest binding is 1j*2j*2/>*; hence, this symbol pre- 
sumably represents the electronic configuration of the normal, or lowest, 
state of the carbon atom. However, it will be seen later that there are 
three different ways of distributing the two Ip electrons among the quantum 
numbers mi and w,. Hence there are actually three electronic states of 
atomic carbon whose energies are close together. The most stable state, 
with the lowest energy, is the ground state, and the other two states, referred 
to as metastable states^ have slightly higher energies. In addition to these 
three states, in which the electrons have the same values of n and /, there 
are other states, the excited states^ in which either or both of these quantum 
numbers is changed for one of the electrons. The first excited state of 
carbon, for example, is 1 j*2j 2^*, in which one of the 2s electrons has been 
raised to the 2p level. 

*GIasstone, “Text-Book of Physical Chemistry," p. 83 et seq. 
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le RusseU-Saunders Coupling— In the characterization of ^ec- 

s irbtf/:- and nz7£ 

in the nrecedinc paragraph. For most atoms it is satistactory to assume 
the existence of Russell-Saunders couplings also referred to as 

SSrS in ,h. ...m .,= s.ro.gl, " “KimSyX 

momentum, indicated by the quantum number L, ^"<1 ^hat ^ 

spins are coupled to give the resultant quantum number The possible 
vdues of L are determined by the different ways in which the / values for 
the individual electrons can be added vectorially with the restriction, ac- 
cording to the quantum theory, that the resultant momentum must be 
CCCo or integral For an atom containing a large number of electrons the 
determination of the permitted L values is simplified by the fact that clos^ 
shells, such as p\ </■», and so on, give a resultant orbital angular m^ 
mentum of zero. For a single electron outside closed shells, L is o* c?«tse 
equal to / for that electron, and for a pair of electrons having individual 
azimuthal quantum numbers l\ and A, the possible values of the resultant L 

are given by 


L- h + hi h + h — Ij h + h — 2 


/i •“ hi 


fl.3^ 


assuming h is greater than A. The L values for three electrons are obtained 
by finding those for two of them, as just described, and then adding vec- 
torially the / for the third electron, with the usual restriction as to the re- 
sultant being zero or integral. In general, for more than two electrons lying 
outside closed shells, the procedure is to determine the resultant momentum 
for each shell, e.g., Li and ZLj, and then to combine them vectorially, so that 


Z» = Li + Z.2, L\ Li ~~ 1, * • *, Z.J, (1*4) 


where Li > Li. To take a simple illustration, suppose there are three elec- 
trons with the configuration sp^\ for the one s electron, L must be equal to /, 
and hence it is zero. For the two p electrons, the / values, i.e., h and /j, 
are both unity and so, by equation (1.3), the resultant momentum L has 
the possible values 2, 1 and 0. If these are taken as Li, and La is the value 
for the one s electron, i.e., zero, it follows from equation (1.4) that the 
quantum number for the resultant orbital momentum of the three electrons is 


£ = 2 , 1 , 0 . 


The resultant spin quantum number S for all the electrons in an atom 
is the absolute value, i.e., exclusive of sign, obtained by algebraic addition 
of the m, values for the several electrons. The determination of S is very 
simple, partly because closed shells make no contribution to the resultant, 
and partly because w. can be either +§ or only. For one electron S 
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must be while for two electrons it may be 1 or 0 , according as the in- 
dividual spins are m the same direction, i.e., d-i and -|-| (or -i and -i 5 ) 
or in opposite directions, i.e., -fi and -i. For three electrons, the possible 
J values are j and 5 ; the former occurs when all the spins are in the same 
irection, that is, they are all three +5 or — f, and the latter arises when 
two spins are m one direction and the third spin is in the other direction. 
It will be evident that when an atom contains an even number of electrons 
the resultant spin quantum number S must be zero or integral; if there are 
an odd number of electrons S will be equal to an odd number of half integers. 

If. Multiplet States. — In Russell-Saunders (LS) coupling, the L and S 

values for an atom are coupled vectorially to give the quantum numbers / 

tor the total angular momentum of all the electrons. From the general rule 

for the quantum addition of vectors, it follows that the possible values of / 
are given by *' 


y - z,d- j’, z, + 6' - 1, L-F - 2 , ^ -P 1|, |Z, - ,y|; (1.5) 

the symbols I Z. - , etc., indicating absolute values, imply that /is always 

positive. Because the orbital angular mo.menta of the various electrons are 
strongly coupled together, and the spin angular momenta are also strongly 
coupled, terms with different L values or different ^ values have appreciably 
different energies. On the other hand, the various / values, resulting from 
the vectorial combination of L and S, correspond to states that have energies 
that are generally relatively close together. An atomic state with given L 
and J thus consists of a group of components having energies which do not 
differ appreciably; the number of components of the group is equal to the 
number of possible / values. The particular state is then said to be a multi- 
plet and to have a multiplicity equal to the number of / values. Suppose 
for example, that S is then ’ 


] = L + \,L-\, 

so that the multiplicity is two. If ^ is 1, then 

/ = Z + 1, Z, Z, - 1, 

the multiplicity then being three. Ip general, it can be seen that provided 
Z IS greater than S, the number of J values, which gives the multiplicity of 
the given atomic state, is equal to 2^ + 1. It will be noted, in view of what 
was said above concerning S, that the multiplicity will be odd if the atom 
contains an even number of electrons, but it will be even if the number of 
electrons is odd. In the event that Z is less than S, there is only one possible 
/ value, although 2S + 1 may be greater than unity. For example, if an 
atom contains one s electron outside closed shells, Z is zero and is | so 
that / can only be i; the state is thus a singlet, that is, the multiplicity is 
unity, although in this case 2 j' -|- 1 is equal to two. States of this kind are 
frequently regarded as possessing a hypothetical multiplicity of two, both 
components possessing identical energies. 
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Ig Term Symbols.— Just as the letters s, p, d and/ are used to represent 

/ valL of 0, 1, 2 and 3, respectively, for single ^ 

capitals 6’, P, D and F are employed to indicate L values of 0, 1, 2 and 3, 

respect ve y, for all the electrons in a given atom. The letter, reared to 
as the /rm W, is preceded by a superscript representing the multiplicity 
of the state, equal to 2^ + 1, and frequently it is followed a subscript 
giving the / value. Suppose, for the purpose of illustration, that the re- 
sultant orbital quantum number L of the electrons in an atom is 2, an? jA 
the resultant spin ^ is 1; the tei-m symbol for the particular atom will be D, 
since 2J' -h 1 is equal to 3. The possible / values are 

complete symbols for the three states of the triplet would be Z )2 and Di. 
In some cases it is convenient to distinguish atom terms that are even or odd, 
according as the numerical sum of the / values for all the electrons in the 
atom is even or odd. The corresponding symbols are for (even) and 

« for ungerade (odd), and these are used as subscripts m place of the J value; 
thus, Wo would represent an atomic state in which the sum of the / values 

for all the electrons is even. i • • • 

A further form of characterization of multiplet atomic states is sometimes 

convenient. As a general rule, the state with the lowest J value of the 
multiplet has the lowest energy, that is, it is the most stable, and the energy 
increases as J is increased. Such a state would be regarded as a normal 
multiplet. However, sometimes the reverse is true, the lowest J value corre- 
sponding to the highest energy, and vice versa. In this case the multiplet 
is said to be inverted. The halogens, for example, in their lowest states, are 
doublets whose term symbols are and ^Pi/ 2 ; since the former is the more 
stable state, i.e., the usual ground state, the doublets are inverted. 

Ih. Permitted Atomic States. — The essential importance of the term 
symbol lies in the fact that in a large number of cases it can be determined 
from a study of the atomic spectrum, and from a knowledge of this symbol 
information can be obtained concerning the electronic configuration of the 
atom. Consider an atom having six electrons designated by The 

1j 2 and Is^ electrons constitute closed shells, and so L and iS* are determined 
by the two p electrons. Since / for each of these is unity, it follows that L 
for the atom may be 2, 1 or 0, representing D, P and S states, respectively. 
For the two electrons S may be 1 or 0, corresponding to multiplicities of 3 
and 1, respectively. The theoretical terms for the atom under consideration 
are thus Wy and ^S; however, it is found by means of quantum 

mechanics that of these states W and are the only ones possible, the 
others being forbidden. In general, any atom having two p electrons outside 
closed shells should, theoretically, give rise to the same three terms. By 
working in an analogous manner the possible states for various numbers of 
equivalent electrons, that is, of electrons with the same n and I values, have 
been determined. An atom consisting of closed shells only, i.e., J*, p\ 
etc., is always in a ^<5* state; the permitted terms for certain other cases are 
given in Table I. If there are two or more d electrons, the number of terms 
becomes large, and includes F, G, etc., states, with L equal to 4, S, etc. It 
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will be observed that one p electron and five equivalent p electrons outside 
closed shells give the same atomic states. Similarly, two and four equivalent 
p electrons yield identical states. For obvious reasons, a single s, p ox d 
electron will result in the formation of a *6’, or state, respectively. 

Certain rules have been developed for determining which of a number of 
states that may result from the same electronic configuration is the deepest, 
that IS to say, which state has the lowest energy and hence represents the 


STATES FOR EQUIVALENT ELECTRONS 


TABLE I. PERMITTED ATOMIC 

Electrons 

s 

p 

p* 

d 



Permitted States 


*s 




*P 






*P 






most stable (ground) state of the atom. In general, this state is the one 

with the highest multiplicity and the largest L value. For the case in which 

the electrons outside closed shells are represented by p'^ and p\ the lowest 

term should be followed by the possible term and then by >6*. For 

three equivalent^ electrons, i.e.,;>», outside closed shells, the corresponding 
order would be *8, W and 

The application of these rules may be illustrated by means of a few simple 

cases. The ground term as derived from the spectrum of atomic carbon is 

P, and so Its electronic structure, apart from closed shells, is apparently 

orp . The carbon atom has six electrons of which two are undoubtedly of 

the Is type, and hence the configuration would be either h^2s^2p^ or 

Of these alternatives the former is much more probable, for it is unlikely that 

there will be four 2p electrons while the 2s group remains vacant. This 

view IS supported by the fact that the ground terms of the two preceding 

atoms, beryllium and boron, are and ^P, respectively, in their normal 

states, corresponding to the structures lr2r» and Is^ls^p, respectively 

Further confirmation is supplied by the ground state of atomic nitrogen’ 

which must consequently be represented by ms^2p\ It is of interest to 

recall, as mentioned m Section Id, that there is evidence for the existence 

above the P ground state of carbon of two metastable states, namely, 'D 

and S, the former being the lower. This observation is in harmony with 

expectation, for it is seen from Table I that a p^ configuration should be able 

to give rise to these three states, the energies increasing in the order ’P, ‘D 

and S. In each of these states the electronic configuration of the carbon 

atom, so far as the quantum numbers n and / are concerned, is the same, 

namely U Is 2p‘^, but there are diflFerences in the values of mi and m, for the 

two 2p electrons. In the same connection, mention may be made of the 

met^table and ^P states of atomic nitrogen, and of the metastable 'D 
and *0 states of oxygen. 
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In addition to the atomic carbon terms to which reference has just been 
m ;de, there is spectroscopic evidence of a term which undoubt^ly repre- 
sents an excited state. Since the symbol does not appear in Table 1, it 
must be concluded that this state does not arise from equivalent electrons. 
Such a condition can be explained by supposing that one of the 2s electrons 
has been raised to the 2p level, so that the electronic configuration is ls^2s2p . 
There are, consequently, one s and three equivalent p electrons outside 
closed shells, and the atom term is now dependent on four nonequivalent 
electrons. In a case of this kind the procedure is to find first the terms that 
are possible for the three equivalent p electrons; these are, according to 
Table I, W and ^P. For the state, which should be the one of lowest 
energy, the corresponding L and S values, referred to as L\ and * 5 * 1 , are 0 
and §, respectively. These L and S values must now be combined with the 
corresponding resultant quantum numbers for the other equivalent electrons. 
In the case under consideration there is only one s electron, for which L. is 
also 0 and S is these are regarded as and *^ 2 , respectively. Thus, 

Z .1 = 0 6*1 = !, 

z ,2 = 0 6*2 = 

and the possible L and S values resulting from the combination of Li and Lzy 
and of 6*1 and 6 * 2 , respectively, are 


and 


Z. = Z.1 “h Z.2 — 0 

6 * = *^1 + 6 * 2 , 6*1 — 6*2 = 2 , 1 


Since L is zero, the combination must result in an S term; the possible 
multiplicities, 2S + 1, are S and 3, so that the two states and are indi- 
cated, theoretically. The former of these might be expected to be the 
deepest; this is in agreement with experimental observation, and hence the 
results support the suggested structure \s^2s2p^ for the first excited state of 
atomic carbon. By combining the L and S values for the s electrons with 
those corresponding to the two other possible states for the equivalent p^ 
electrons, i.e., and other terms are obtained. None of these, however, 
has such a high multiplicity as the term. It would not be surprising, of 
course, if some of these were found to occur as metastable excited states. 


Molecular Quantum Numbers 

2a. Orbital Angular Quantum Number. — Sufficient has been stated here 
concerning electronic configurations and term symbols of atoms to permit 
the extension of the concepts to the study of molecules. The discussion will 
be restricted to diatomic molecules, for the results become very complicated 
when polyatomic molecules are considered. As a consequence of the strong 
electric field existing between the nuclei of a diatomic molecule, the resultant 
vector representing the an^lar momentum of all the electrons undergoes a 
precession about the field direction, which in this case is the internuclear axis 
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of the molecule. The situation is quite analogous to that referred to in 
connection with an atom in a magnetic or electric field (Section lb) There 
IS a corresponding space quantization of the orbital angular momentum 
vector, with the restriction that the quantum number of the component along 
the internuclear axis shall be zero or integral. This quantum number is 
given the symbol A and its possible values, Z, + 1 in all, are represented by 

^ = L, L — 1, Z, — 2, • • •, 2, 1, 0, (2.1) 

where Z, is the quantum number for the resultant orbital angular momentum 
k- u electrons in the molecule. The corresponding negative values, 
which appear m the equivalent expression for ot, for an atom in a magnetic 
field Lequation (1.1)], do not occur here because in the electric field of the 
nuclei the energy of the electron is the same irrespective of the direction of 
Its orbital motion. In other words, whereas = + / and mi = — I corre- 
spond to states with somewhat different energies, A. = -\- L and A = — L 
represent states with identical energies. It is seen, therefore, that for each 
value of the resultant electronic orbital angular momentum L there are 
Z, + 1 possible molecular energy states, corresponding to the Z. + 1 values 
of the quantum number A. However, except when A is zero, all these states 
are doubly degenerate (see Section 6), for, as just seen, they are each made 
up of the two states, A = + Z. and A = — Z,, having the same energies. 

2b. Spin Quantum Numbers.— Just as electron spin is used to account 
for the multi^plet structure of lines in the spectra of atoms, so the resultant 
spin of all the electrons is employed in connection with molecular spectra 
and the description of molecular states. The corresponding quantum num- 
ber S IS obtained in the usual manner by adding the spins of the various 
electrons outside closed shells; as for atoms, A is zero or integral if the total 
number of electrons is even, whereas it is an odd number of half integers if 
there is an odd number of electrons in the molecule. In the study of mole- 
cules, however, a complication arises because, with the exception of states 
for which A IS zero, the orbital motion of the electrons produces a magnetic 
field in the direction of the nuclear axis. As a result, there is a precession of 
the vector representing the resultant spin A; the components in the field 

direction, indicated by the quantum number 2, are given in the familiar 
manner by the expression 

2 = ^, - 1, - 2, • ■ 0, • • •, - (A - 1), - j'. (2.2) 

Both positive and negadve signs are included for opposite directions of spin 
in the magnetic field. There are thus 2^+1 different values of 2 for every 
value of A and the corresponding molecular term will have a multiplicity of 
lA + 1. It should be emphasized that these arguments apply only if A 
is not zerp, in the event that A is zero, the quantum number 2 has no sig- 
nificance, and the state is a singlet. Nevertheless, as is the case with atoms, 
the quantity W -f l is referred to as the multiplicity of any state, irrespec- 
tive of the value of A; the limitation must, however, be borne in mind. 
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2c. Coupling of Momenta.— As already seen, in atoms which exhibit LS 
coupling, the orbital angular momenta of the electrons arc strongly coupled 
among themselves, and -so also are the spin momenta; the two resultant 
vectors then combine to give the total electronic angular momentum. A 
similar type of behavior is postulated for molecules, the orbital and spin, 
momenta combining to give the component of the total angular momentum 
along the internuclear axis. Since A and S are already the quantum numbers 
for the individual components of orbital momentum and spin, respectively, 
the resultant quantum number U for the component of the total momentum 
is obtained by algebraic, rather than vectorial, addition of A and S; thus, 

0=|A + S|, (2.3) 

positive values only having significance. If A is not zero, there are 2,S -b 1 
possible values of 2, as seen above; hence, for a given value of A other than 
zero, there are 2^* + 1 different values of fl. These correspond to slightly 
different energies of the state having a particular L and S; this state has, 
consequently, a multiplicity of 2S -f* 1, as already noted. Since the quan- 
tum number il for a molecule corresponds to J for an atom, the descriptions 
normal and inverted^ as applied to multiplets of a molecule, are used in the 
same sense as for an atom; a normal state is one in which the lowest energy 
level has the lowest value, whereas in an inverted state the most stable 
level corresponds to the highest value. 

2d. Molecular Term Symbols. — Symbols are employed for the identifica- 
tion of molecular terms that are similar to those described for atoms (Section 
Ig). The Greek capitals 2, II, A, etc., are used to represent A values of 
0, 1, 2, 3, etc.; the multiplicity 2*S + 1 is added as a superscript preceding 
the term symbol, while the U value is sometimes included as a following sub- 
script. Thus, if for a given state A = 2, and ^ = 1, it would be represented 
by the symbol *A. Since 2 might be 1, 0, — 1, the quantum number 12 could 
be 3, 2, 1, so that the three levels of the triplet would be designated ^As, ‘Aj 
and ®Ai, respectively. 

Many stable diatomic molecules have completed electron shells only, and 
so L and hence A are zero; they have therefore 2 ground states. For odd- 
electron molecules, such as NO and HgH, and radicals, such as CN and OH, 
the value of A is generally not zero. For such substances n and A states are 
most common. These terms are also found for the excited states of diatomic 
molecules that are normally stable. In the great majority of cases the 
observed multiplicities are either 1, 2 or 3; higher multiplets in molecular 
terms are rare. If the multiplicity 2*9 + 1 is unity, then S must be zero, 
and in this case G is equal to A. If the multiplicity is two, then S is J, and 
the values of G are A + J and A — finally, when the multiplicity is three, 
S must be unity, and the possible vdues of G are A + 1, A and A — 1. 

2e. Symmetry Properties. — In addition to the quantum nuiribers A, S 
and G, derived from L and 6*, the symmetry properties of the electronic eigen- 
functions (see Chapter II) are important in the identification of molecular 
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states. These symmetry properties of the eigenfunctions, which follow from 

wave mechanical considerations, are in certain cases related to the symmetry 

properties of the molecule as a whole. It will be seen in Section 31a that 

for a diatomic molecule, or for a linear polyatomic molecule, in a 2 state, 

reflection at any plane passing through the nuclei (or, what comes to the 

same thing in these cases, reflection through the origin, i.e., inversion^ of both 

electrons and nuclei) the electronic eigenfunction either remains unaltered 

or else it merely changes sign. If the eigenfunction is unchanged then the 

state is referred to as a S'** state, but if the sign is reversed it is designated a 
2~ state. 

When the two nuclei of a diatomic molecule have the same charge, al- 
though not necessarily the same mass, e.g., and the electric 

field in which the electrons move has a center of symmetry at a point equi- 
distant between the two nuclei. As a result of the reflection of the coordi- 
nates of all the electrons at this center of symmetry, that is, as a result of 
inversion, the electronic eigenfunction is either unaltered or merely changes 
sign (see Section 31b). If there is no change in the eigenfunction, the state 
is said to be even and is designated by the symbol g, while states for which the 
sign changes are referred to as odd and are characterized by the letter «, 
added as a subscript. Examples are 2^, 2„, n„, and A„, the odd and 

even character not being restricted to any particular type of state, provided 
the two nuclei of the molecule have the same charge, i.e., they are identical 
or isotopic. All the levels of a given multiplet have the same^or u character; 
thus, the ground state of the C 2 molecule is a *n„ term, all three constituents 
of the triplet being odd (w) states. It may be mentioned that even if 
the nuclei have charges which differ only slightly, as is the case with the 

CN radical, the electronic eigenfunctions possess g and u properties to 
some degree. 



CHAPTER II 
QUANTUM MECHANICS ^ 

The Uncertainty Principle 

3a. Introduction.— According to classical mechanics it should be possible 
to determine precisely both the position and velocity, or momentum, of a 
moving particle.. It has become apparent in recent years, however, that 
the classical point of view represents an approximation which is adequate for 
objects of appreciable size, but is quite unsatisfactory for describing the 
behavior of particles of atomic dimensions. It has been necessary, therefore, 
to devise a new mechanics for the treatment of electrons and atomic nuclei. 

In this new mechanics the exact position of a moving object, such as, for 
example, the orbit of an electron around the nucleus of an atom, is replaced 
by a function which determines the probability of the object being in the 
particular position. Because these probability functions satisfy differential 
equations which are analogous to those representing the variation of the 
amplitude of a wave, the new atomic mechanics has been referred to as the 
wave mechanics. Some writers, however, feel that the analogy may be mis- 
leading, and so the term quantum mechanics is generally used. It will be 
seen that the new approach to the study of small particles provides a satis- 
factory basis for many of the quantum postulates that had been previously 
applied, more or less empirically, to the treatment of atoms and molecules. 
Quantum mechanics has many achievements to its credit, but it is the pur- 
pose here to restrict attention to those aspects having direct chemical interest 
and which do not require advanced mathematical knowledge for their ap- 
preciation. Even with these severe limitations, it will be evident that quan- 
tum mechanics has made important contributions to the study of atoms and 
molecules that lie beyond the scope of classical mechanics. 

3b. Waves and Particles: The Uncertainty Principle. — It is well known 
that the diffraction properties of light and other radiations, e.g.. X-rays, can 
best be explained by the assumption that the radiations consist of a train 
of waves. On the other hand, an adequate interpretation of photoelectric * 
phenomena and of the Compton effect necessitate the apparently contra-' 
dictory postulate that the radiations are made up of a stream of particles 
(photons). Some clarification of the problem of wave-particle duality is 
possible by considering the respective conditions under which the wave and 
particle properties of radiation become evident. When light encounters a 
"diffraction grating, so that interference phenomena occur, it is possible to 
determine the wave length of the light with an accuracy limited only by the 

> “The Elements of Quantum Mechanics”; Pauling and Wilson, “Introduction to 

Quantum Mechamcs ; Tolman, “The Principles of Statistical Mechanics,” Chapters VII and VIII. 
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precision of the measuring instruments. It will be seen shortly [equation 
(3.8)] that the wave length of a particular radiation may be regarded as 
being inversely proportional to the momentum of the equivalent photon, 
and so the diffraction experiments may be utilized to evaluate this mo- 
mentum with a considerable degree of accuracy. ' However, if it is required 
to determine the position of a photon in the experiment, a fundamental diffi- 
culty immediately arises. The very fact that interference phenomena are 
observed means that it is not possible to state exactly the path of a particular 
photon as it passes through, or is reflected from, the diffraction grating. 
The definite pattern of light and dark rings, or spots, produced by the radia- 
tion implies that the position of a photon is determined by a probability 

relationship, but there is no certainty that a particular photon will be found 
in a particular place. 

Turning now to phenomena such as the Compton effect, for an interpreta- 
tion of which It is necessary to invoke the particle properties of radiation, it 
becomes possible to determine the position of the photon with considerable 
exactness, but now there is uncertainty as to its momentum. In the Comp- 
ton experiment an X-ray photon strikes an electron, so that in a sense the 
position of the former may be identified with that of the electron. At the 
same time, however, the wave length of the sca ttered X -ray, and hence the 
momentum of the corresponding photon, is changed from its initial value. 
It is true that the change in wave length or momentum can be calculated 
from a knowledge of the angle between the incident and scattered beams of 
X-rays, but the distribution of the scattering angle is itself determined by a 
probability function and is consequently uncertain. 

It is apparent, therefore, that in the experiments by means of which it 
is possible to obtain the momentum of a light photon with some accuracy, 
there is no certainty, only a probability, as to its position. On the other 
hand, when the position can be fixed exactly, the momentum is uncertain. 
This reciprocal relationship, concerning the inability to define precisely both 
position and momentum simultaneously, extends to electrons, and probably 
to particles of every type, as may be seen in the following manner. Suppose 
it is desired to determine the position of a particle; it may be illuminated by 
means of light of wave length X, and then observed through the lens of a 
microscope. According to optical theory, the uncertainty Aa:, in the direc- 
tion, in determining the position of the particle depends on the value of X 
and on the angle the aperture of the lens; thus. 



In order to determine the position accurately, therefore, the wave length X 
of the light should be small, so that Av is also small. Suppose the particle 
under observation is an electron; the "light*' used would have to be short 
X-rays or 7 -rays, and in these circumstances there would be a considerable 
Compton effect. As a result of the impact between the photon and the 



15 quantum mechanics 

electron, the former is scattered, as mentioned earlier, and the latter recoils 
so that its momentum is changed. As long as the scattering angle is within 
certain limits the photon will still enter the microscope lens and be visible. 
That is to say, there is a degree of uncertainty in the angle of scattering of 
the photon, and hence in the change of momenturn of the electron, that is 
still visible in the microscope. This uncertainty of the momentum, in the 
X direction, is given, approximately, by 

Apz = “ sin 0, (3-2) 

so that the product of the uncertainties of position and of momentum may 
be represented by 

AxAps — hy (3.3) 

where h is the Planck (quantum theory) constant. Any attempt to improve 
the accuracy in the determination of the position of the electron, e.g., by 
decreasing the wave length of the light, will thus be offset by a loss of ac- 
curacy in assessing the momentum. On the other hand, if the conditions 
are such that the momentum can be evaluated with some degree of precision, 
there will be increased uncertainty concerning the position of the electron. 

The foregoing conclusions have been generalized by. Heisenberg (1927) 
in the form of the uncertainty principle; this is regarded as a fundamental 
law of nature applicable to all particles. If p and q represent two conjugate 
variables, such as momentum and position of any particle, the product of the 
uncertainties Ap and Aq in the determination of their respective values is 
approximately equal to the Planck constant; thus 

ApAq « h, (3.4) 

The fundamental cause of this uncertainty lies in the fact that the particle 
under observation interacts with the measuring system. In the determina- 
tion of the position of an object, for example, a beam of light is directed upon 
it; as a result, however, the object suffers a recoil which alters its momentum. 
If the particle under consideration is macroscopic in size, the magnitude of 
the uncertainty is negligible in comparison with the normal experimental 
error, and so the effect of the Heisenberg principle is of no significance. For 
such particles, therefore, classical mechanics may be employed without any 
detectable discrepancies. When the particles under observation are small, 
for example, electrons and nuclei, the uncertainty in the determination of 
position and momentum is of sufficient significance to render classical me- 
chanics invalid. The old mechanics, implying fhe precise identification of 
the conjugate variables,/) and y, must therefore give way to the new system 
in which exact values are replaced by probabilities. 

3c. The de Broglie Relationship. — Although the dual wave and particle 
aspects of radiation appear at first sight to be mutually exclusive, they may 
perhaps better be considered as complementary. In certain experiments the 
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particle property is evident, while in others the wave property becomes ap- 
parent. The situation may be summed up in the postulate that radiations 
consist of particles, or photons, whose movements are influenced by waves, 
or, in more general terms, whose distribution in space, or the probability of 
being found at a given point, satisfies an equation of the form representing 
the propagation of waves. By the use of relatively simple arguments it is 
possible to derive a relationship between the particle properties, such as the 
momentum, and the wave properties, such as the equivalent wave length. 
According to the quantum theory of radiation, the energy of a photon is 
equal to hv, where v is the frequency of the particular radiation; if this value 
of the energy is equated to that given by the relativity relationship between 
energy and mass, it follows that 


hv = mc\ (3.5) 

where m is the mass of the photon and c is the velocity of light. If X is the 
wave length of the radiation, then 



and combination with equation (3.5) leads 


to the result 



me * 



Since me is equal to the momentum of the 
by the symbol p, it follows that 



photon, which may be represented 



The dualism of the wave and particle functions of radiation led de Broglie 
(1925) to suggest that a similar dualism might exist for electrons and other 
material particles. He suggested that such particles might be associated 
with matter waveSy the wave length of which was related to the momentum 
by equation (3.8). It was pointed out shortly afterwards, by Elsasser 
(1925), that evidence for the wave nature of electrons might be obtained by 
observing diflFraction eflFects under suitable conditions. Such observations 
were actually made by Davisson and Germer (1927), who studied the diffrac- 
tion of electrons from the surface of a nickel crystal, and, independently, by 
Thomson (1927), who used extremely thin films of metal as diffraction grat- 
ings. In each case the results were in satisfactory agreement with those to 
be expected from waves whose lengths were equal to the values calculated 
from the known momenta by means of the de Broglie relationship [equation 
(3.8)]. Further confirmation of the idea of the association of waves and 
matter has been provided by the diffraction phenomena observed with par- 
ticles of hydrogen and helium. Theoretically, such effects should exist for 
all particles, but when the masses are relatively high the equivalent wave 
lengths are too small for suitable diffraction gratings to be possible. 
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The Schrodinger Equation 

4a The Wave Equation.— In developing the equations, or laws, of quan- 
tum mechanics it must be realized at the outset that it is nec^sary to rnake 
certain postulates. There is no absolute proof of these postulates, but they 
find support in the fact that they lead to conclusions that are in harmony 
with observation. It must be pointed out, however, that this agreement 
with experiment is no proof of the validity of the particular postulates, 
neither does it imply that they have any definite physical significance. It 
will be seen that the fundamental equation of quantum mechanics may be 
obtained on the basis of two entirely different sets of postulates. 

In the derivation of the so-called wave equation, Schrodinger^ made use 
of the de Broglie relationship between the momentum of a particle and the 
wave length of the associated matter waves. This, in fact, represents the 
essential postulatory basis of Schrodinger’s approach to the new mechanics. 
In order to follow the development, it is convenient to consider, in the first 
place, the simplest type of wave motion, namely the vibrations of a stretched 
string. If w is the amplitude of vibration at any point whose coordinate is 
X , at a time t , then the appropriate partial differential equation for the wave 

motion is 

_ i ^ (±\\ 

where u is the velocity of propagation of tht waves, sometimes called the 
phase velocity. Provided u is constant, as it probably is, it is possible to 
solve equation (4.1) by the method of separating the variables; thus w may 
be expressed in the form 

(4.2) 


in which/(Ar) is a function of the coordinate x only, while ^(/) is a function 
of the time / only. For the motion of standing waves, such as occur in a 
stretched string, it is known that g { t ) may be represented by 

gif ) = A s\n 27 rv/, (4.3) 

where v is the vibration frequency, and is a constant, the maximum 
amplitude. The equation for w may then be written as 


and hence 


w = /(x)A sin 2irpty 




^^2 “ — /(x)4irh'^(A sin Ziryf) 
= - 4ir^v^/{x)git), 

From equation (4.2) it follows that 

^ ^ /A 

dx^ dx^ 

* Schrodinger, Ann. Physik^ 79, 361, 489 (1926). 


(4.4) 

(4.5) 

(4.6) 

(4.7) 
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and combination of this result with equations (4.1) and (4.6) gives 

dx^ «2 /W- (4.8) 

Further, the frequency of the vibrations v and the velocity u are related by 

the equation u = \p, where X is the corresponding wave length; hence, 
equation (4.8) may be written as 


dx^ 





It will be noted that the time variable / has been eliminated from this equa- 
tion, which consequently represents the variation of the amplitude function 
/{x) with at a definite instant. ^ 

4b. Eigenvalues and Eigenfunctions.— Attention may be called to cer- 
tain other matters in connection with equation (4.9). It can be seen that 
the solutions/(jf) can have significance only for certain definite values of the 
wave length X; these are the wave lengths corresponding to the normal 
modes of vibration of the stretched string. The values are sometimes re- 
ferred to as the proper values or characteristic values^ but the hybrid term 
eigenvalues is most frequently used, especially in connection with the anal- 
ogous quantities encountered in quantum mechanics. The corresponding 
functions/(.v), which are the solutions of equation (4.9), are called the eigen- 
functions or wave functions. In order that they may be suitable, these func- 
tions must satisfy certain conditions which in the case under consideration 
are almost self evident. In the first place, /(;c) must be zero at each end of 
the string, since the system is fixed at these points, and the amplitude of 
vibration must then be zero. In the second place, /(a:) must be Single valued 
and finite between the limits of represented by the two ends of the string; 
in other words, at every point on the vibrating string the amplitude has a 
definite value at any given instant of time. The importance of these con- 
siderations relating to X and/(;f) will be evident shortly in connection with 
the treatment of the fundamental equation of wave mechanics. 

4c. The Schrodinger Equation.— The equation (4.9) for wave motion in 
one direction may be extended to movement in three dimensions, represented 
by the coordinates Xy y and z. f{x) for one coordinate is replaced by 

which is the amplitude function for three coordinates, equation 
(4.9) takes the form 

^ aV , dV' 47r2 
dx"^ a/ dz^ " X2 

where has been written, for the sake of brevity, in place of p{xy jy, z). By 
making use of the symbol for the Laplacian operator, i.e.. 



^ 

dx^ dy^ dz^ ’ 


(4.11) 
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equation (4.10) can be written more concisely as 



(4.12) 


The fundamental postulate of the Schrodinger method in quantum me- 
chanics is that an equation of the form of (4.12) may be applied to all par- 
ticles, including photons, electrons and atoms. Upon introducing, as a 
further postulate, the de Broglie relationship, equation (3.8), which gives 
the connection between the wave length and the momentum, equation 

(4.12) becomes 



(4.13) 


If Jy 2 ) abbreviated to which is a function of position, is the potential 
energy of the particle, then its kinetic energy T is equal to £ — Vy ^ 

is the total energy. Further, since the kinetic energy is equal to \m^ where 
m is the mass of the particle and v is its velocity, it follows that 

T = E - V = (4.14) 


The momentum p is equal to mvy and so 



(4.1S) 


Substituting this result forp^ in equation (4.13) then leads to 


or 


W + ^ (£ - = 0. 


(4.17) 




52 * 



V)^ = 0 . 


(4.18) 


Either of these equivalent expressions, equations (4.17) and (4.18), is the 
wave equation for a single particle; this was first derived by Sclvodinger and 
applied by him to solve a number of problems in atomic physics. 

4d. Behavior of Eigenfunctions. — Just as the amplitude functions /(.sr) 
in the equation (4.9) for a vibrating string have significance only for certain 
definite values of the wave length X, so the functions ^ are satisfactory solu- 
tions of equation (4.18) only for certain values — the eigenvalues — of the 
total energy £. For an atom, these eigenvalues are the equivalent of the 
discrete set of energy values postulated by the Bohr theory. The corre- 
sponding values of the function ^ are referred to as the wave functions, or 
eigenfunctions, of the Schrodinger equation. In order that these solutions 
of equation (4.18) may be satisfactory for the purpose of treating electrons, 
and other material particles, it is necessary to add a further postulate, 
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analogous to that already considered in connection with the amplitude func- 
tions for the case of a stretched string. The functions ^ must be single 
valued) continuous, and finite throughout the whole of the configuration 
space of the system under consideration, that is, for all possible values of the 
coordinates y and z, including infinity. Functions of this type have been 
called well-behaved functions, and consequently it is postulated that a 

satisfactory solution yp of the wave equation must be a well-behaved 
function. 


Properties of Eigenfunctions 

5a. Significaiice of the Wave Function. — In connection .with the propaga- 
tion of sound, and in Maxwell's electromagnetic theory of light, the square 
of the amplitude, as it appears in the appropriate wave equation, is propor- 
tional to the intensity of the sound, or the light, respectively. A somewhat 
analogous concept, modified by the requirements of the uncertainty prin- 
ciple, is made the basis of the postulate concerning the physical significance 
of the wave function, or eigenfunction, for a given system. The essential 
idea is that the probability of finding the system at a particular point in 
space is proportional to the square of the wave function at that point. How- 
ever, in order to express this postulate in more precise mathematical form, 
it is necessary to develop certain ideas relative to the use of what are called 
“complex quantities." 

In some circumstances the wave function yp may include a term involving 

the imaginary quantity /, the square root of minus one, i.e., / = V— 1. 
The value of yp'^ may then be real or imaginary, depending on the nature of 
the expression for yp. Since the probability of finding a material particle at 
a given point in space must always be real, it is defined in terms of the product 
}pyp*, sometimes written as where \p* is the complex conjugate of yp; this 
product is always real, irrespective of whether yp is real or imaginary.^ If a 
particular eigenfunction is real, and contains no imaginary terms, the func- 
tion and its complex conjugate will be identical. Under these conditions, 
which are of frequent occurrence in connection with the wave functions em- 
ployed in quantum mechanics, the product ypp*, which is related to the prob- 
ability of finding the particle or system at a given point, is equal to 

Bearing in mind the foregoing considerations, the postulated definition 
of the wave function yp{x, y, z) of the three coordinates x, y and z, for a given 
system, such as one or more electrons, is that the quantity 

^(■v, y, z)yp*{x, y, z)dxdydz 

*The complex conjugate of any function is obtained by changing i, wherever it appears, 
into thus the complex conjugate of is and the product is the real quantity 
^Similarly, the complex conjugate of a hi ha- bi^ and the product, a* -|- is real. The 
'product of any function A and its complex conjugate, i.e., A A*, is often written in the form \A\‘^^ 
where the symbol \A\ stands for the modulus or absolute value of A. Of course, if A contains 
no imaginary terms, A and A* are identical, and \A\*h equal to A*. 
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is p»->portionaJ to the probability of finding the particular system in the 
small volume element dxdydzj situated at a point in space represented by 
the coordinates Xyjy z. The expression given above is generally abbreviated 
to the form ^^dr; this represents the probability that the system under 
consideration may be found in the small element dr of the configuration 
space of the system. By the configuration space is meant the whole of the 
space in which the system may occur. This is not necessarily restricted to 
three coordinates; for if two independent particles, such as two electrons, are 
involved, there will be a total of six coordinates necessary to define the posi- 
tion of the system in the configuration space. 

In view of the definition just given it is easy to understand why the 
product is referred to as the probability ^ ^tribution func tion for the 
configuration of the given system. 

5b. Normalized and Orthogonal Eigenfunctions. — The integral of 
over the whole of the configuration space is evidently proportional the 
total probability of finding the system somewhere in space. This quantity 
must, of course, be finite, and it is for this reason that the eigenfunction ^ 
satisfying the Schrodinger wave equation has been postulated to be well- 
behaved, in the sense that it is finite, single valued, and continuous through- 
out the whole of the configuration space. For many purposes it is conven- 
ient to regard as equal to, rather than as proportional to, the prob- 

ability of finding the system at a given point in space. If this is the case, 
the integral over the whole of the configuration space, that is, from values of 
— 00 to + 00 of the coordinates, would of necessity be equal to unity, so that 





An eigenfunction which satisfies an equation of this type is said to be normal- 
ized to unity or, in brief, normalized. Any solution of the wave equation may 
be normalized by multiplying or dividing by a constant factor, and it can 
be readily seen that the result is also a solution of the wave equation. For 
example, if the function ^ of the coordinates Xy y and z satisfies equation 
(4.18), and the integral of the probability distribution function over the 
whole of the space in three dimensions is equal to r, then the normalizing 
factor is and the normalized eigenfunction is Since is a 

constant quantity and is independent of the coordinates Xy y and z, it is 
evident that satisfies the wave equation just as well as does the 

unnormalized function 

If \bi and represent two different eigenfunctions both of which are 
satisfactory solutions of the wave equation for a given system then, as seen 
above, these functions will be normalized if 

J 4>flfidT = 1 and J’ ylfjil/fdT = 1. (S.2) 
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Further, if the two eigenfunctions have the property that 

J' Mf = 0 or J = 0, (5.3) 

they are said to be mutually orthogonaL 

The normalized, orthogonal functions of the well-behaved class that 
satisfy the Schrodinger equation have an important property; they can be 
expanded as a series of other orthogonal functions of the same variables. 
For example, if ^ is any function that can be expanded in this manner, then 


4' — Ci4>i + C24>t + • • • + (5.4) 


where the coefficients ri, C 2 i Ci, * • are constants, and ^i, <^ 2 , • • •, 0i, 
* • •, are a set of mutually orthogonal eigenfunctions of the same variables 
asi^. If both sides of equation (5.4) are multiplied by and then integrated 
over the whole of the configuration space, the result is 




+ C2 






<i>i<t>idT + 


• • • 



Since the ^ functions are mutually orthogonal, all the integrals vanish except 
the one involving and this particular integral is equal to unity if the 
functions are normalized; under these conditions, therefore, 



and hence the values of all the coefficients fi, C 2 , can be found. 

If the eigenfunction ^ is expressed in the form of equation (5.4), the 
complex conjugate 4'* can be written as 

= cUt + cUt + • • • + cU* + ’ • (5.7) 

The condition that }// is normalized is then given by 

/ = / + £-2^2 + • * + • • ‘)dT = 1. (5.8) 


All terms of the type / are zero when / and j are different, because 

of orthogonality, and are equal to unity when i a.ndj are identical, because of 
normalization. It immediately follows from equation (5.8), therefore, that 



CicJ + C2ci + • • * + CiC* + • • • = 1 , ( 5 . 9 ) 



(5.10) 
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Alternative Derivation of Wave Ec^uation 

6. Operator Derivation of the Wave Equation —The derivation of the 
Schrodinger equation (4.18) was basecTon certain postulates related to the 
propagation of waves, but it was stated previously that the same equation 
may be obtained by the use of postulates that apparently have no relation 
to wave motion. One particular approach has proved of special importance 
and this will be considered here. It is based on the concept that to each 
observable quantity in classical mechanics, e.g., position, momentum or 
energy, there corresponds a certain mathematical operator, the nature of 
which is postulated by the new quantum mechanics. The particular postu- 
lates which will be made are as follows: 

1. The operation corresponding to a coordinate of position {q) is multi- 
plication by the value of that coordinate. 

2. The operation representing momentum (/)) is the differential operator 

A- A 

liri dq ’ 

where h is the Planck constant and /, as before, is equal to V^. 

In addition to these postulates, the usual assumption is made that there 
is a function ^ of the coordinates which is single valued, continuous, and 
finite throughout the configuration space, such that represents the prob- 
ability distribution function, as defined in Section 5a, of the system under 
consideration. If A is the operator equivalent of an observable quantity or 
property — in the treatment given below this will be the total energy — and 
a is the precise value of that property in a given state of the system, then it 
is postulated that operation by A on the function which is supposed to be 
suitable for this operator, is equivalent to multiplying ^ by the quantity 
a\ thus, 

A^ — ayp, (6.1) 

For the given state, known as the eigenstate of the system, rp is the eigen- 
function for the operator A, and a is the corresponding eigenvalue. It may 
be mentioned here that in certain cases two or more eigenfunctions corre- 
spond to the same eigenvalue and belong to the same eigenstate; the state is 
then said to be degenerate^ 

With these several postulates in mind, it will now be shown that it is 
possible to derive the Schrodinger equation in a relatively simple manner. 
Consider a single particle, e.g., an electron, of mass m, moving in a field of 
force corresponding to a potential Vix^y^ z), or V \n brief; this potential is a 
function of the rectangular coordinates Xy y and z, and hence the appropriate 
quantum mechanical operator will be represented by the samfe expression, 
i.e., V{xy yy z). The operators for the momenta and in the directions 
of the three axes at right angles are 

^ h d h d ^ h d 

“ 2« ■ d* > 2ri ■ dy “ 2« ■ dz’ 


( 6 . 2 ) 
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and since the total momentum p is related to the three components by the 
expression 

pi + pi -\r pi, (6.3) 

it follows that the operator for may be written as 

^ 45r2 1, dx‘^ "*■ dy'^ 

taking into account the rules of operator multiplication. Introducing the 
abbreviation of equation (4.11) for the Laplacian operator, it follows that 

P"=-:^^- (6.5) 

The total energy E of the system is equal to the sum of the kinetic energy T 
and the potential energy F; that is, 


E=T+F. (6.6) 

The kinetic energy may be represented by pyim [cf. equation (4.1S)J, 
and hence 

^ ( 6 - 7 ) 

This may be converted into the corresponding operator for energy by utiliz- 
ing equation (6.5) for the operator for p^y and remembering that the operator 
for the potential energy F is F itself. Hence the quantum mechanical 
operator for the energy £, generally called the Hamiltonian operator and 
represented by the symbol H, is given by 



-iL. 


V^+ F. 



If £ is the precise value (eigenvalue) of the total energy in a given state 
(eigenstate) of the system, then it follows from equation (6.1) that 

Bp = Ep, (6.9) 

or 

Bp - Ep ^ 0, (6.10) 

where P is the appropriate eigenfunction which is a function of the coordi- 
nates Xy y and 2 . Introducing the expression for the Hamiltonian operator 
given by equation (6.8), it is seen that 

= (6.11) 

^ {E- = ( 6.12) 
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which is identical with the Schrodinger wave equation (4 17). It may be 
mentioned that the Schrodinger equation is often written in the form of 
equation (6.9) or (6.10); this is, of course, identical wiL.: equation (6.12) with 
the understanding that the Hamiltonian energy operator is defined by 

equation (6.8). 

Applications of the Wave Equation: Particle in a Box 

7 Particle in a Box. — A simple application of the wave equation, the 

results of which will be- employed in Chapter VIII, is to the system pnerally 

referred to as a parttcle tti ^ box. 

A single particle, e.g., a gas mole- 
cule, is imagined to be confined 
between two vertical potential bar- 
riers, in each of three directions, Xy 
y and z, at right angles. The po- 
tential barriers in the X direction 
are represented diagrammatically 
in Fig. 2. The respective distances 
between the pair of barriers in the 
three directions are h and c\ 
hence, the situation is equivalent 
to a particle confined in a rectangu- 
lar box, with edges of length a, b 
and Cy respectively. Inside the box 



Fio. 2. Energy of particle in a box 


the potential function y>z) is equal to zero, but at the walls it rises 
suddenly to a very large value. 

Let m be the mass of the particle and E its total energy; the wave 
equation may be written in a slight modification of the usual form, viz.. 


\ dx^ ^ ■*" az* 





(7.1) 


and since V is zero, provided the particle remains within the box, this 
becomes 


\ Bx^ a/ az* 




(7.2) 


As before, the eigenfunction ^ is a function of the coordinates Xy y and z. 

To solve equation (7.2) it is convenient to separate the three variables, 
and this can be done by making the assumption that ^ can be written as 


^ = X{x)Y{:y)Z{z)y 


(7.3) 


where X{x) is a function of x only, Y{y) of y only, and Z(z) of z only. Sub- 
stituting this expression for p into equation (7.2) and rearranging, it is 
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found that 

1 d^'Y 1 a^z\. 

\X dx^ Y ' dy^ Z dz^ ) ~ 

Since X(x) is a function of x alone, the term involving X{x)y i.e., 

1 d^X 

X' > (7.5) 

is independent of^- and z; similarly, the corresponding term containing Yiy) 
does not depend on x and 2 , and that with 2 ( 2 ) does not change when x and^ 
are altered. The sum of the three terms, however, after multiplying by the 
factor is equal to a constant amount, namely the energy E. It 

follows, therefore, that the term given in (7.5) is independent of x, as well as 
of^ and 2 , and hence must be constant; similar considerations apply to the 
analogous terms involving F(y) and 2 ( 2 ). 

If the total energy is divided into three independent parts, £„ and 
representing the components of the energy in directions parallel to the three 
coordinates, equation (7.4) may be separated into three equations of the 
same form in Xy y and 2 , respectively, the one in x being 

( 1 d^X\ ^ 

%i^m \X' dx‘^ ) ~ 

The general solution of this equation is 

X{x) = A sin {Ex + C), (7.7) 

where Ay B and C are constants whose values can be determined from a 
consideration of the boundary conditions. 

In accordance with the usual postulate of quantum mechanics, the prob- 
ability of finding the particle at any point within the box is related to the 
square of the absolute value of the function ^ at that point. Hence 
which is a function of the a- coordinate only, determines the probability of 
the particle being found somewhere along the axis. Since the potential 
rises to infinity at the walls of the box, the probability of the particle being 
in the walls will be zero; consequently, |^|^, and hence X{x\ must be zero 
when .V = 0 and x = a, these being the x coordinates of the two potential 
walls perpendicular to the ^ axis (Fig. 2). The boundary conditions which 
satisfy these requirements in equation (7.7) are 

sin C = 0 and sin (Ba + C) = 0, (7.8) 

from which it follows that 



a 


and " C = 0, 


(7.9) 
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Inserting these values for B and C in equation 




X(.x) = /f sin -—X, 


(7.10) 


and substitution of this result in equation (7.6) gives 

£ 


(7.11) 


in which the integer may be regarded as a quantum number determining 
the possible values of the (translational) energy of the particle in the direo- 
tion parallel to the * axis. Similar equations can be derived for the energies 
E, and E. in they and z directions, respectively; these are 

P (j 


nlh^ 




and 


£. = 


(7.12) 


These equations, for various integral values of the quantum numbers »*, 
and w*, give the permitted levels for the translational energy, in directions 
parallel to the three rectangular axes, of a particle constrained to remain 
within a box. The total energy £, which is the sum of £*, and 

then given by 

(7-13) 

^ -I- — 4- — ^ V? 14) 


It is of interest to note that since ¥lm is very small for a normal molecule 
—of the order of 10-=“*— the separation of successive translational energy 
levels is so small, for reasonable values of the quantum numbers, that the 
distribution of energy may be regarded as virtually continuous. It is for 
this reason that under ordinary conditions the translational motion of a 
molecule may be adequately treated by the methods of classical mechanics. 

The Harmonic Oscillator 

* 

8a. Linear Harmonic Oscillator. — The next case to be considered is that 
of the linear harmonic oscillator; the results are not only of general interest, 
but they are also of importance in connection with the study of molecular 
spectra (Chapter IV). For a particle undergoing simple harmonic oscilla- 
tions in one dimension, the restoring force is proportional to the displacement 
X from the equilibrium position; this condition may be expressed mathe^ 
matically in the form of the equation 


<fix 

^ — 
X ‘ dfi 


= — kXi 




(8.1i 


( 8 . 
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where m is the mass of the oscillating particle and ^ is a constant. The 

equation (8.2) is analogous to equation (7.6), and hence the solution is of the 
same rorm as (7.7), viz., 

^ sin (5/ + C), (8 3 ) 

where 5 and C are constants. Since the motion is periodic in charac- 
Mows^hat **^*°"^ repeating themselves exactly after each oscillation, it 

B = 2ny, ( 8 , 4 ) 

panicle under consideration. 
Insertion of this value for B in equation (8.3) gives 


• (8.5) 


(8.6) 


X = J sin {Ivift -h C), 

and substitution in equation (8.2) then leads to the result 

k — 

The potential energy F of the oscillator is equal to and hence 

F = (8.7) 

This expression, derived by the methods of classical mechanics, gives 
the potential function required for the solution of the wave equation in 
terms of the frequency x sec.-‘ of a classical harmonic oscillator. 

oscillating in one direction only, e.g., parallel to the axis, 

“ 2 remain constant; hence, in this case, the wave equa- 

tion (4.18) reduces to the one-dimensional form 






+ 





{E- = 0, 


( 8 . 8 ) 


in which 4^ is an appropriate eigenfunction, and E is the corresponding 

eigenvalue of the total energy Inserting the value of the potential energy 
given by equation (8.7), this becomes ^ 


d^ . STT^m 


dx^ 


+ 




{E — iTr^p^mx^)}!/ = 0. 


(8.9) 


To simplify the form of this differential equation, let 


a = 


Sir^mE 


and 




47r*j';« 


(8.10) 


then equation (8.9) can be written 




as 


d^ 

^ + {a- bx^) 4 = 0. 


( 8 . 11 ) 
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Introducing, in place of Xy a new dimensionless variable y, defined by 


II 

(8.12) 

then 


II 

(8.13) 

and 

* 

II 

(8.14) 

and hence equation (8.11) becomes 

J 


(8.1S) 


The solutions of this equation must, of course, satisfy the condition 
of a well-behaved function, as described previously; that is to say, the 
eigenfunctions must be continuous, single valued and finite for all values of 
X from — CO to + 00 . 

8b. Harmonic Oscillator: Asymptotic Solution. — In solving equation 
(8. IS) an attempt is first made to obtain an asymptotic solution for the case 

in which q is very large, i.e., q ^ under these conditions the equation 
becomes 


solutions of which are 




dq 


2 - yV = 0, 


q, = ^*fl*/*. 


(8.16) 

(8.17) 


This may be verified by differentiation with respect to q; thus 


d^ 

dq^ 




= (y* zb !)<?*«’/*. 


(8;18) 

(8.19) 


Since q is very large, it 1 is not appreciably different from 
equation (8.19) becomes 


dq^ 





q^y and so 


( 8 . 20 ) 


as required by equation (8.16). 

The quantity is related to the probability of finding the particle 

somewhere along the x axis; hence, it must decrease continuously to zero as 

X approaches — « on the one hand, and + « on the other hand. It is 

obvious, therefore, that of the two possible solutions given by equation 
(8.17), viz., 

^ and (8.21) 

the former is not an acceptable wave function, for it increases rapidly with 
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increasing and hence with increasing numerical value of x. The alterna- 
tive solution, i.e., ^ = e~^ however, satisfies the necessary conditions, and 
so it may be regarded as a satisfactory asymptotic solution of the wave 
equation. 

8c. Recursion Formula. — Returning now to the original wave equation 
(8.15), it is probable that the solution will contain the term as a factor; 
a possible form of the solution will be 

^ ( 8 . 22 ) 


where f{q) is a function of and hence of a*, the nature of which is to be 
determined. On differentiating equation (8.22), it is seen that 


dtf" 



if 

dq^ 




(8.23) 


in which / is written for J{q), Substitution for dhffldq^ and as given by 
equations (8.22) and (8.23), into equation (8.15), yields the result 



(8.24) 

(8.25) 


Since is not zero, except for ^ = it it follows that the expression in 
the brackets must be zero; that is. 


The assumption is now made that J{q) may be expressed in the form of a 
power series in q\ thus, 

f{q) = ao + ot\q + az?* + + otif + ' * ■ ; (8.27) 

then 

= ai + 2a.%q + + Sa^q* + • * ■, (8.28) 

and 


£ 

dq 


if 


2 = lat + 6azq + 12a4y^ + lOa^q^ + ^Oa^q^ + • • •. (8.29) 


dq 

Insertion of these expressions in equation (8.26) then gives 



la\q 


+ + 20a6y* H * 



(8.30) 
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the values for the three terms being arranged vertically in increasing powers 
of q. In order for this series to vanish fjr all values of as is necessary if 
f(q) is to be a solution of equation (8.26), the coefficients of individual powers 
of q must vanish separately. Hence, for the coefficient of 



for the coefficient of 


for the coefficient of 



(8.31) 

(8.32) 

(8.33) 


In general, for the coefficient of q* to vanish. 


(« -f- 1)(» + 2)a„^2 — 2nan + 

and, consequently, 



I 

Oln+i ^ 

an {n -f 1)(« + 2) ’ 



(8.34) 


(8.35) 


where « is an integer or zero. This recursion formulay as it is called, permits 
the calculation of the coefficient cifn +2 of the term involving in the power 
series for/(y), i.e., equation (8.27), provided the coefficient an of y" is known. 
Thus, from the coefficient of it is possible to derive that of and hence 
etc.; similarly, if the coefficient of q^ is known, those of etc., 
can be calculated. 

8d. Energy Levels of Harmonic Oscillator. — If no restriction is placed 
on the value of the fraction alby which is related to the energy E of the 
oscillator by the equations (8.10), the function as defined by r’«'y(y), 
may prove to be unacceptable, for it may increase rapidly with increasing 
and consequently with increasing ;c. This may be seen in the following 
manner. Consider the series for tf®*, viz,, 


= + (8.36) 

The coefficient oi q\ which may be represented by is l/(i»)!, while that 

of *, represented by^n+ 2 i is 1/(J« + 1)1 The recursion formula for the 
exponential series for e^ is thus given by 

_ ii") * 1 

Pn (i»+l)!" J« + l- 


(8.37) 
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In the limit, when k is very large, so that unity is negligible in comparison 
with this becomes 

lim ^ = (8.38) 

i}.^so Pn W 

Examination of equation (8.35) shows that when » is very large, the 
recursion formula for the power series representing/(y) also becomes 

I'm ^ ^ , (8.39) 

B-*» Otn W 

SO that for large values of the exponent n the series for J{q) will behave like 
that for If this is the case, then according to equation (8.22) the eigen- 
function for large values of n will become equivalent to X and 
hence to It has been already seen that a function of this kind cannot 

be an acceptable wave function, since this quantity increases as q increases. 
The series governed by the recursion formula of equation (8.29) cannot 
therefore form part of a satisfactory eigenfunction unless some restriction is 
introduced which makes the series break off after a finite number of terms. 
In other words, the expression for /(^), as given by equation (8.27), should 
be restricted in such a manner as to make it a polynomial rather than a power 
series. The eigenfunction yp can then be set equal to the product of this 
polynomial and the factor Since the value of the latter decreases with 

increasing y, and hence with increasing x, the eigenfunction as a whole will 
behave in the same manner. Such a function will evidently satisfy the 
conditions for a suitable wave function. 

By setting the numerator in the recursion formula (8.35) equal to zero, 
that is, if 

j - 1 - 2w = 0, (8.40) 

or 

^ = 2w + 1, (8.41) 

the series for f(q) will break off after the term since the coefficient of 
q^+\ and of all higher terms, will be zero. This is the condition, therefore, 
that makes the series /{q) a polynomial, so that e~^‘'^f{q) will be a satisfactory 
wave function. Substituting the values of a and b given by the equations 
(8.10) into equation (8.41), it is seen that the restriction that makes the wave 
function suitable is 


IE 

(8.42) 

■En = (« + \)hVy 

(8.43) 


where w, as previously indicated, is zero or integral. This result implies that 
the Schrodinger equation for a linear harmonic oscillator can have physically 
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acceptable solutions only for certain discrete values of the energy. These 
values, represented by En and given by equation (8.43), for w = 0, 1, 2, • ■ - , 
are the appropriate eigenvalues. 

8e. Eigenfunctions of Hannonic Oscillator. — The corresponding eigen- 
functions can be derived from equation (8.9) as functions of x. Without 
going into details, since the results will be employed only indirectly in this 
book, it may be stated that the eigenfunctions are of the form 

(8.44) 


where q has the same significance as before [^equation (8.12)], Nn is a nor- 
malizing factor, and HrXq) represents a Hermite polynomial of degree w, 
defined by 


^n(q) = (- 1)V^ 



(8.4S) 


The first few Hermite polynomials, for n = 0, 1, 2 and 3, are as follows: 


« = 0, //o(q) = 1 

n = 1, //i(q) = 2q 

n = 2, H^{q) = 45 ^ 2-2 

« = 3, Hz{q) = 8y3 - I2y. (8.46) 


These can be converted into functions of the displacement x of the harmonic 
oscillator by making use of equations (8.10) and (8.12). 

8f. Zero-Point Energy, — An important consequence of equation (8.43) 
is the existence of the so-called zero-point energy, or residual energy. The 
lowest possible energy £0 of an oscillator occurs when n is zero; thus 

£0 = \hv, (SA7) 

where v is the frequency of the oscillator in sec.“^ This is sometimes 
written as Eo = ihcp, where v is now the frequency in wave numbers, i.e., 
in cm.~^ units, and c is the velocity of light. It is seen from equation (8.47) 
that even in the vicinity of the absolute zero of temperature, when the 
vibrational energy of a molecular oscillator has its lowest possible value, 
that value would still not be less than the zero-point energy of ^hv per 
oscillator whose frequency is v sec.”^ The existence of this zero-point energy 
is, in fact, an aspect of the uncertainty principle. It might be imagined 
that at the absolute zero, at least, the internal motions of a molecule would 
cease entirely, so that the positions of the constituent atoms could be identi- 
fied exactly. This is not the case, however; since the molecule still has 
vibrational energy, equal to \hv for each oscillator, the atoms are in a state 

of vibration even at the absolute zero, and so their precise position cannot 
be defined. ■ 

It is of interest to note here that the older quantum theory led to the 
equation £„ = nhv for the energy levels of a linear oscillator. It was evident 
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from a study of the vibrational spectra of molecules, however, that an expres- 
sion of this kind did not define correctly the energy of a harmonic oscillator of 
two atoms vibrating relative to each other (see Chapter IV). By utilizing 
equation (8.43), derived from quantum mechanics, the conclusions reached 
are in satisfactory agreement with the results of spectroscopic studies. 

The Rigid Rotator 

9a. Rigid Rotator with Free Axis. — Consider two spherical particles, of 
masses mi and m 2 y situated at fixed distances ri and rj, respectively, from 
the center of gravity of the system (Fig. 3). 
centers of the particles then has the con- 
stant value ro, which is equal to the sum of 
n and r 2 . It is supposed that this system 
rotates about an axis passing through the 
center of gravity, and normal to a plane 
containing the two particles. Such a sys- 
tem constitutes z rigid rotatory the term rigid 
being employed because of the fixed distance 
between the particles. If these particles 
are constrained to remain in one plane, 
then the direction of the axis of rotation is 

fixed, and the system is described as a rigid rotator with fixed axis. The 
case of particular interest, especially in connection with the study of mole- 
cular spectra and the rotational energies of molecules (Chapters IV and 
VIII), is that in which the plane of the particles can move, and so the 
axis of rotation is free to take up any position. The rigid rotator with free 
axis as thus described is somewhat analogous to a diatomic molecule. In 
the latter case, however, the atoms vibrate with respect to each other, and 
so the system is not really rigid. Since the distance apart of the equilibrium 
positions is constant, however, the diatomic molecule may be treated, at 
least as a first approximation, as a rigid rotator with free axis. 

9b. Energy and Moment of Inertia of Rotator.— The kinetic energy 7 of 
a particle, equal to \mv^y may also be expressed as 

T = \mi^ = \m{x^ + + i^), (9.1) 

where x, y and z represent the components of the velocity v parallel to three 
axes at right angles.^ In order to express this result in terms of spherical 
coordinates (Fig. 4), the usual transformations are made, namely 

= r sin 0 cos (9.2) 

y = rsindsimPy ( 9 . 3 ) 

z = r cos 0, (9.4) 

*In accordance with the usual convention, a dot placed over a letter implies a derivative with 
respect to time; thus, x - dx/dt. 


The distance between the mass 
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and it is then found that 


r = -h ^ ^^2 sin2 0), (9.5) 

If the distance r of the particle from the origin is fixed, the derivatives r and 

are zero; hence the equation 

for the kinetic energy becomes 

T = + ^2 sin2 0). (9.6) 

For the two particles forming a 
rigid rotator the total kinetic 
energy is given by the sum of 
two expressions similar to that 
in equation (9.6), since in each 
case the term involving is zero. 
It follows, therefore, for the ro- 
tator under consideration that 

T — sin2 0) 

+ W2(^ + «^*sin2d). (9.7) 

It should be noted that the 
rigid rotator has no potential 
energy, and so equation (9.7) gives the total energy £, as well as the kinetic 
energy. Writing this result in a slightly different form, it follows that 

E = \{Tnirl + sin^ 0), (9.8) 

The expression in the first parentheses is that for the moment of inertia I 
of the system of two particles; hence equation (9.8) may be written as 

E - + ^2 sin* 0), • (9.9) 

Comparison of this result with equation (9.6) shows that the rigid rotator 
behaves like a single particle of mass I placed at a fixed distance, equal to 
unity (since r = 1), from the origin, which in this case is the center of gravity 
of the system. The rotator is thus equivalent to a particle of mass I moving 
on the surface of a sphere of radius unity. 

The moment of inertia may be expressed in a more convenient form in 

the following manner. Since the system is rotating about its center of 
gravity, 

fnxTi = wjirj. (9,10) 

Further, since ri + r* is equal to ro, it follows that 

rt = ro - ri, (9.11) 
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and consequently from equations (9.10) and (9.11), 


min = m ^2 = m 2 (ro — n). 

(9.12) 

m 2 


• • , To. 

mi-j- m 2 

(9.13) 

It is also seen from the same equations that 


+ m2r2 = minroy 

(9.14) 

and introduction of equation (9.13) then gives 


-2 1 2 mim2 2 

min + ^2^2 — , rl 

mi + m2 

(9.15) 

= 

(9.16) 


where n, known as the reduced mass of the system, is defined by 



mim2 
mi + m 2 ' 


(9. 1 7) 


The left-hand side of equation (9.16) is equal to the moment of inertia I, and 
hence the latter may be conveniently represented by the equation 



9c. Wave Equation for Rotator. — 
three dimensions, is 


The Schrodinger equation 


(9.18) 
(4.18), in 




+ T^ + 


dx^ ' dy 


dz^ 


+ 




{E - F)^ = 0, 


(9.19) 


and if this is converted into spherical coordinates, the result is 


L j . 1 

ar \ ar / '*’ sin a 


S { . a^ 


+ 


1 


av Sif^m 
H {E 


+ n^ = o. ( 9 . 20 ) 


For the rigid rotator, as seen above, the mass m may be replaced by the 

moment of inertia /, and r by unity; further, the potential energy F is zero 
and so the wave equation reduces to ’ 


1 

sin 6 



, Sir^IE 

^2 + ~'l' = 0. 


(9.21) 


This is a diflFerential equation with two independent variables, 4 > and 6 
representing the rotation of the system and the precessional motion of its 



38 


QUANTUM MECHANICS 


(free) axis, respectively. In order to solve equation (9.21) an attempt is 
made to separate the variables; that is to say, it is supposed that the func- 
tion, represented briefly by ^(^, can be regarded as equivalent to the 
product of two functions, namely, Y{B) and Z(^), each involving one variable 
only, i.e.. 


^( 0 , <!>) = Y(d)Z{4>). 


(9.22) 


By successive diflFerentiation of this expression it is found that 


and 


dd ~ de 
^ . ZU) 


and 


ee^ 


de^ 


and 


dZ 

= y W 




d<t>^^ 


Substitution of these results in equation (9.21) then yields 


(9.23) 

(9.24) 


Z d( , ,dY\^ Y 

sin 0 i/0 V i/0/ sin^0 


(PZ 

d^^ 


+ pYZ = 0 , 


where /3 is defined by 

Sir^IE 

h‘‘ ' 


(9.25) 

(9.26) 


Multiplying through equation (9.25) by the quantity sin* O/YZ, which never 
becomes infinite, it is seen that 


sin0 df. dY\ , , . 


1 ^ 
Z^ d4>^^ 


(9.27) 


in which the left-hand side involves the variable 0 only, while the right-hand 
side depends on <l> only, the two variables being independent. This relation- 
ship must be valid for any possible values of 0 and 0, so it is apparent that 
each side of equation (9.27) must be constant. That this is the case may be 
readily shown by the following argument. Suppose ^ is maintained constant 
while 0 is varied; since the right-hand side of equation (9.27) is unchanged, 
the left-hand side must also be constant, in spite of the variation in 0. 
Similarly, if 0 is kept constant, so that the left-han^l side does not vary, the 
right-hand side must remain the same for all values of 0. Both sides of 
equation (9.27) are thus equal to the same constant, which is represented by 
the quantity for convenience; ^ hence it is possible to write 


sin 0 



sm 0 


do 


+ fi sin* 0 = mK 


(9.28) 


• It has unfortunately become the custom to use the letter m in this connecdon, although it 
has no relationshb to mass: as will be seen shortly, m is actually a 9uantum number. 
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and 


1 d}Z 
Z' 


(9.29) 


each equation involving one variable only, 

rt ^ • • . ** second of the 

above may be written in the form 


equations given 


d^Z 

d<j>^ 


+ tn^Z = 0 , 


(9.30) 


and the solutions of this are 


Z = and Z = Ce~'^^ 


(9.31) 


^ The correctness of these solutions can 
s^in^le ^ differentiation. In order that the function Z may be 

SI gle valued, it must of necessity have the same value for 4> = 0 znl for 

take the form^" ^ solutions, as given by the equations (9.31), 


while for 0 equal to 2 ir, 




(9.32) 

(9.33) 

follows’lhar ‘dentical, it 


2 = 




== 1 . 


(9.34) 

trigonometric functions; 


The quantity can be expressed in terms of 
consequently, 

™ Ivm ± i sin lirm = 1 , ^9 

which can be true only if m is zero or an integer 

The constant C in equation (9.31) is arbitrary, and so it may be chosen 
in such a way that the function Z is normalized, i.e., in order that 


f ZZ*d<i, = 1. 


(9.36) 


Inserting the values of Z and Z* given by equation (9.31), it follows that 

r 


Jq 

= 2irO. 


d<j> 


(9.37) 
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Equating this result to unity, it is found that 

(9.38) 

and hence the normalized functions are 

z = 4= (9.39) 

V27r 

where 

wz = 0, rt 1, i 2, db 3, etc. (9,40) 

Since the foregoing solutions of equation (9.3 - ) involve the quantity /, 
they are complex quantities. For certain purposes, however, it is desirable 
to have alternative solutions which are real; such solutions are 

Z = C' sin m<l> and Z = C' cos (9.41) 

where C is a normalization constant different from the one given by equation 
(9.38). The accuracy of these solutions of equation (9.30) can be proved 
by differentiation, but it is of interest to indicate how they have been ob- 
tained. Since and are solutions of equation (9.30), linear 

combinations will also be solutions of this equation. By definition 




It sin X = — e 

2 cos X 


and hence it is apparent that C' sin m<t> and C' cos m<l> are linear combina- 
tions of and and hence are also solutions of equation (9.30). 

The value of the normalization constant C' may be determined by the 

method used above for C; it is found to be I/Vtt, so that 

Z = -p sin m<f> and Z = -p cos m<f>, (9.42) 

Vtt 

As shown above, the values of m in these solutions must be zero or integral. 

9e, Legendre’s Equation. — Having found satisfactory solutions of equa- 
tion (9.30), and hence of (9.29), attention must now be turned to equation 
(9.28); after multiplying through by Ylsin^dy this becomes 

1 df. dY\ ( \ 

A new variable x is now defined by 

X = cos 6, 


( 9 . 44 ) 
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so that 







sin d = Vl - 

(9.45) 

Consequently, 

dY 

dx 

dY dY 

(9.46) 


de 

“ dd 


and hence, in general. 


d 

d 




de ' 

= — sm 0 3“ . 

dx 

(9.47) 

Further, 

A 

dY 


(9.48) 


® de 

■ o 

= - sin2 0 — 

dx 




. dY 





= (1 . 

(9.49) 


Making use of the relationships in equations (9.47) and (9.49) to change the 
variable from 6 to x, equation (9.43) oecomes 


d 

dx 


(1 - 


dx 


+ 




(9.50) 


This equation is of a form familiar to mathematicians, and is known as 
Legendre's equation; in the present case, since x is equal to cos it can have 
physical significance only for values o( x between the limits of —1 and +1. 

In order to solve equation (9.50) conveniently by the polynomial method, 
somewhat similar to that used in connection with the problem of the har- 
monic oscillator, the function Y should be replaced by another function 
of Xy namely G{x)y defined by 


y = (1 - x^y”^G. 


(9.51) 


From this it is readily seen that 


/. (1-;^^) 


dx 

iTY 

dx 


dG 


Hence, 


= - mx{\ - ;r 2 )|m-iG + (1 - at^)*” — , (9.52) 

AC 

= “ mx{\ — ;ip2)i’"G + (1 — • (9.53) 


d 

dx 


(1-^) 


dx 


where 


= {— m{\ — + wjV(1 — 

- [2x{m + 1)(1 - A:*)i«)G' + (1 - A:2)i«+iG", (9.54) 

G=^ and G =^. 


(9.SS) 
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'i / 

4 

Substituting this result for the first term on the left-hand side of equation 
(9.50) and dividing through by (1 — which is not zero except at the 
limits noted above, i.e., when is +1 or — 1, there is obtained the equation 

(1 - - 2(m -f l)xG' + {^ - mim + i)\G = 0, (9.56) 

or 

(1 - x^)G" - 2axG' + = 0, (9.57) 

where the abbreviations 

a = m -j- I and ^ — m(m -|- 1) (9.58) 

have been used for simplicity. 

As before, the assumption is now made that G(;if) can be expressed as a 


power series 

i; thus, 



G = oEo + a\X + oTzJf* + ajT* -f- • • • 

(9.59) 

so that. 


G' = ai + 2ot2X + ‘lazX^ -h 

(9.60) 

and 


G" = 2(3(2 + 6>otzX + \2aiX^ + 20a6;c* + • • - . 

(9.61) 


Introducing these expressions into equation (9.57) and arranging the terms 
vertically according to increasing powers of Xy the result is 


2a2 + Sajx + 12a4^ + 20a5;r* -j- . . . 

— 2a2X^ — Ga^x* — . . . 

— 2aaix — Aaa^x^ — 6aazx^ — . . . 

+ ^ao + ^ociX + + ^a^x^ + • * * =0, (9.62) 

In order that this series may be zero for all possible values of Xy the coeffi- 
cients of individual powers of x must vanish separately; therefore, 

2ot2 “b ^0^0 ~ 0, 

6a3 + (^ — 2d)a\ — 0, 

12a4 + (^ — — 2)a2 = 0, 

20 a 5 + (^ — 6a — 6)aj = 0, 

or, in general, 

{n + 1)(« + 2)an+i + {^ — 2na — n{n — !)}«„ = 0, (9.63) 

where n is zero or an integer. Inserting the values for a and by from the 

equations (9.58), there is obtained the recursion formula 

o^n+8 _ (w + fn){n + i» + 1) — ^ 

«» (« + 1 )(« + 2 ) » 

for the coefficients in the power series for G{x). 
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9f. Energy Levels of Rotator. — In order that G(;e) may form part of an 
acceptable wave function it is necessary that it should be a polynomial, 
breaking off after a finite number of terms. The condition for this can be 
found, as before, by equating the numerator of the recursion formula to 
zero, i,e., 

(w + m){n + w? + 1) - = 0, 

^ = (w + m){ri + w + 1). (9.65) 

It has been already seen that m must be zero or an integer, and since the 
same condition applies to w, the sum w which may be replaced by /, 
is also zero or integral. It follows, therefore, that the condition for a satis- 
factory wave function may be written as 


= /(/+!), (9.66) 

where /, equal to m + w, may be 0, 1, 2, 3, etc. Introducing the value of 
defined by equation (9.26), it is evident that 


or 


%i^IE 


-/(/+ 1 ), 


= /(/+!) 






(9.67) 

(9.68) 


which gives the permitted values (eigenvalues) for the energy of a rigid 
rotator with free axis, 

10a. Legendre Polynomials. — The eigenfunctions corresponding to the 
eigenvalues given by equation (9.68) are of importance in connection with 
the hydrogen atom problem to be considered shortly, and so the method of 
deriving these wave functions will be described in some detail. For this 
objective it is necessary to possess some knowledge of Legendre polynomials 
and associated Legendre functions » There are several ways of approaching 
this subject, of which the following is perhaps one of the most convenient 
for the present purpose. Consider the differential equation 

(1 - a:') £ + '2/Ay' = 0, (10.1) 


where / is a constant; this will later be identified with / in the previous section. 
On separating the variables, equation (10.1) can be put in the form 


and integration gives 






(10.2) 


In _y — / In (1 — = constant. 


(10.3) 
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or 


= constant. 


(1 - 

The solution of equation (10.1) is thus of the form 


(10.4) 


(lO.S) 


where r is a constant. The /th derivative of y can then be written as 


d'y ^‘(1 - 
dx^ ~ ‘ dx^ 


( 10 . 6 ) 


If equation (10.1) is differentiated n times, the result is 

(1 - + 2 (/ - 


= 0. (10.7) 


In the special case in which n is equal to / + 1, this equation becomes 




( 10 . 8 ) 


or, writing for brevity, 


2 = 


d^y 


(10.9) 


it follows that 


(1-^') Ji-2*- + /(/+l)2 = 0. 


dx 


( 10 . 10 ) 


Further, since 


d 

dx 


os /-l •s 

(1 - ^ j = (1 " 


dx^ 


dx^ 


( 10 . 11 ) 


it follows that equation (10.10) may be written as 




+ /(/ + 1)2 = 0 , 


( 10 . 12 ) 


This is similar to equation (9.50) and is also a form of the Legendre equation. 
Making use of the value of d^yjdx^ given by equation (10.6), it follows that 
the solution of equation (10.12) is 


2 = r 


d^{l - x^y 

dx^ 


(10.13) 


In the special case for which the value of the arbitrary constant c is 
given by 

(~1)' 

c = ^ , (10.14) 
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the resulting solution is the Legendre polynomial of degree /, and is repre- 
sented by the symbol thus 


^ 27! ' dx^ 


(10.15) 


in which the constant term (—1)^ has been combined with (1 — to give 
— 1)*. Incidentally, since the Legendre polynomial is a solution of the 
Legendre equation (10.12), the latter may be written in the form 


d 

dx 


(1 “ 


dPx{x) 

dx 


+ /(/ + l)Pi(x) = 0. 


(10.16) 


It is a relatively simple matter to evaluate the Legendre polynomials, by 
means of equation (10,15), for a number of values of /; some of these are 
given below. It will be observed that in each polynomial the powers of x 
are either all even or all odd. 


/ = 0, Po(x) = 1 

/ = 1 , Piix) = 

/= 2, P,(x) = ^i3x^ - 1) 

/ = 3, = §(5^:^ — 3^) 

/ = 4, P,{x) = l(3Sx* - 30x^ + 3). (10.17) 

Attention may be called to the fact that it can be shown, although the 

proof will not be given here, that the Legendre polynomials form an or- 
thogonal system in the interval — I ^ x ^ 1; that is 



for 1 7 ^ n. 


(10.18) 


The interval referred to is, of course, that which is physically significant 
for the present problem (see p. 41). The polynomials can be normalized 
by making use of the result 


X I 2 

^Pi{x)Pn{x)dx — ~ 2 / ^ i I = ny (10.19) 

and so the normalizing factor is V(2/ + l)/2. 

10b. Associated Legendre Functions. — Upon differentiating equation 
(10.16) successively m times, the result is 


(1-^) 


d^+^Pi{x) 

dx^+2 


— 2{m + l)x 


d”^+^Pi{x) 


+ {/(/ + 1) — m{m + 1)} 


d^Piix) 


dx 


m 


= 0 . ( 10 . 20 ) 
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Since the solution of equation (10.16) is the Legendre polynomial Pt(x)i it 
is evident that the solution of equation (10.20) is d^Pi[x)ldx”^, If now a 
quantity, represented by the symbol P7{x)y known as the associated Legendre 
function of degree / and order lUy is defined by 


P^(x) = (1 - x^y 


d^Pl{x) 
dx^ ’ 


( 10 . 21 ) 


the equation (10.20) can be transformed into 


(1 


or 




m 


dx'^ 


dx 


1 - 


dx 





P7{x) = 0, 
P7{x) = 0, 


( 10 . 22 ) 

(10.23) 


of which the solution is the associated Legendre function P7{x). 

11. Eigenfunctions for the Rigid Rotator. — It was postulated in Section 
9c that the eigenfunction for the rigid rotator could be expressed as the 
product of two functions Y{6) and The latter has been already evalu- 

ated, in the form of equation (9.39), and the former may be obtained by 
solving equation (9.50). Inserting the value of p given by equation (9.66), 
equation (9.50) becomes 


dx 


(1 - 




/(/ + 1) - 



y = o, 


( 11 . 1 ) 


and comparison with equation (10.23) shows that a solution of (9.50) is 

Y=cPT{x)y (11.2) 

where r is a constant, which may be a normalization factor. Since x is equal 
to cos By by the definition of equation (9.44), it follows that the required 
solution for the evaluation of the eigenfunction of the rotator is 


Yid) = rPr(cos^). (11.3) 

It can be shown that, like the Legendre polynomials, the associated 
Legendre functions form an orthogonal set in the physically significant 
interval t I ^ x ^ 1; that is, 

£mx)P?{x)dx = 0, for ky^l. (11.4) 

On the other hand, when k is equal to /, 



2 (/ “h fn) ! 

2/ + r (/- m)! * 


for * = /, (lU) 


THE HYDROGEN-LIKE ATOM 


47 


and hence the normalization factor is given by 


c=4 


21+1 {2-m)l 

2 


Inserting this value in equation (11.3) it is seen that 


( 11 . 6 ) 


Y{e) 





U+m)l 


P7(cos 0), 


(11.7) 


and consequently the required normalized eigenfunction for the rigid rotator, 
which is equal to Y{d)Z{tf>)y may be expressed as 




2/-f 1 (/ - m)\ 

iir 


P?(cos 


( 11 . 8 ) 


12. Degeneracy of Rotational States. — It can be seen from the definition 
of the Legendre polynomial [equation (10.15)] that the highest power of a* 
is provided by the /th derivative of and consequently it will involve x‘. 
It follows, therefore, that the mth derivative of Pi(x)y and hence also the 
associated Legendre function which involves this derivative, will become 
zero when m exceeds A Consequently m, which as already seen must be 
zero or integral, can have only the series of values 0, 1, 2, •*•,/, for a given 
value of /, if the eigenfunction of the rotator is to be finite. The term 
appearing in equation (11.8) implies that for each integral value of m there 
are two eigenfunctions, with m positive and negative respectively; hence, for 
a given /, the values of m can be 0, ±1, ±2, • • dbA There are thus 21 + 1 
possible values of m, and this same number of eigenfunctions represented 
by equation (11.8), for each value of A It can be seen from equation (9.68) 
that the P s determine the eigenstate of the rotator, and hence each energy 
state of a rigid rotator with free axis is 2/ + 1-foId degenerate. In other 
words, for every / value there are 2/ + 1 states of the rigid rotator having 
the same, or almost the same, energy. 

T he Hydrogen-Like At om 

13a. Hydrogen-Like Atoms: The Central Force Field Problem. — A 
hydrogen-like atom may be regarded as a system of two charged particles, 
the positively charged nucleus and the negatively charged electron, between 
which coulombic forces are operative. For a system of two or more particles 
the Schrodinger equation is most conveniently written in the form of 
equation (6.9), i e., 

= EjP, (13.1) 

% 

H^here ^ and E are the eigenfunction and energy, respectively, of the whole 
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system; the Hamiltonian operator H is now defined by 






(13.2) 


where nn is the mass and Vj is the Laplacian operator for the /th particle, 
the summation being made for all the particles constituting the given system. 
For the hydrogen-like atom, consisting of two particles, the Hamiltonian is 


given by 



JL(1. 

\W1 






(13.3) 


where 





Xu 2 i being the coordinates of the particle of mass W 2 i, and ;r 2 , y 2 and 

Z 2 are the coordinates of the other particle, of mass W 2 . 

If ypT and Et are used to represent the total eigenfunction and the total 
energy, respectively, for the whole system, then combination of equations 
(13.1) and (13.3) gives the wave equation for the system as 

— V\Pt + - vUt + § (£r - nir = 0. (13.S) 

1n^ 1712 nr 


The total eigenfunction includes the contribution due to translational 
motion of the system as a whole, but this factor may be removed in the 
following manner. If it is supposed that \pT is a product of two eigenfunc- 
tions, namely 4'h which depends on the position of the center of mass of 
the system, and which is function only of the distance between the 
particles, then it is possible to show that 


that is, 


^ {E - n<i' = 0, 


^ + -^, + ~ + -7^{e- n<P = o, 


dx^ dy 


dz^ 




(13.6) 

(13.7) 


where x^ y and z are the coordinates of the center of mass of the system, E 
is the total energy exclusive of the translational energy, and m is the reduced 
mass. Since the latter is defined by 

4 

it is evident if mi is the mass of the nucleus and m 2 is that of the electron, 
that mi is much greater than otj, and consequently /i is approximately equal 
to the electronic mass ms. 
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The potential energy ^ is a function of the position of the two particles 
relative to one another, and is independent of the translational motion of 
the system as a whole. The wave equation (13.7) is thus seen to be identical 
with that for a single particle of mass which is virtually that of the elec- 
tron, in a field of potential V, Transforming to spherical coordinates, this 
equation becomes [cf. equation (9.20)] 




1 

sin 0 



+ 


1 


sin^ 6 d4>^ 


+ ^\E- nr)H = 0. 




(13.8) 


For the central force field problem, such as that under consideration, the 
potential F depends only on the distance between the electron and the 
nucleus, and not on the angle* 6 and 4>; hence in equation (13.8), the potential 
is written as a function of r, namely, F(r). 

13b. Separation of Variables. — As in the solution of the problem of the 
rigid rotator, the first step in solving equation (13.8) is to attempt to separate 
the variables. The assumption is consequently made that the eigenfunction 
which is a function of r, 8 and can be expressed as the product of three 
functions, viz., R{r), y(0) and Z(</)), each of which is a function of the one 
indicated variable; thus, 

= Rir)Y{e)Z{4>l (13.9) 

Making this substitution in equation (13.8) and multiplying through by 
(r* sin* d)IRYZj the result is 

sin*0 d f JR\ 1 cPZ sine d( . 

R ' dr\ dr)^ Z' Y ' ddX"'^^ d9 ) 

+ sin* 9^[E- V{r)] = 0. (13.10) 


In this expression, the second term is a function of the variable <l> only, 
and hence it can be shown, by an argument similar to that used in Section 9c 
in connection with the rigid rotator problem, that this term must be a 
constant. Representing the constant by —m\ it is possible to write 

(13.11) 


(13.12) 

these equations being identical with equations (9.29) and (9.30), respectively. 
Insertion of the value — in place of the second term in equation (13.10) 


or 


1 d^Z 
Z * d<t>^ 




d<F 


+ m^Z = 0 , 
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now gives 


R dr \ dr ) 


+ 


sin 6 

~Y' 



+ sin* 6 


SttV 


[E-Vir)] 



(13.13) 


and if this is divided through by sin*^, the result, after rearrangement, is 


R * dr\ 


dr 


Stt^ju 

-hr^—lE- F(r)] 




m 


1 


sin* Q Fsin 0 


i G'" ® 


do 


(13.14) 


The left-hand side of this equation is seen to be dependent on the variable T 
only, while the right-hand side involves the variable Q only; it can be shown, 
therefore, by familiar arguments, that each side is constant. Setting each 
equal to there result the two equations 



1 


sin 6 


i ^ 


d_Y 

de 


+ 




1 


£ 

dr 


dR \ B 


(13.15) 

(13.16) 


13c. Spherical Eigenfunctions. — It will now be apparent that the wave 
equation (13.8) has been separated into three equations, namely (13.12), 
(13.15) and (13.16), each of which involves but one variable, viz , 6 and r| 

respectively. It remains, therefore, to solve each of these equations indi- 
vidually. Equations (13.12) and (13.15) are identical with equations (9.30) 
and (9.43), respectively, for the rigid rotator, and hence it follows that, as 
for the latter, the solutions are given by the normalized eigenfunctions 

1 

(13.17) 

where 

^ = 0, zfcl, ±2, • • •, ±/, 

(see Section 12) the positive and negative values representing different 
possible solutions, and 


/2/ + 1 (/ — m)\ 


( 13 . 18 ) 


as given by equations (9.39) and (11.7). The functions Y{e) and Z(d>) are 
referred to as the spherical eigenfunctions, since they give the spheri^ as 
d„<m« from eho radiol, of d,o olocfron/ AoohoM VSl” 
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Z{4) can be expressed, if desired, as a real rather than as a complex quantity 
[equation (9.42)]. ^ 

The value of ^ in equation (13.15) is similar to that derived for the rigid 
rotator, and hence for the present case 


/3 -/(/+!), (13.19) 

where 

/= 0 . 1 , 2 , *... 

Further, as indicated above, if the eigenfunctions are to be finite, the integral 
value of m cannot exceed /. ® 

13d. Laguerre Pol 3 momials. — In order to complete the solution of the 
problem of the hydrogen-like atom it is necessary to consider equation 
(13.16), generally known as the radial equation, since it is a function of the 
radius vector r only. For this purpose it is required to have some knowledge 
of the Laguerre polynomials, and this subject will be treated first. These 
polynomials may be defined by utilizing the function 


y = x^e^’y 

(13.20) 

which, differentiated k times, gives 


d^y d‘{x^e~^) 


dx^ “ dx^ 

(13.21) 

= e-^U{x)y 

(13.22) 


where Li(x) is the Laguerre polynomial in x of degree k; hence it is possible 
to write the definition 


LkM = ^ 


~d^ 


(13.23) 


By taking thepth. derivative of this function there is obtained the associated 
Laguerre polynomial of degree k — p and order p\ thus, 




d^Lu{x) 
dx^ * 


(13.24) 


From an examination of the expression defining Lk{x')y the Laguerre poly- 
nomial of degree ky it will be found that the highest power of a-, which de- 
termines the degree of the polynomial, is x^. Consequently, the highest 
power of X in the associated Laguerre polynomial Ll{x)y of degree k — py\s 
seen to be It follows, therefore, that p must always be less than or 

equal to k if the associated polynomial is to be different from zero. When p 
is equal to k the associated Laguerre polynomial, i.e., Ll{x)y contains no 
terms; subsequent members of the series, i.e., withp greater than ky must 
therefore be zero. 
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For present purposes it is desired to find the differential equation that 
is satisfied by the Laguerre polynomials. Consider the equation 



o 

11 

1 

+ 

H 

(13.2S) 

for which a possible solution is 



y = x^e 

(13.26) 

Upon differentiating equation (13.25), ^ + 1 times, the result is 



^ + (^ + 1) ^^+1 + ~ 

(13.27) 

If a function 

u is defined by 



II 

(13.28) 

this function satisfies the equation 




(13.29) 

In accordance with equations (13.22) and (13.28), it is seen that 



u - e ^Lh{x)y 

(13.30) 

and hence 

du _^dLk{x) ^ 

dx 

(13.31) 

and 

d^u dU{x) 

dx^ ^ dx? “ dx^ ’ 

(13.32) 

Substituting these values for «, dujdx and d^ujdx^ in equation (13.29), 
this becomes 


‘PLtix) , „ ^ dLk{x) . , , , ^ 

^ ds^ (1 “ a) -f- kLk{x) Oj 

(13.33) 


which is, consequently, the equation satisfied by the Laguerre polynomial 
Lk{x), Differentiation of equation (13.33) p times gives 

+ + 




and if now the definition of the associated Laguerre polynomial, equation 
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(13.24), is introduced, it is seen that 




dUM 


+ (p -i- 1 — ^) + (^ — p)W^x) = 0. (13 35) 


This equation is, therefore, the differential equation for which the associated 
Laguerre polynomial Ll{x) is a solution. 

13e. Solution of the Radial Equation. — Upon inserting the value of 
equal to /(/ + 1), into the radial equation (13.16) the latter becomes 


1 d/dR\ 

* dr\ dr)'^ _ 


/(/+!) 

r2 




(13.36) 


or, expanding the first term. 


^ 2 ^ 

dr^ r dr 


+ 



'i + - vm 



(13.37) 


So far the treatment has been general, for any central force field, but for 
the case of particular interest, namely the hydrogen-like atom, it is possible 
to introduce an explicit expression for the potential function V{r). The 
system consists of an electron of charge 6 moving in the central force field 
of a nucleus, of effective charge Ze, at a distance r.® The value of V{r) is 
thus given by 



(13.38) 


and so equation (13.37) may be written as 


d^R 2 dR 


' 4- ■ 


/(/ + 1) 




hh 


R = 0. (13.39) 


In the subsequent treatment of this equation, it is necessary to distinguish 
between positive and negative values of E. According to classical atomic 
theory, negative values of E correspond to the nonionized atom with closed 
electronic shells, and this condition will be assumed to apply in the following 
quantum mechanical discussion. . With E negative, it is convenient to 
introduce a new parameter rj defined by 



h^E ’ 


as well as the new variable x in place of r, defined by 


(13.40) 



(13.41) 


• The letter Z representing the effective number of charges on the nucleus will, of course, not 
be confused with the same letter used earlier to represent a function of <t>. 
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where 


A* 


0 

(13.42) 


It will be observed that the quantity ao is identical with the so-called Bohr 
orbit of the hydrogen atom, that is, the smallest orbit of the normal hydrogen 
atom as given by the Bohr theory. 

Introduction of the values of n and x into equation (13.39), and the 
replacement of R(r) by the new function X(x)y leads to 


;,= 0 

ax^ X ax [ 4: X x^ 


(13.43) 


where the physically significant limits of x correspond to those of r, namely 
zero to infinity. An indication of the solution of this equation may be 
obtained by taking x very large, so that the corresponding asymptotic 
equation is 

^"4^=0, (13.44) 

for which the solutions are 


X(x) = and X(x) - (13.45) 

Since a- may vary from zero to infinity, the former of these solutions will 
increase as a* increases; this will lead, as seen in other cases, to an un- 
acceptable wave function. On the other hand, the second solution will be 
satisfactory, since it decreases to zero as a* — and hence r, the distance of the 
electron from the nucleus — increases to infinity. 

Bearing in mind the asymptotic solution, a possible solution to equation 
(13.43) is thus 

Xix) = e-t^F(x), (13.46) 

where ^(a-) is another function of the variable x. From various consider- 
ations it appears that F{x) may be split into two factors, viz., x*, where / has 
the same significance as in equation (13.43) and previous equations, and 
another function of Xy namely ,G(a*); hence it is possible to write 

R(r) - X(x) 

= e--f^x^G{x). (13.47) 

From this relationship d^XIds^ and dXjdx can be evaluated in terms of G{x) 

in the usual manner; if the results are substituted in equation (13.43), there 
IS obtained 


(FG 

^^+{(2/+l) + l-x) 


dx 


+ («-/- 1 )G= 0. 


(13.48) 


Comparison of this equation with equation (13.35) shows that G(*) may 
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be identified with the associated Laguerre polynomial Lkix)^ with 

/) = 2/+ 1 (13.49) 

and 

k = n-\-L (13.50) 

This polynomial or, more correctly, the polynomial multiplied by a constant 
factor, will thus be a solution of equation (13.48), so that it is possible to 
write 

G{x) = (13.51) 

where C is a constant which may be made, equal to the normalization factor. 
The complete expression for the function R{r) is thus seen from equation 

(13.47) to be given by 

R{r) = Ce-^i^x^LV^,\x). (13.52) 

This is clearly an acceptable function, for the associated Laguerre poly- 
nomial, as already seen, has a finite number of terms only. 

13f. Atomic Energy Levels and Quantum Numbers. — Before proceeding 
to normalize the radial function i?(r) and to derive the complete eigenfunc- 
tion for the hydrogen-like atom, important results may be obtained con- 
cerning the permitted energy levels of this system. In the associated 
Laguerre polynomial Lk{x)y which is an acceptable solution of equation 

(13.48) , both p and k must be zero or integral. Utilizing the equivalent 

values of p and k given by equations (13.49) and (13.50), viz., 2/ -(- 1 and 
» + /, respectively, it follows that 2/ + 1 and n 1 must be zero or integral. 

It has been previously established that / must be zero or integral, and since p 

is less than or equal to k (Section 13d), it follows that 

« = 1,2, 3, •••. (13.53) 


It follows, therefore, from the definition of n given by equation (13.40), that 
the eigenvalues En of the energy for the case under consideration are 
represented by the expression 



27rV2V 


(13.54) 


where n is integral or zero. This result is the same as that obtained by Bohr 
for the energy levels of a hydrogen-like atom, utilizing the older quantum 
theory and certain postulates concerning the quantization of the angular 
momentum of the electron. It is seen, therefore, that the acceptable solu- 
tions of the wave equation lead to permitted energy values which are the 
same as those derived from the Bohr theory. The integral nature of «, 
which can now be identified with the principal quantum number (see Section 
la) of the atom, is clearly a necessary condition for the acceptable solution, 
rather than a postulate, as in the Bohr treatment. 
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By making use of the condition referred to in Section i3d that Ic must be 
greater than or equal to p, it is possible to establish a relationship between 
the permitted values of n and /. Since k ^ p, it follows, using equations 
(13.49) and (13.50), that 

w + / ^ 2/ + 1, 

^ - 1. (13.55) 

Although the principal quantum number n may, theoretically, be zero, this 
value has no physical significance, for it would make En numerically equal 
to infinity. The possible values of n are thus 1, 2, 3, •••, and hence it 
follows by equation (13.55) that /, which is the equivalent of the azimuthal 
quantum number.^ can be 0, 1, 2, — 1. 

It has been seen in connection with the problem of the rigid rotator that 
the possible values of m are 0, ±1, ±2, • • zb/, and the same conditions 
apply to the present case, as indicated in Section 13c. Provided there is 
no perturbing field, these 2/ + 1 values correspond to the same energy, but 
in a magnetic field the levels are separated and 2/ + 1 different orientations 
are possible. The zero or integral m is thus the equivalent of the magnetic 
quantum number oi atomic structural theory (Section la). Wave mechanics 
thus provides a satisfactory basis for the occurrence of the three integral 
quantum numbers w, I and mx\ the problem of the spin quantum number will 
be taken up later. 

13g. Normalized Hydrogen-Like Eigenfunctions. — The complete solu- 
tion ^(r, 0) of the wave equation for the hydrogen-like atom is obtained 

by multiplying the spherical eigenfunctions Y{d) and Z(0), which depend on 
the angles B and 4>y respectively, by the radial eigenfunction i2(r). The 
values of the two former, as given by equations (13.17) and (13.18), are 
already normalized, but this still remains to be done for R{r) by giving an 
appropriate value to the constant C in equation (13.52). The normalizing 
condition, for the physically significant interval of zero to infinity, is 



R{r)R*{r)r^dr = 1, 


(i3.56) 


the factor being necessary to convert the length dr into an element of 
volume. Introduction of the values of R{r) and of i?*(r), which are identical 
in this case, leads to the result 


Inserting this value in equation (13.52) and making use of the definition of 
X given by equation (13.41), it follows that the normalized radial part bf 
the eigenfunction for a hydrogen-like atom is 


R^l{r) = \l( — y UL^-Zrlnad ) ^21+1 


2Zr\ 


2Zr\ 


fiat 




(13.S8) 
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The subscript nl has been added to indicate that this function involves the 
quantum numbers n and /. Similarly depends on / and m, while 

Z«(0) contains m only; these two functions are repeated here for the sake of 
completeness; thus 


and 


(13,59) 


(13.60) 

Finally the 

complete eigenfunction, exclusive of spin, is given by 




(13.61) 


Although these functions appear to be very complicated, they actually 
reduce to relatively simple forms, especially for low values of the quantum 
numbers w, / and m. As these are the cases of immediate interest, the ex- 
pressions for Y{d) and Z(0) for w = 1 and 2, for / = 1 and 0, and for 
tn (i.e., mt) = 0 and =tl, are given in Tables II and III. Since equally good 

TABLE n. NORMALIZED RADIAL FUNCTIONS FOR HYDROGEN-LIKE ATOMS 


n 

1 

Rnxir) 

1 

0 


2 

0 



1 

1 (Zyi^Zr 

1 - ) — c-^rlian 

2^6 ^^0' ao 

1 


TABLE 111. NORMALIZED SPHERICAL FUNCTIONS FOR HYDROGEN-LIKE ATOMS 


1 

m 

YiM 




1 

1 


0 

V2 

<1. 



/I 

1 

1 

0 

^j-cosB 

VS 

1 

±1 

ilsinO 

1 1 1 . 

— or — COS 4> and sin <t> 



2 

V2x Vt 
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normalized eigenfunctions may be obtained by reversing the signs preceding 
the functions, this change has been made in Table II for the sake of con- 
venience. In Table III, both the complex and real values of the eigen- 
function are given for m equal to ±1. 

The real forms of the complete eigenfunctions, exclusive of spin, for 
hydrogen-like atoms with the electron in either the K shell (n = 1) or the 
L shell {n = 2) are given in Table IV. In accordance with the limitations 


TABLE IV. COMPLETE EIGENfUNCTlONS FOR HYDROOEN-LIKE ATOMS 


n 

1 

m 

State 

Eigenfunction 

1 

0 

0 



Vx 

2 

0 

0 

1 

Is 

4 V2ir ^0/ 

2 

1 

1 

0 

1 

2/ 

1 f Z\^l* 

ss — ■p= ( — ) cos $ 

4V2x '"0/ 

2 

1 

±1 


4'iii = 

r 1 / z \ 

— sin 0 cos tf> 

4V2x 

1 

— P= { - ) sin 6 sin ^ 

4V2t '^0'' 


on the values of / and wz, the only possibility for w = 1 is / := 0 and w = 0, 
the electron being then described by the symbol Is (see Section la). When 
n is 2, there are four possible electronic states, namely / = 0 , m ~ Oy 
designated 2j, and / = 1, w = 1, 0, —1, which correspond to the three 
possible 2p states. 

The complete one-electron eigenfunctions, exclusive of spin, such as those 
recorded in Table IV, are the quantum mechanical equivalent of the classical 
electron orbits. For this reason they have been referred to as orbitals. In 
some cases they are called atomic, orbitals, to distinguish them from the 
orbitals associated with molecules (see Section 16b). 

13h. Eigenfunctions and Probability Distribution. — Although the radial 
parts of the wave functions are not of great chemical importance, brief refer- 
ence will be made to them as they serve to indicate the essentid difference 
between the new quantum mechanics and the older quantum theory as used 
by Bohr. The value of the square of the radial function — this is the same 
as the square of the absolute value, since R(r) is real— is a measure of the 
probability of finding the electron in an element of unit length at a distance 
r from the nucleus. According to classical theory, which required the elec- 
tron to be confined to a definite orbit, this probability should be zero at all 
distances except that representing the position of the orbit. The radial 
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functions of quantum mechanics, such as those given in Table II, however, 
lead to quite different conclusions. There is generally a finite probability 
of finding the electron at all distances from the nucleus from zero to infinity; 
as is to be expected, this probability falls off rapidly to very small values 
when r is large. Instead of studying which gives the probability of 

finding an electron in a unit length, a more useful property, known as the 
distribution Junction^ is which is a measure of the probability that 

the electron will be found in a spherical shell at a distance r from the nucleus. 
Some examples of the shape of this distribution function are given in Fig. 5. 



Distance from Nucleus 
Fio. 5. Radial distribution function 

The curves for Ir, Ip, 3d, 4/, etc. electrons show one maximum only, and 
it is of interest to note that in these cases the maxima occur at distances 
from the nucleus equal to the corresponding Bohr orbits. 

As a general rule, the s and p eigenfunctions (/ = 0 and 1) for the same 
value of n, e.g., rpioo, ino and 1 ^ 211 , shovf approximately the same dependence 
on r, and the difference between these eigenfunctions lies essentially in their 
dependence on the angles 6 and <l>; that is to say, the radial parts of the 
eigenfunctions are approximately the same, but the spherical parts differ 
appreciably. It is this fact which is of fundamental importance to the 
quantum mechanical theory of valence, as will be seen in Section 20a. By 
combining the values for Yim{B) with the real values o^ Zm{<t>) given in Table 
III, the complete spherical wave functions for s and p electrons in hydrogen- 
like atoms may be readily determined. These are recorded in Table V; for 
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TABLE V. NORMAU7.ED COMPLETE SPHERICAL ElOENf UNCTIONS YiwXfi)Zm{4^ 


/ 

m 

Symbol 

Eigenfunction 

Normalized to 4ir 

0 

0 

s 

1 

Vix 


1 

1 

0 


/ 3 cos B 


Vs cos B 

1 

-1 

Py 

/T sin B sin 0 


Vs sin B sin ^ 

1 

1 

P^ 

/ 3 sin 9 cos ^ 
>4^ 

• 

Vs sin B cos ^ 


reasons which will appear shortly, the three/> eigenfunctions are distinguished 
by the subscript Xy y and z, respectively.’ The values given in the fourth 
column are normalized to unity in the ordinary way. For subsequent pur- 


« A 


8 


B 



Fig. 6. Spherical s and p eigenfunctions 


poses it is convenient to make the s eigenfunction equal to unity, and so the 
results are normalized to 47r in the final column of Table V. It should be 
noted that the results in this table are applicable to any s and p electrons 

will be seen in Section 40a that electron orbitals for which m (or W/) is 0 and 1, respec- 
tively, are designated by the symbols <r and respectively, when they are involved in the forma- 
tion of molecules. These three p eigenfunctions are consequently represented as px- and 
for m equal to 0, — 1 and + 1, respectively. 
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in hydrogen-like atoms, irrespective of the value of the principal quantum 
number, since the latter does not appear in the spherical parts of the 
eigenfunctions. 

Consideration of the data recorded in Table V brings to light a number 
of significant points. In the first place, the s function is seen to be inde- 
pendent of the angles 6 and 0; it is consequently spherically symmetrical, as 
indicated in Fig. 6 A. The^ eigenfunctions, however, exhibit an interesting 
angular distribution; it can be shown that/)i,/>y and/>z are identical in form, 
consisting of two spheres (one positive and one negative) in contact, some- 
what like a dumbbell. The three sets of double spheres are, however, 
oriented along the x, y and z axes, respectively, that is, in three directions at 
right angles to each other (Fig. 6 B). The relative magnitude of the s 
eigenfunction, as given by the last column in Table V, is unity in every 

z z 




Fic. 7. Sections of spherical j and p eigenfunctions 

direction. On the other hand, the corresponding values for the p functions 
are largest in certain directions, and the magnitudes of the maximum values 
may be derived by setting sin 0, cos 0, sin ^ and cos equal to unity. It is 

seen that the maxima oi pxypy and/)* are each equal to V3. The maximum 

value of the spherical p eigenfunction is thus VS times as great as that of 
the s function; this is shown by the sections in the xz plane drawn in Fig. 7. 
The foregoing conclusions may be summarized in the following manner. 
The probability of finding an s electron is the same in all directions around 
the nucleus of a hydrogen-like atom, but a/) electron will tend to concentrate 
in certain preferred directions. These directions are at right angles to each 
other for the three types of p electrons in the atom. Finally, the maximum 

probability of the/) electron being in one of these preferred directions is V3 
times as great as that of an s electron being in any direction. Further 
reference to these matters will be made in Section 20c. 


CHAPTER III 

QUANTUM THEORY OF VALENCE > 
The Variation Method 


14a. Approximation Methods. — The exact solution of the wave equation, 
such as that carried out in the previous chapter for the hydrogen-like atom, 
is possible only when the system contains a single electron. If several elec- 
trons are involved, as is the case in most problems of chemical interest, it is 
not feasible to obtain a complete solution of the wave equations. In these 
circumstances the best that can be done is to employ an approximate pro- 
cedure, and several methods have been suggested, of which two have been 
most widely employed. These are perturbation method p.r\A the variation 
method. For the problems of immediate interest the two procedures lead 
to virtually the same result, and as the theory of the latter method is simpler, 
|tlus will be given in detail while the perturbation method will be referred 
very briefly. 

K 14b. The Perturbation Method. — The perturbation theory is based on 
the supposition that an actual problem can be treated as a slight modifica- 
\^tion, or perturbation, of an ideal problem which is capable of exact solution. 
If the actual Schrodinger equation which must be solved is 

(14.1) 

then it is supposed that a complete solution is available for the equation 

HoiAo = Eo^o (14.2) 

of an unperturbed system whose Hamiltonian operator Ho differs only 
slightly from that (H) in the problem under consideration. The two Hamil- 
tonians are assumed to be related by the equation 

H = Ho + XH' (14.3) 

where X is an arbitrary parameter; the quantity XH' is called perturbation 
term. Substitution for H in equation (14.1) then gives 

(Ho + XH')^ = (14.4) 

and this is the equation which has to be solved. The method of solution 
depends on whether the system is degenerate or not, but the treatment will 
not be given here because of its relative complexity^ 

^ Dushman, The Elements of Quantum Mechanics”; Hellmann, “Einfuhrung in die Quanten- 
^emie ; Pauling and Wilson, “Introduction to Quantum Mechanics”; Penney, “The Quantum 
Theory of Valency”; Van Vleck and Sherman, Rev. Mod. Phys., 7, 167 (1935). 
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14c. The Variation Method.^ — The equations required for the present 
purpose can be obtained equally well by the use of the variation treatment 
in the following manner. As seen in Section 5b, an arbitrary function 
assumed to be of the proper type, can be expanded in terms of a normalized, 
orthogonal set of functions, (/>,; thus. 


^ = Cl<Al + C2<i>2 + • • • + H" 


« • • 




where 


■=/ 




If ^ is normalized, then, by equation (5.9), 


that is. 


i" C 2 C 2 4“ * * * + Cict + • • • — 1 

E CiCt = 1. 


(14.5) 

(14.6) 


(14.7) 


(14.8) 


If the functions are suitable eigenfunctions for the Hamiltonian oper- 
ator, then the appropriate form of the Schrodinger equation is 

IL4>i = (14.9) 

Upon multiplying both sides by 4>t and integrating the result over the con- 
figuration space, it is seen that 




• f. = 


J <f>t<t>idT 


(14.10) 


or 




(14.11) 


since the eigenfunctions <i>i are assumed to be normalized. 

Consider now the corresponding integral involving i.e., 
which is represented by the letter E; utilizing equation (14.6), it follows that 




»Glasstone, Laidlcr and Eyring, "The Theory of Rate Processes," p. 62 et seq. 


(14.12) 
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cnce, by equation (14.11), 

^ = L CictEi. (14.13) 

Suppose Eq is the actual lowest energy value for a given system; then, taking 
into consideration equation (14.8), subtraction of Eo from both sides of 
equation (14.13) gives 


£ - £o = L CictiEi - Eo). (14.14) 

Since Eo is the lowest possible value of the energy, Ei — Eo must be positive 
or zero for all values of ;; further, since Cicf is also always positive or zero, 
it is seen that the right-hand side of equation (14.14) must similarly be 
positive or zero. It follows, therefore, that 

E - Eo'^ 0, 

or 

^ ^ ^0, (14.1S) 

and hence by the definition of E, 



[Hr ^ Ec. 


(14.16) 


Since ^|^ has been chosen quite arbitrarily, it follows that no matter what form 
of f IS postulated, provided it is suitable for the present problem, the integral 
rpresented by the left-hand side of equation (14.16) can never be less tLn 
the time minimum energy of the system. By varying the function ^-the 
so-called vartatton function— in the proper manner, it will then be possible 

veryclosel^ value for the integral which approximates the true energy 


Suppose the variation function ^ can he 
of linearly independent functions x; thus, 


expressed as the sum of a set 


^ — ^iXi + ^2X2 H- • • • + aiXi + 


“T <2nXn, 




in which the independent parameters i,,, • • - , to be varied 

funTti^ns®''"^ ^ r the actual energy. The 

functions x are supposed to be of the well-behaved type (Section 4d) and 

1 will be assumed, although this is not strictly necessary, that they are 
normalized. Consider the integral /, defined by ^ ^ 



(H — E)\l/dT. 


(14.18) 


If rp and E are the correct eigenfunction and 
tively, then 


energy of the system, respec- 
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or 

(H - = 0, (14.19) 


so that the integral I will then be zero. If the functions x equation (14.17) 
constitute a complete set, variation of the parameters so as to make I zero 
would then give the correct values of ^ and E, Even if the set is not com- 
plete, however, it is still possible to obtain a best value of £, according to 
the variation theorem, by suitable choice of the parameters. 

Since the lowest value of the integral approximates most closely 

to the actual energy, as seen above, it follows that even if the integral I is 
not zero, its lowest value, at least, will correspond to the best value of the 
energy. The condition that I should be a minimum is given by 





and if da\y da^y • * *, dUn are independent and not zero, then I will be a 
minimum only when 

da\ da2 


K 

Bar, 


= 0 . 


(14.21) 


Inserting the values of and \p* obtained from equation (14.17) into the 
definition of/, equation (14.18), it is seen that 

/ - r E atxm -E)E aiXidr, (14.22) 

^ % i 

and since dllBai = 0, by equation (14.21), it follows that 

L «;■ ( J xfHx A - eJ xfx a) = 0. (14.23) 

By the use of certain recognized abbreviations, the appearance of equation 
(14.23) may be simplified; these are //,■>, referred to as the matrix component 
(or matrix element) of the operator H between the eigenfunctions Xi and x>, 
defined by 

//„• = fxi*HxA. ( 14 . 24 ) 


and Aij, the matrix component of unity, defined by 

Aij- = J' xtxjdT. (14.25) 

Using these symbols, equation (14.23) becomes 

E ai{Hu ~ AriE) = 0 


(14.26) 
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It will be recalled that this result was obtained on differentiation of /, given 
by equation (14.22), with respect to ai and equating the result to zero; a 
set of » similar equations, represented by 

23 — AkjE) = 0, where ^ = 1, 2, * • - , w, (14.27) 

j-i 

* 

can be obtained on differentiation with respect to ai, - • ■ j and equating 
to zero in each case, in accordance with equation (14.21). 

The expression in equation (14.27) represents a set of n simultaneous, 
homogeneous, linear equations in the n independent variables ai, 
and if this set is to have nontrivial solutions, i.e., different from zero, the 
determinant of the coefficients must vanish. It follows, therefore, that the 
necessary condition is 

H\i — Aii£ H\2 — • * • Hin — Ain£ 

// 2 I ~ A 2 i£ H 22 “ ^llE • • • H^n — ^ 2 nE 

= 0. (14.28) 

• • ♦ 

• • • 

Hn\. — ^n\E Hnl ^n^E * * * Hnn ^nnE 

This equation, which is of the wth degree in £, is frequently referred to as 
the secular equation of the particular problem being studied. Every Ha and 
A , 7 has a definite numerical value, and so the equation can be solved, in 
principle, to give n roots, viz., £ 1 , £ 2 , • * ■, £n. The lowest root of this set 
will then approximate most closely to the true energy of the system. The 
better the variation function, given by equation (14.17), the more nearly 
will these values approach each other. 

Having found the lowest root of the secular equation, it is now possible 
to determine the appropriate values of the parameters a\y a 2 , •••,<?« in 
equation (14.17). This particular root is inserted in the n equations repre- 
sented by (14.27), and if the first w — 1 of these equations are divided by 
any it is possible to solve explicitly for the n — 1 ratios a 2 /an, ••*, 

an-ijun* This set of ratios, together with a normalizing condition, permits 
the evaluation of all the /j’s, and so the form of the eigenfunction which gives 
the best value of the energy can be determined. 

. The Hydrogen Molecule 

15^ The Heitler-London Method : Coulombic and Exchange Integrals. — 
The first reasonably satisfactory quantum mechanical treatment of the 
hydrogen molecule was made by Heitler and London; * apart from its in- 
. trinsic importance it has certain consequences of special interest for the 
theory of valpnce. The actual method employed by Heitler and London 
was based on the use of the perturbation theory, but the same results can 
be obtained by utilizing the equations derived by the variational method, as 
described in the previous section. 

» Heitler and London, Z. Physik, 44, 4SS (1927). 
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The hydrogen molecule consists of two positively charged nuclei, A and 
B, and two electrons designated by the numbers 1 and 2, as indicated in 
Fig. 8; the various distances involved in the molecule are shown in the figure. 
When the distance tab is large, the system 
under consideration becomes equivalent to 
two separated hydrogen atoms, and if these 
are in their normal (ground) states, the ap- 
propriate eigenfunctions (orbitals), exclu- 
sive of spin, will be the hydrogen-Hke h 
wave functions (^loo) given in Table IV, 
with Z equal to unity. These orbitals may 
be represented by «a(1) and «b(2), the 
suihxes A and B, and the numerals'(l) and 
(2), implying. that electron (1) is associated 
with nucleus'A, and electron' (2) with nucleus B. When the two normal 
hydrogen atoms are brought together to form a molecule, a reasonably 
simple eigenfunction would be the, product of these two atomic wave 
functions; thus 

% 

= wa(I)wb(2). (15.1) 


1 



Fig. 8. The hydrogen 
molecule system 


If the two electrons were interchanged, so that electron (2) were associated 
with nucleus A and electron- (1) with nucleus B, the atomic eigenfunctions 
would be ttA(2) and «d( 1), respectively. However, the complete system 
would not be affected by the exchange of electrons, and hence an equally 
good wave function for the hydrogen molecule would be, 

= «a(2)«b(1)* (15.2) 

9 

Since there are two eigenfunctions corresponding to the same energy value 
of the hydrogen molecule, the system is two-fold degenera^ for relatively 

large interatomic distances. i . • r • u 

In order to apply the varjation treatment, a trial eigenfunction may be 

chosen of the form [cf. equation (14.17)] 


( 


yf/ = aiypi + 

• • 




(15.3) 


which is a linear combination of the two independent functions ii and hi- 
The secular equation for evaluating the corresponding energy-^ in the 

present case is therefore > 


Hii — AiiE 

Hu I “ An lE 


Hi II — Ai ii^ 

Hu II “ An ii£ 



(15.4) 


The matrix components Hu and Huu are defined by 







(15.5) 
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and 


Hn II = J' J" ^nHV'n^/ri</T2, 


(15.6) 


where and dr 2 refer to elements of the configuration spaces of the elec- 
trons (1) and (2), respectively. The eigenfunctions i/'i and are real, arid 
so it is unnecessary to include the complex conjugates in the definitions of 
the matrix components. The integrals Hu and Hmi are known as the 
coulombic integrals, for it will be seen later that they give the classical 
(coulombic) electronic interaction energy for the hydrogen molecule, taking 
into account the distribution of the electrons as given by the Schrodinger 
(wave) equation. It may be remarked that, since the two electrons are 

equivalent to one another, 

Hii — Him, (15.7) 


The matrix components of unity, viz., Ai i and An n, which in this case 
are also the normalization integrals, are defined by 


Ai 


I — j* rpi}(fi^TidT 2 and An II — J* J* (1S.8) 

Since the b eigenfunctions as given in Table IV are already normalized, both 
integrals in equation (15.8) are equal to unity; further, since An and Ami 
are equal, because of the equivalence of the electrbns, it follows that 


Ai I = An n — 1. 


(15.9) 


The integrals Hm and Hm are also equal, and they are defined by 


Hi u = Hu 


■-If 


^iH^ii^/Tii/r2. 


(15.10) 


These are called the exchange integrals, for they owe their existence to the 
possibility of two eigenfunctions, corresponding to the same energy state of 
the hydrogen molecule, arising from the interchange of the electrons between 
the two nuclei. 

Finally, the orthogonality integrals, for which the symbol 6^ is often used, 
are represented by 


Am = All I = J* J* 


= S\ 


(15.11) 

(15.12) 

15b. Symmetric and Antisymmetric Solutions. — Making use of the 
values of the normalization and orthogonality integrals, and of the equality 
of the various matrix components, the secular equation (15.4) reduces to 


Hii-E 

Hill - 


Hm - S^E 

Hii~E 


= 0 , 


(15.13^ 
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The solutions are 

= 1 + gi (15.14) 

and 

r- H\ \ — Hiu ^ 

Ea ~ — j ^ — , (15.15) 

the subscripts S and A referring to symmetric and antisymmetric, respectively, 
for reasons that will be made clear shortly. 

It is now possible to determine the values of the coefficients ai and in 
the variation function, equation (15.3), utilizing the procedure described in 
the discussion of the variation treatment. The appropriate equation, of the 
form of (14.26), to be solved in this case is 

ai{Hxi — Aii£) + a2{Hjii — AmE) = 0. (15.16) 

Replacing Ai i by unity, and Ai n by S^y and inserting the value of Es derived 
above, it is found that 

= ^2, (15,17) 

and hence the symmetric eigenfunction corresponding to the energy Es is 
given by 

>ps = csi^i + ^ii) (15.18) 


where cs represents the appropriate normalization factor. On the other 
hand, the antisymmetric eigenfunction, corresponding to the energy Ea, 
may be found by inserting the value given by equation (15.15) into equation 
(15.16); the result is 

(15.19) 

and hence, by equation (15.3), 

= a(^i — ^ii) (15.20) 

where the normalization factor is now indicated by ca^ 

In order to evaluate cs and o, use is made of the normalizing conditions; 
thus, since and ^a are real, and supposed to be normalized. 


j* J'</'A^A^Ti^T2 = 1. (15.21) 

Inserting the expression for equation (15.18), it is seen that 


J* J* = CsJ* J* (if'I + ^Y^^dr\dT2 

= cl^j* J^^ldridrz + J* J'^ndridrz + 2^ y 


If. ij/'iidridrz^ . 


(15.22) 


Since and are already normalized, and the orthogonality integral is 


70 


QUANTUM THEORY OF VALENCE 


represented by it follows, from equations (15.21) and (15.22), that 


4(2 -f 2S^) = 1, 


1 


cs = 


V2 + 2*9* • 


(15.23) 


Similarly, the value of ca may be derived in an analogous manner from the 
normalization integral for atid the definition of the latter by equation 
(15.20); the result is 

^ (1S.24) 


Ca = 


V2 - 26^ • 


Upon inserting the values for cs a-nd ca into equations (15.18) and (15.20), 
respectively, the following results are obtained for the normalized eigen- 
functions; the expressions for jpi and are derived from equations (15.1) 
and (15.2). 

^2 + 2^ ^ (15.25) 

= + «a(2)«b(1)}, (15.26) 



1 

1 

= ^ 2 _ 2S^ f«A(l)«B(2) - «a(2)«b(1)). 


(15.27) 

(15.28) 


It will be observed that if in the coordinates of either the nuclei or 
the electrons are interchanged, i.e., A and B are exchanged or (1) and (2) 
are exchanged, the value of the eigenfunction remains unaltered. This 
eigenfunction is consequently said to be symmetric in the positional coordi- 
nates of both electrons and nuclei. On the other hand, if either of these 
pairs of coordinates in ^a are interchanged, the value of the eigenfunction as 
a whole changes its sign, and so it is referred to as antisymmetric. This 
accounts for the use of the subscripts S and A in equations (15.14) and 
(15.15), since Es is the eigenvalue of the energy corresponding to the sym- 
metric eigenfunction for the hydrogen molecule, while Ea corresponds to 
the antisymmetric eigenfunction. 

ISc. Evaluation of Coulombic Integral. — With the object of determining 
the actual energy eigenvalues Eb and £a, it is now necessary to turn to the 
evaluation of the integrals Hx i, H\ u and The Hamiltonian operator for 
the system of two electrons and two fixed nuclei may be written as 

¥ 

^ (V? + Vt) - {Va + Vxd + To. 


H = - 


(1S.29) 
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where m is the mass of an electron, and V? and V 2 are the Laplacian operators 
with respect to the coordinates of electrons (1) and (2), respectively. For 
convenience, the potential energy V has been split up into three parts, Vk, 
Fb and F 0 . The quantities F and Fb represent the potential energies for 
interaction of the two electrons with the nuclei A and B, respectively, i.e,. 




(15.30) 

(15.31) 


whereas Fa refers to the repulsion between the 
two electrons, i.e., 



two nuclei and between the 

(15.32) 


In these expressions € is the unit electric charge, which is the same for the 
electrons and the hydrogen nuclei. The various distances are as indicated 
in Fig. 8. 

It can be seen from equations (15.1), (15.5) and (15.29) that for the 
hydrogen molecule 


Hi 



ypi^ypidridT 


Uk{\M) - 




Stt^w 


(Vi + Vi) - (^A + Fb) + Fa 


X «A(l)«D(2)^ri^r2. (15.33) 


Consider, now, the two separate hydrogen atoms, and suppose electron (1) 
to be associated with nucleus A, and electron (2) with nucleus B. The wave 
equation for the atom, which may be designated A(l), is then 

H«a(1) = £o«a(1), (15.34) 

or 

- ^ (V! + Fo[ «a(1) = £o«a(1), (15.35) 


where Fx is equal to eV^Ai. Similarly, for atom B(2), the wave equation is 






(Vi + F^) 


Kb(2) = EaUB{2)y 


(15.36) 


where F^ is «V^b 2 . In each case Ea represents the energy of an isolated 
hydrogen atom in its normal state. It can be readily shown that by sub- 
stituting equations (15.35) and (15.36) in equation (15.33), and then making 
use of the definitions of Fx, Fb and F 0 given by equations (15.30), (15.31) 
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a,. . (15.32), respectively, the result is 

«*(l)«B(2)(2£o+£+£-£-;^)«*(l)«B(2)</n*>. (1S.37) 

Because the eigenfunctions axCl) and «b( 2) are normalized, and since the 
expression for the interaction between the electrons, «a(1)«b(2), is inde- 
pendent of £o and of tab, the nuclei being fixed, but not of ri 2 , taj or rsi, 
the expression (15.37) for Hu can be rewritten as 

Hii = 2E<t + — + f f— («a(1)«b(2)1Vti^t2 

Tab J J ''12 


For convenience this equation for the coulombic integral may be put in 
the form 


Hit = 2Eti + h /i ” 2/i, 

Tab 

(15.39) 

where J\ and J 2 are defined as follows, 


/l = j j ^ {«A(l)ttB(2))VTi</Tj, 

(15.40) 

and. since the two electrons are equivalent. 


/a = j ^ ~ {ttA(l)«B(2)}VTi</T2 

(15.41) 


(15.42) 


The evaluation of these integrals is by no means simple, but the type of 
procedure that may be adopted is indicated by the treatment given below. 
Consider first the electronic configurations implied by «a(1) and Ub{2); 
these are Is wave functions of the normal hydrogen atom, and hence from 
the expression for V'loo in Table IV (p. 58), with Z = 1, it follows that 


and 





(1S.43) 



^rB*/ao^ 



Instead of using the distances tai and rsiy it is more convenient to express 
these quantities in terms of the so-called atomic unitSy that is, in terms of the 
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first Bohr orbit of the normal hydrogen atom (jo), so that 



(15.45) 


where pxi is equal to rAi/flo, and pea is tbs/^Jo. 

In the integral Ji the term cV^i 2 is the classical value of the repulsive 
force between the two electrons, while the term involving the integral of 
{«A(l)«B( 2 ))VTyT 2 gives the electronic distribution on the basis of the wave 
mechanics. It is apparent, therefore, that Ji is equal to the repulsive energy 
between the two electronic charge distributions, the latter being determined 
by the respective electron (orbital) eigenfunctions. The same energy quan- 
tity may be arrived at by multiplying the total charge distribution of elec- 
tron (1) associated with nucleus A, by the potential distribution resulting 
from electron (2) about the nucleus B. The actual value of the charge 
distribution of electron (1) is given by the integral of 1 «a(1)1Vti over the 
configuration space of this electron, multiplied by the unit electronic charge 
€. If the value of the eigenfunction «a(1) from equation (15.45) is utilized, 
it is seen that this charge distribution is equal to 









(15.46) 


where the volume elenrent Jti in the last expression is equal to dtijal of the 
preceding integral, and hence is in atomic units. 

Making use of a similar expression for the charge distribution about the 
nucleus B, it can be shown by electrostatic theory that the corresponding 
potential function is given by 


^(PBI) 


6 

<?0PB1 


(1 - <r-2^Bl(l + pBi)), 


(15.47) 


where pbi is equivalent to rBi/<2o. The integral /i may thus be equated to 
the product of equations (15.46) and (15.47), i.e.. 






— e _|_ p3j)j^ri. 



(15.48) 


In the evaluation of the various integrals involved in the hydrogen 
molecule problem, it is convenient to utilize confocal elliptic coordinates; two 
of these, X and p, are given by the relationships 



^ (PAI + PBl) 




(PAl — pBl), 


(15.49) 
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and, consequently, 

= JZ)(X 4- m) and pbi = “ m)» (15.50) 

where D is equal to Tab in atomic units, i.e., to TAB/ao* The third coordinate 
is $, the angle between a fixed plane through the nuclei and the plane passing 
through the nuclei and the electron. In terms of the new coordinates the 
volume element </ti, i.e., dx\dy\d%\y may be represented by 

dj^ = |D3(x2 - ^^)d\dnde, (1S.51) 

omitting the subscripts for simplicity. Hence equation (15.48) becomes 


/i = 


aoTT 


4 


[- 






1 4- y (X — m) I J (X* — ti^)d\dtidO. (15. 


52) 


In order to integrate over the whole of the configuration space of electron (1), 
the limits are readily seen to be as follows: from 0 to 2Tr for 0, from 1 to « 
for X, and from —1 to 4-1 for /i. Integration by standard methods then 

leads to the result 



+ jD + iD. 



(15.53) 


By means of arguments similar to those used in the evaluation of /i, 
it is seen that Ji may be regarded as the attractive energy resulting from 
the interaction of the electronic charge distribution about one of the nuclei 
with the positive charge of the other nucleus. This is equal to the product 
of the nuclear charge € and the potential function at that nucleus due to the 
charge of the electron associated with the other nucleus. The latter quantity 
is given by an expression analogous to (15.47), viz., 


I 


^(D) =^{l-^“(l + D)), (1S.54) 


where, as before, D is equal to rAB/<*o. It follows, therefore, that 

h = ^nD) 

= ^{1 + (IS.SS) 

« 4 

Combination of the expressions for /i and /j with equation 
gives for the coulombic integral 

Hii = Hnii = 2£, + 7/"“’ (^ + § - I O - g^)- 


(1S.S6) 
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15d. Evali^tion of Exchange Inte^al. — Attention must now be directed 
to the determination of the exchange integral, Hi n; inserting the expression 
(15.29) for the Hamiltonian operator, this becomes 


Hi 


-If 

=// 




«a( 1 )«b( 2 ) 


^ (V! + Vl) - (Fj, + Hs) + Fo 

X UA(2)uB(l)^Ti^r2. (15.57) 


Making use of the wave equations for the separated hydrogen atoms A(2) 
and B(l), that is, 




8^ 


«b( 1 ) = £o«b( 1 ) 


(15.58) 


and 


A* 




• «a( 2 ) = £o«a( 2 ), 


(15.59) 


where Fi is equal to cV^bi and F t is eyrA 2 , then equation (15.57) reduces to 


Hi 


«A(l)a 


b( 2 ) 2 £o+— + 


rAB rit 


rAi rBiJ 


UA(2)UB(l)dTidT2 (15.60) 


= 2£o5 ’+— ^*+X'i-2A'2. (15.61) 

Tab 

In equation (15.61), is the orthogonality integral, as before, and 

= l«A(l)«B(2)«A(2)«B(l)Kr,</rj (15.62) 

and Ki is given either by the equation 

X, = {«A(l)«B(2)«A(2)«B(l)l</r,</r„ (15.63) 

or by an exactly similar, and equivalent, equation in which l/rsz replaces 
1/rAi. The expression for K 2 may be separated into two parts, each involv- 
ing functions of one electron only; thus, 

Kt - J ~ l«A(l)«B(l))^ri J* UA{2)UB{2)dT2 
= KS, 


(15.64) 
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where 

K = f — («A(l)«B(l)l-fri 

J TaI 

(15.65) 

and 



= r «A(2)ttB(2)i/Tj. 

(15.66) 


It should be noted that this quantity S is identical with that involved in 
the used to represent the orthogonality integral, as may be shown in the 
following manner. By definition, 





If 

f f «A(l)«B(2)«A(2)«B(l)</ri</rj. 


(1S.67) 


Separating the terms referring to the electrons (1) and (2), this becomes 

•5^=/ «a(1)«b(1Vt,J* «A(2)«B(2Vr2. (15.68) 

Since the two electrons are equivalent, it is apparent that the two integrals 
in equation (15.68) must be identical; hence each may be put equal to S, 
as defined by equation (15.66). 

Returning to equation (15.65), upon insertion of the appropriate hydro- 
gen atom Is eigenfunctions for «a(1) and «b(1) this becomes 




^ Cr A l+TB 1> /ao^.^ J 




(15.69) 

(15.70) 


the distances being now expressed in terms of atomic units, i.e,, rxi/^o = pAi 
and rBil^o = pbi - In equation (15,70) the volume element </ti, is equal to 
dnlal of the previous equation (15.69), and hence it is also in atomic units. 
As before, transformation to confocal elliptic coordinates gives 

05.71) 

and upon integration between the limits mentioned in'connection with the 
evaluation of /i, it is found that 
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A similar treatment applied to equation (15.66) for S yields 



J «A(2)«B(2)</r2 





irao 




if>\7+Pht)jT 


After transforming to elliptic coordinates, it is seen that 




^DX(^2 — ijp)d\d^dy 


(15.73) 


and integration between the same limits as before, for the whole of the 
configuration space, gives 

S = e~^(l + D + ID^). (15.74) 

The value of the orthogonality integral S^, which is required for the solution 
of the hydrogen molecule problem, is thus 

^ = r-^(l + D + !D2)2. (15.75) 

Further, by combining the expressions, equations (15.70) and (15.74), for 
K and respectively, it is found that (cf. equation (15.64)), 

K, = KS = - + 2D + iiy + (15.76) 

do 


The final integral to be evaluated is Ki, as given by equation (15.62); 
this is exceptionally difficult, but Sugiura * derived the result 



+ 1 16’(C' + In D) + ^5£i(- 4D) 


ISS^Eii- 2D)] 



(15.77) 


where C is Euler’s constant, defined by 



e) X 






> 


5. = r"(l - D + hm. 


* Sugiura, Z, Physik, 45, 484 (1927). 
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and represents the function known as the exponential integral^ defined by 

Values of this integral for various values of x are to be found in tables of 
mathematical functions. If x is not too large, it is possible to write 

Ei{— x) C -{• In|.v| + + 

where, as before, C is Euler’s constant. 

15e. Energy of the Molecular Hydrogen System. — By combining equa- 
tions (15.39) and (15.61) for Hu and //m, respectively, and equations 
(15.14) and (15.15) for Es and Ea, it is seen that 

Es-2E, = ~ + ~ t ~ (1S.78) 

Tab 1 -f- 0-* 

and 

, /i “ 2/2 — Ki-\- 2Ki 

Ea - 2Eo - (15.79) 

In each case, E — 2Eo represents the difference between the energy of the 
molecular hydrogen system and that of two separated normal hydrogen 
atoms. It is, in other words, the interaction energy of the two atoms as they 
are brought closer together. This quanthy is generally referred to as the 
potential energy of the system, the energy of the atoms being taken as zero. 
In the equations given above, the integrals /i, / 2 > Kz and S have been 
expressed as functions of D, and consequently of the internuclear distance 
Tab, since D is equal to It is thus possible to evaluate the potential 

energy for the molecular hydrogen system for various distances of separation 
of the two atoms. There will evidently be two distinct sets of results, one 
for Es and one for corresponding to the symmetric and antisymmetric 
eigenfunctions, respectively, of the system. The results obtained in this 
manner by Sugiura, with energies expressed in kcal. per mole, are plotted 
against the corresponding internuclear distances in Fig. 9. 

An examination of the two curves reveals the fact that only in the case 
of the symmetric (orbital) eigenfunction, for which the energy is Es, is a 
stable hydrogen molecule possible. The values of the potenti^ energy Ea 
for the antisymmetric state are seen to be positive for all internuclear dis- 
tances; this means that the two hydrogen atoms will always repel each other, 
the extent of repulsion increasing as the nuclei are brought closer together. 
However, in spite of the fact that the antisymmetric electron eigenfunction 
does not lead to a stable molecule, there is evidence that an unstable •Si' 
state, which would correspond to this molecule, is involved in certain con- 
tinuous spectra. On the other hand, for the state corresponding to the 
symmetric orbital, the interaction (potential) energy becomes, at first, in^ 
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creasingly negative as the two nuclei approach; this means that there is an 
increasing attraction between the two hydrogen atoms. The attraction 
continues to increase until the minimum point M in Fig. 9 is reached; beyond 
this point there is at first a gradual and then a more rapid decrease in the net 
attractive force, leading eventually 
to a resultant repulsion, indicated by 
the interaction energy becoming posi- 
tive at small internuclear distance. 

The minimum M of the potential 
energy curve thus represents the 
equilibrium state of the hydrogen ^ 
molecule, and the curve marked Es 
indicates the variation of potential 
energy with internuclear distance in 
the normal, or stable, hydrogen kcai. 

molecule. 

According to the results in Fig. 9, -20 

the equilibrium distance between the 
hydrogen nuclei in the normal mole- 
cule, that is, the value of tab at the „6o 
minimum M, is 0.80 A, while the cor- 
responding potential energy, which 
is numerically equal to the heat of 
dissociation of the normal molecule 
at 0° K, plus the zero-point energy, Fic. 9. Potential energy of 

is about -72 kcal. per mole. The hydrogen molecule 

corresponding experimental values, 

obtained from a study of the band spectra of molecular hydrogen (cf. 
Chapter IV), are 0.74 A and - 108.9 kcal. per mole, respectively. Although 
the results derived theoretically by means of quantum mechanics are of 
the correct order of magnitude, they are seen to be somewhat in error. The 
origin of these discrepancies lies in the choice of a too simple variation func- 
tion* it will be seen later that by improving the eigenfunction for the mole- 
cular hydrogen system it is possible to calculate the internuclear distance 
and potential energy (heat of dissociation) in the equilibrium state in almost 

exact agreement with experiment. 

^jg^FiNED Treatment of Hydrogen Molecule 

16a. Use of Atomic Orbitals.— Several attempts have been made to refine 
the wave mechanical treatment of the hydrogen molecule by improving the 
trial eigenfunctions used in the variation procedure. Some of these have 
been based on the wave functions for separated hydrogen atoms, i.e., atomic 
orbitals, such as were employed by Heitler and London, while others have 
used eigenfunctions of a different type to be discussed below. In the treat- 
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ment adopted by Wang/ the Is atomic orbitals, «a(1)> «b(1)j etc. as given 
by equations (15.43) and (15.44), were modified by the introduction of an 
effective nuclear charge Z' in place of Z equal to unity; the resulting eigen- 
functions were thus of the form where Cis a normalization constant. 

The value of Z' necessary to minimize the energy in the equilibrium state 
was found to be 1.166, the corresponding internuclear distance being 0.76 A, 
and the heat of dissociation, equal to the potential energy but of opposite 
sign, 86.6 kcal. per mole. A simple modification in the eigenfunction thus 
leads to a considerable improvement in the calculated dimensions and 
binding energy of the hydrogen molecule. 

A further development of Wang’s treatment was made by Rosen/ who 
introduced additional terms to allow for the mutual polarization of the hy- 
drogen atoms, that is, for the distortion of the charge distribution of one 
atom as it is brought closer to the other. The modified «a(1) atomic orbital 
used by Wang was multiplied by a factor of the form 1 + arAi cos 0 ai, where 
0 - is a variable parameter and dxx is the angle between tai and the line joining 
the nuclei (cf. Fig. 8). The other eigenfunctions were modified in an 
analogous manner. It can be seen that when the angle 6 is small, that is, 
when the electron is in the region between the nuclei, the eigenfunction is 
increased over the normal Is value; in other words, the effect of the correc- 
tion is to make the electron (cloud) distribution of each atom bulge out in 
the direction of the other atom. That this is due to the factor 1 + or cos 0 
may be seen in another manner: multiplying by the Wang Is orbital, the 
correction term is seen to take the form cos 0, and an examination 

of the hydrogen-like eigenfunctions in Table IV shows that this has the 
characteristic of a 2p orbital. As already observed, such eigenfunctions 
are not spherically symmetrical, but have larger values in certain directions. 
This is just what would be expected from the mutual polarization of the two 
atoms in the hydrogen molecule. By first taking <s as zero, Rosen obtained 
a best value of 1.19 for the effective charge Z', and then with <r equal to 0.10 
for the equilibrium state, the internuclear distance was calculated to be 
0.77 A^d the binding energy 92.6 kcal. per mole. 

Molecular Orbital Methods. — In the foregoing treatments of the 
hydrogen molecule the eigenfunction for the molecular system has-been 
derived by combining atomic orbitals, i.e., orbital eigenfunctions for an 
electron m the field of a single nucleus. An alternative approach, based on 
the proposals of Hund, Mulliken, and others,’ makes use of what are known 
as molecular orbitals. These are wave functions in which an attempt is made 
to take into account the behavior of each electron in the field of all the other 
electrons and nuclei of the molecule. If etc., are the molecular 

orbitals of the individual electrons, then it is supposed that the eigenfunction 


* Wang, ?hys. Rev.y 31, 579 (1928). 

« Rosen, Phys. 38, 2099 (1931). 

^ Hund, Z. 73, 1 (1931); Mulliken, /. Chem. Phys.. 1, 492 (1933)- 3 375 n 935 V 

9 347(l931);HuckeI,Z. /’Ayj/jt, 60,423 (1930)*72 310fl931) t ' j 

Jones, Trans. Faraday Soc., 25, ^8 (1929). ^ 
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for the system as a whole, containing n electrons, is given by 

^M.O. = (16.1) 

where the subscript M.O. is used to indicate that molecular orbitals are 
being employed. 

As a convenient approximation each of the molecular orbitals, ^ 2 , 
* * ^nj is expressed as a linear combination of atomic orbitals; this does not 
necessarily give the best molecular orbital, but it does give a form which is 
reasonably adequate in many cases. In the molecular hydrogen system 
there are two electrons, and the atomic orbitals will be the same as the 
normal Is orbitals, viz., WaCI), «b(1), «a(2) and «b(2), employed in the 
Heitler-London treatment. The molecular orbital ^ 1 , for the electron (1) 
in the field of the two nuclei A and B, may then be taken as the linear com- 
bination {«a(1) + «b(1)), the coefficients being the same since the two 
nuclei are equivalent. Similarly, the molecular orbital ^2 for the electron 
(2) will then be {«a(2) + ttB(2)}. Making use of equation (16.1), it is then 
seen that the orbital eigenfunction fon the system of two electrons in the 
field of the two nuclei, as in the hydrogen molecule, would be 

^M.o. = ^ 1^2 = {^a(1) + z/b(1) 1 { («a(2) + «b(2)) (16.2) 

= ttA(l)«A(2)+ttB(l)«B(2)+«A(l)«B(2) + ttA(2)ttB(l), (16.3) 

apart from the normalization factor. The last two terms of equation (16.3) 
are identical with the Heitler-London symmetric eigenfunction, equation 
(15.26); the first two terms, however, represent a type of structure not yet 
considered. It will be observed that the first term, ttA(l)ttA(2), implies that 
both electrons (1) and (2) are associated with the nucleus A; this means 
an ionic structure of the type H^Hj. On the other hand, in the second 
term, «b(1)«b(2), both electrons are on nucleus B, which means the ionic 
structu^ HJHb. 

\1^ Ionic Terms, — The effect of the molecular orbital procedure outlined 
above is thus to introduce ionic terms in addition to the homopolar terms of 
the Heitler-London treatment. It will be observed that the two ionic 
terms, corresponding to the structures H~H+ and H+H“^ appear with the 
same coefficient in the eigenfunction for the system. This is to be expected, 
since the hydrogen molecule has no resultant dipole moment. If the atoms 
A and B had been different, the molecular orbitals for the separate electrons 
would have been of the form {<?«a(1) + bu^{\)] and {<?«a( 2) + 3ttB(2)), 
the coefficients a and b being generally different; the resultant eigenfunction 
would then be 

^M,o. = flM«A(l)«A(2)l + ^M«b(1)«b(2)! 

+ ab[u^{\)u^{2) + «a(2)«b(1)}. (16.4) 

If^ is greater than 3, then the form A“B+ would predominate over A+B , 
whereas if a were less than the reverse would be true. In either case, 
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the molecule would be polar, the direction of the dipole moment depending 
on the relative values of ^ and b which are determined by the relative 

electronegativities of the atoms A and B (cf. Section 21b). 

There is little doubt that the Heitler-London (homopolar) treatment of 
the hydrogen molecule is incomplete, as it does not make allowance for ionic 
terms, that is, for the probability of both electrons being associated with 
either one or other of the two nuclei. On the other hand, the simple mo- 
lecular orbital treatment, which leads to equation (16.3) for the orbital 
eigenfunction of the hydrogen molecule, attaches too much importance to 
the ionic terms, since they appear with the same coefficient (unity) as do the 
homopolar terms. The true state of affairs probably lies somewhere between 
these extremes, and an eigenfunction of the form 

^M.o. = {«a(1)wa( 2) + «B(l)«B(2)i + C|z^a(1)«b(2) + «a(2)«b(1)), (16.S) 

in which the homopolar terms are included with a coefficient C, compared 
with unity for the ionic terms, was proposed by Weinbaum.® Employing this 
as a variation function, with different values of C, and using an effective 
nuclear charge Z' in the Is atomic orbitals, the minimum value for the bind- 
ing energy 92.2 kcal. per mole was found for Z' equal to 1.193 and C to 3.9. 
The corresponding internuclear distance, for the equilibrium state of the 
normal hydrogen molecule, was calculated to be 0.77 A. These results are 
almost as good as those obtained by Rosen, who used a more involved 
calculation. Since the coefficient C in equation (16.5) is 3.9, it appears that 
in the eigenfunction of normal hydrogen, the contribution of the homopolar 
terms is about four times as great as that of the ionic terms. 

The method used by Weinbaum, described in the preceding paragraph, is 
equivalent to Wang’s treatment with the addition of ionic terms; since this 
resulted in an improvement of 7.6 kcal. per mole in the calculated potential 
energy of the equilibrium state of molecular hydrogen, an attempt was made 
to apply the same correction to Rosen’s calculations. This led to a value 
of 94.5 kcal. per mole for the dissociation energy of the hydrogen molecule, 
which is little better than that obtained by Rosen without making any 
allowance for ionic structures. 

16d. Method of Coolidge and James. — A more complicated form of the 
molecular orbital procedure, which has given a value for the heat of dissocia- 
tion of hydrogen in almost exact agreement with the best spectroscopic 
values, has been carried out by James and Coolidge.® This calculation 
represents one of the remarkable achievements of quantum mechanics as 
applied to chemical problems. One reason why the simple molecular orbital 
method leads to too great a preponderance of ionic terms is because the 
eigenfunction does not take into account the mutual repulsion of the elec-,, 
trons, and the same defect exists in all treatments of the hydrogen molecule 
already described. It is true that the Hamiltonian (energy) operator in- 

® Weinbaum, J. Chem, I*h.ys.y 1, 593 (1933). 

® James and Coolidge, /. Chem, Phys.^ 1, 825 (1933); 3, 129 (1935). 
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dudes a term for the interaction of the electrons [cf. equation (15.32)], 
but an appropriate allowance should also be made in the eigenfunction for 
the system. In addition to the four parameters represented by the distances 
fAh ^A 2 > and rB 2 in the molecular eigenfunction, James and Coolidge 
introduced a fifth parameter ri 2 , the distance between the two electrons, 
to allow for their mutual interaction. Defining the elliptic coordinates 


- 4* rni 


- ?‘A2 4“ ?'B2 

Xi - , 


Xo = 

rAB 


Tab 

rxi — tbi 

and 

rA2 — ?'B2 

Ml - 

M2 — 

Tab 
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and the new parameter 



2ri2 

Tab 


> 


the variation function of James and Coolidge is given by the series 

^ ^ (16.6) 

mnjkp 

where 5 is a variable, approximately equal to |rAB. It can be seen that if 
the orbitals which make up this molecular orbital were simple hydrogen 
atom orbitals, 5 would be exactly ^rAs. 

The summation represented in equation (16.6) extends over positive, 
integral and zero values of the indices, w, w,y, k and />, subject to the re- 
striction thaty -h k must be even, for this is required by considerations of 
nuclear symmetry. As many terms are taken in the summation as are 
necessary to give an acceptable result for the energy of the hydrogen mole- 
cule. Calculations were first carried out with a limited number of terms in 
order to find a suitable value for the parameter 5. Assuming tab to be equal 
to the experimental internuclear distance lAOaa, the minimum energy was 
found with 5 equal to OJSao. These were subsequently shown to be the 
best values for tab and 5, when as many as eleven terms were included in 
the eigenfunction. The various coefficients r, for the different indices, were 
determined by the variation procedure, and then the energy was calculated 
by the integral E = assuming the ^*s to be normalized (cf. Section 

14c). Using only five terms in the summation, the binding energy of the 
hydrogen molecule was calculated to be 103.8 kcal., but eleven terms gave 
a value of 108.0 kcal. per mole. A further two terms led to a relatively small 
change, namely to 108.3 kcal. per mole. Since the improvement obtained 
by the addition of further terms did not justify the very arduous calculations, 
they were not extended beyond thirteen terms. From the rate of con- 
vergence, however, it was estimated that the limiting value for the 
at the minimum of the potential energy curve would be 108.9 kcal., with the 
interatomic distance as 0.74 A. These results are, within the limits o ex- 
perimental error, in exact agreement with those derived from the spectrum 

of molecular hydrogen. 
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It is of interest to record that if p in equation (16.6) is taken as zero, so 
that the na parameter, which takes into account in the eigenfunction the 
mutual repulsion of the electrons, is omitted, the calculated energy is 98.S 
kcal. The tendency of the electron clouds in molecular hydrogen to avoid 
one another thus has a considerable effect on the energy. It is easy to 
understand, therefore, why the treatments of Rosen and of Weinbaum gave 
binding energies which could not be made to exceed about 95 kcal. per mole. 


Resonance 


17a. Coulombic Energy in the Hydrogen Molecule. — It was seen in con- 
nection with the Heitler-London treatment of the hydrogen molecule that 
because the interchange of the electrons (1) and (2) between the two nuclei 
A and B does not alter the energy, the molecular hydrogen system is doubly 
degenerate for large internuclear distances. That is to say, under these 
conditions there are two eigenfunctions, given by equations (15.1) and (15.2), 
corresponding to the same value of the energy. As the nuclei are brought 
closer together, the degeneracy is removed and two different states of the 
hydrogen molecule, corresponding to the symmetric and antisymmetric 
eigenfunctions, can exist, at least theoretically. Suppose, however, that the 
exchange of electrons were not possible; there would then be only one eigen- 
function for the system, viz., «a(1)«b(2), assuming electron (1) to be associ- 
ated with the hydrogen nucleus A, and electron (2) with nucleus B. The 
secular equation for the energy, which will now have only one possible value, 
designated by Ecy would be 



Hii ~ AiiEc — 0, 

(17.1) 

where 


Hii ~ f f «A(l)«B(2)HttA(l)«B(2)i/Tii/T2 

(17.2) 

and 


All = J J ttA(l)«B(2)ttA(l)«B(2)</Tii/T2. 

(17.3) 


Since the Is eigenfunctions are supposed to be normalized, Ai i is unity, and 
so by equation (17.1) 

Ec = Hi i, (17.4) 


The integral Hi i appearing here is evidently identical with that considered 
previously, equation (15.33), since the Hamiltonian operator is the same in 
both cases; it follows, therefore, using equation (15,39), that 


Ec = 2£o + — + - 2/s 

• AB 


(17.S) 



^AB 


+ /i - 2/,. 



or 
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Utilbing the expressions for the integrals Jx and /s, equations (15.53) and 
(IS.SS), it is possible to calculate the potential energy Ecy taking that of 
the separated atoms (2£o) as zero, as before, for various values of the inter- 
nuclear distance Tab. The results obtained in this manner are plotted in 
Fig. 9, where they may be compared with those given by the symmetric 
and antisymmetric electron eigenfunctions. It is seen that the nature of 
the Ec curve indicates that there would never by any great attractive force 
between the hydrogen atoms; in fact, at the equilibrium separation of the 
atoms Ec is less than 20 per cent of the total binding energy holding the two 
atoms together in a molecule of hydrogen. 

From the discussion in connection with the evaluation of the integrals 
involved in Hi i, it will be apparent that (cV^ab) + /i — 2 which is equal 
to Ecy with E(x taken as zero, represents the classical, or coulombic, energy 
between the electrons and nuclei in a hydrogen molecule, account being 
taken of the charge distribution in accordance with the wave theory. The 
term cV^ab is the coulombic repulsion of the nuclei and, as already seen, 
Jx represents the repulsion of the two electrons, while —2/2 is the attractive 
energy between each electron and the nucleus with which it is not immedi- 
ately associated. The attraction between the electron and the nucleus with 
which it is associated is, of course, included in Eq, The quantity Ec (or, 
actually, Ec — 2£o) is thus referred to as the coulombic energy; the term 
coulombic integral, which has previously been used for the matrix component 
/fii, can thus be justified. 

17b. Resonance Energy in the Hydrogen Molecule. — Since the cou- 
lombic energy Ec is but a small fraction of the total potential energy at 
equilibrium (Fig. 9), it follows that the coulombic energy makes only a small 
contribution to the total binding energy of a normal hydrogen molecule. 
It is apparent, therefore, if there were no possibility of the exchange of elec- 
trons between the two nuclei, the stable hydrogen molecule, as it is known to 
the chemist, would not exist. Since the expression for the energy £,s, 
corresponding (approximately) to the stable molecule, involves the terms 
^11 + H\xt [equation (15.14)], it is seen that the exchange integral H\\\ is 
very largely responsible for the energy of the bond in the normal hydrogen 
molecule. The corresponding energy quantity is called the exchange energy 
or, frequently, the resonance energy}^ It is defined as the difference between 
the total binding energy and the classical, or coulombic, energy. In the 
case of the normal hydrogen molecule in, its equilibrium state, the exchange 
energy constitutes about 85 to 90 per cent of the binding energy, according 
to Sugiura's calculations. 

It is desirable to emphasize here that there is no fundamental difference 
between coulombic and exchange energies. The whole of the binding energy 
of a molecule is due to electrostatic forces between electrons and nuclei. 

^®The term “resonance” is used in this connection because quantum mechanical phenomena 
of this type can be treated by methods analogous to those used for a classical resonating system, 
such as two coupled harmonic oscillators of equal, or approximately equal, frequencies. 
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The classical treatment would lead to the coulombic terms only, and hence 
is obviously incomplete. The quantum mechanical approach to the problem 
provides additional terms which take into account the possibility of an mter- 
chan'Tc of electrons between the nuclei. These terms do not represent new 
forces, but they make allowance for factors not recognized by classical 

electrostatic theory. 

It can be seen from the foregoing discussion that if a hydrogen molecule 
IS represented by either one or other of the two structures Ha(1)Hb( 2) or 
Ha(2)Hb(1), where the subscripts A and B indicate the two hydrogen nuclei 
and (1) and (2) are the two electrons, the energy calculated for the system 
will be (numerically) too low. A great improvement is effected by allowing 
for the possibility, when expressing the eigenfunction for the system, that 
both configurations are equally possible; this is, of course, the basis of the 
Heitler-London treatment. It has been seen, however, in Section 16b, that 
even better values for the energy are obtained by introducing ionic terms 
into the eigenfunction, that is, by taking into consideration the occurrence 
of the ionic structures HJHb and The allowance for these additional 

structures does not affect the coulombic energy, and hence they must all 
be regarded as contributing to the resonance energy. It may be concluded, 
therefore, that the stabilization of a molecular system, resulting from the 
inclusion of resonance energy, can be attributed to the possibility of two 
or more electronic arrangements in the given system. Each reasonable elec- 
tronic structure then makes a contribution to the eigenfunction of the system 
as a whole, and this, in accordance with the variation theorem, leads to a 
lower value for the potential energy; this means a greater value for the total 
binding energy of the atoms, and hence implies an increase in the resonance 
energy, 

17c. Resonance Energy in Other Molecules. — The general ideas of 
resonance developed in Section 17b have been extended to other molecules, 
mainly by Pauling and his collaborators,^^ and the results have proved of 
great importance in chemistry. Consider, in the first place, a diatomic 
molecule AA, in which the two atoms are identical. If the atom A is 
hydrogen-like in character or, in general, if it may be regarded as consisting 
effectively of a nucleus and a single electron, the occurrence of resonance is 
possible, just as with the hydrogen molecule. The two atoms will thus be 
held together by relatively strong forces in the molecule AA. 

In the second place, it may be supposed that the two atoms are differe'nt, 
so that a molecule AB, made up of two nuclei, A and B, and two electrons, 
is being considered. If the two electrons are designated by (1) and (2), the 
two electronic configuration A(1)B(2) and A(2)B(1), with identical energies, 
will clearly be possible. The corresponding orbital functions will then con?- 
tribute equally to the complete eigenfunction for the system. Further, ionic 
structures, such as A‘^B~ and A“B'*', in which both electrons are associated 

“ For review, see Pauling, “The Nature of the Chemical Bond.** 
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with the atom B or with A, respectively, will be possible. As a general rule, 
one or other of the two ionic forms will be in excess, depending on the rela- 
tive electronegativities of the two atoms. The greater the difference in the 
electronegativities, the greater the probability of the occurrence of the ap- 
propriate ionic structure. Consequently, ionic terms will generally make a 
larger contribution to the eigenfunction of a molecule consisting of two dis- 
similar, than of similar or identical atoms. The binding energy of the mole- 
cule AB might thus be expected to be at least equal to, or frequently greater 
than, the mean binding energy of the molecules AA and BB. The difference 
between the actual energy of dissociation AB and the arithmetic, or better 
geometric (cf. Section 21b), mean of the dissociation energies of the sym- 
metrical molecules AA and BB has been called the ionic resonance energy of 
the molecule AB. It has been found to be related to the relative electro- 
negativities of the atoms A and B, as was to be anticipated. 

In general, if any molecular system, irrespective of its nature, can be 
depicted by a number of different, reasonable electronic configurations, 
indicated by the letters. A, B, C, D, etc., the eigenfunction for the whole 
system may then be represented, to a first approximation, by 


^ + Hb + ope + + • * •> 


(17.7) 


where the coefficients c^ • • •, are determined by the relative con- 
tributions of the various structures to the normal state of the molecule. If 
the energies of these structures are not very different, the coefficients will be 
of the same order, and each will enhance the stability of the system by 
making an appreciable contribution to the resonance energy. It is then the 
practice to say that the system resonates between^ or resonates amongy the 
various configurations A, B, C, D, etc. If the energy of any of the theo- 
retically possible structures is considerably less (numerically), i.e., it is less 
stable, than the others, the corresponding coefficient in equation (17.7) will 
be small and it will have little or no effect on the resonance energy of the 
system. The value of this energy is defined as the difference between the 
actual binding (or dissociation) energy of the system and the energy of the 
individual structures. The approximate evaluation of the resonance energy 
of the hydrogen molecule, by the method of Heitler and London, has already 
been considered, and in later parts of this chapter estimates will be made of 

the resonance energies in other systems. 

When a system is stabilized by resonance, the actual structure is not to 

be regarded as being represented by one or other of the configurations which 
contribute towards the complete orbital eigenfunction and the total energy; 
nor is it to be considered as involving a rapid oscillation or interchange from 
one structure to another. The situation is that the actual electron distribu- 
tion (eigenfunction) of the molecule cannot be represented in terms of a single 
structural formula, but it can be approximated by treating it as the appro- 
priately weighted combination of the electron distributions (eigenfunctions) 
corresponding to the several configurations A, B, C, etc. 
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Odd Electron Systems 

18a. The Hydrogen Molecule-Ion.^2_i|. be evident from the discuf- 

sion in Sections 17b and 17c that the stability, and presumably bond formsu 
tion, in a molecule such as AA or AB depends largely on the presence of two 
electrons, (1) and (2), so that the two equivalent resonating structures 
A(1)A(2) and A(2)A(1), or A(1)B(2) and A(2)B(1), are possible. This 
result is in agreement with the general concept of the two-electron bond, to 

which further reference will be made in 
Section 19c. It is important to consider, 
however, whether there are circumstances 
under which a single electron might serve to 
produce appreciable binding energy; this can 
best be done by an examination of the prob- 
lem of the hydrogen molecule-ion. Hi*. This 
system consists of two identical hydrogen 
nuclei (A and B) and a single electron (Fig. 
10). When the internuclear distance tab is 
large, there are two possible Is orbitals for 
the electron, which may be designated «a and «b; these correspond to the 
association of the electron with nucleus A or nucleus B, respectively. 

The variation method applied in the case of the hydrogen molecule can 
be used in connection with the hydrogen molecule-ion system. Writing 
and for the two orbitals, «a and wb, a trial eigenfunction would be given 
by ^ = ai\pi + a 2 \pUi as in equation (15.3). The secular equation for the 
present problem is then identical in form with equation (15.4). In reducing 
this to the form of equation (15.13) one adjustment has to be made, and this 
is in connection with the orthogonality integrals. These are represented by 



Fic. 10. The hydrogen 
molecule-ion system 


Ai II = All I = ifVpwdr 


-f 




(18.1) 


and this is equal 
becomes 


to S [equation (15,66)]. The secular equation thus 


and hence 


and 


1 1 

Hill — SE 

Hii-E 

(18.2) 


Hii + Hiii 

(18.3) 

4 

Es = 

1 + ^ 

Ea = 

Hii - Hill 

< 

1 ~ S • 

(18.4) 


“ Pauling and Wilson, ref. 1. Chap XIIj Pauling, Chtm. Rev., S, 173 (1928). 


ODD ELECTRON SYSTEMS 


89 


The corresponding eigenfunctions are then given by 


1 


and 


= + ««)> 


(18.S) 


= 


1 


V2 - 26* 

1 

V2 - 2.S 


= (^i — 'An) 


(«A “ «b). 


(18.6) 


Further, since there is now but one electron, the Hamiltonian operator 
for the system is simpler than that for the hydrogen molecule. The 
general form is the same as in equation (15.29), but A'a, /^b and /^o, as well 
as the Laplacian operator, each contains terms for one electron only; it is 
thus readily seen that 

6“ 

H = - V2 _ _ _ _ q. _ ^ (18.7) 

6T^7n Tk tb Tar 


By employing methods exactly analogous to those described in Section ISc, 
it is found [cf. equation (15.37)], that the coulombic integral is 


Hi 



«A I ^0 H“ 


Tab 


^b/ 


Ukd-T 


— £o d /2, 


where /2 is defined by 


^AB 


(18.8) 


/ 


(18.9) 


The physical significance of this integral is the same as that of the integral 
/2 in the hydrogen molecule problem; it represents the energy of interaction 
of the electronic charge distributed about one of the hydrogen nuclei with 
the positive charge of the other nucleus. Hence the value of in equation 
(18.8) is given [equation (15.55)] by 




(18.10) 


where, as before, D is the internuclear distance in atomic units, i.e., Tab/^o. 
The expression for the exchange integral is 


Hi 


■■=/ 


«A I -Eo + 


rAB 


r^/ 


u-^dr 


= £o^ + — S - K, 




(18.11) 
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where 


-/ 


UKU^dr 


(18.12) 


and 


K f— {uj^u^)dT, 
J 


(18,13) 


Comparison of equations (18.12) and (18.13) with equations (15.66) and 
(15.65), shows immediately the identity of the K and S terms in the two 
cases; hence, for the present problem, by equations (15.72) and (15.74), 


and 


K +D) 


S = e~^{\ + D + §D2). 


(18.14) 


(18.15) 


Combination of equations (18.8) and (18.11) for Hu and Hm^ respec- 
tively, with equations (18.3) and (18.4) for Es and then gives 


Es -- Eo 


and 


Ea “* £o = 


Tab 1 + 6 * 


J2~ K 
1 - S 


(18.16) 


^AB 


(18.17) 


Since /s, K and S are known in terms of the internuclear distance, it is 
possible to calculate the values of Es — Ea and Ea ~ -Eo, representing the 
potential energies (or binding energies) corresponding to the symmetric and 
antisymmetric electron eigenfunctions, respectively, as a function of tab. 

The results obtained are quite similar to those for the hydrogen molecule 
(see Fig. 33); the antisymmetric orbital leads to an unstable, repulsive state, 
but the symmetric function gives a potential energy curve with a minimum, 
implying a stable form of the hydrogen molecule-ion. The value of the 
potential energy at the minimum indicates a dissociation energy of 40.7 kcal. 
per mole. 

The foregoing treatment, like the Heitler-London treatment of the hy- 
drogen molecule, is very approximate, but the use of various refinements 
leads to value of 63.8 kcal. for the energy of the ion, in close agreement: 
with the result obtained from spectroscopic data. The single electron in 
the hydrogen molecule-ion has thus a considerable bonding ^ect, and it is 
of interest to see how this binding energy arises. If the electron had been 
regarded as attached to one or the other of the two nuclei, the eigenfunction 
would have been «a or mb only, and not a combination of the two. Thi^. 
energy would then have been the couiombic portion only (£c)> approximate!^^ 

equal to Hn^ assuming the orthogonality integral S to be zero; thus 

% 

Ec-E, = -^- Jt. ( 18 . 18 ) 
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The coulombic binding energy calculated from equation (18.18) for the 
hydrogen molecule-ion is not significantly different from zero; in fact, if 
anything, the results indicate repulsion at all internuclear distances. It 
follows, therefore, that the whole of the bonding effect of the single electron 
in is to be attributed to the fact that the true eigenfunction of the system 
is more closely approximated by a linear combination of Uk and wb, than by 
cither alone. In other words, the resonance energy, or exchange energy, 
which arises because of the identity of the electron configurations in 

which the electron is associated with the hydrogen nucleus A, and H^Hb, 
in which it is associated with B, is the sole cause of the stability of the Ht ion. 

18b. Odd-Electron Bonds.*^ — The conclusion just reached may be ex- 
tended to other cases. It can be seen that whenever there are two identical 
nuclei A and a single electron, resonance between the equivalent structures 

*A and A* A"^, where the dot represents the electron, is possible. In 
other words, molecule-ions of the general type At should have appreciable 
stability. Turning now to the case of two different nuclei A and B, with one 
electron, the two possible structures, A"*" ‘B and A* B+, are no longer equiva- 
lent. If the atoms A and B are somewhat similar, so that the energies of 
the two structures do not differ greatly, the eigenfunctions of both will 
contribute appreciably to that of the system as a whole. Under these con- 
ditions resonance will occur, and the single electron will exert a definite 
bonding effect. The circumstances are then quite similar to those arising 
in the case of the A^ ion. On the other hand, if the energies of the structures 
A+ *B and A* B*^ are considerably different, the eigenfunction for the system 
will consist almost exclusively of the contribution of the most stable form. 
The energy will then be coulombic in nature with little, if any, resonance 
energy and the system will have a very small, or zero, binding energy. If 
A and B are appreciably different, therefore, the molecule ion (AB)+ will be 
unstable. A relatively strong one-electron bond should thus be possible 
only when the two structures resulting from the attachment of the electron 
to one nucleus or the other have energies which are almost, or actually, 
identical. 

The arguments concerning the bonding effect of a single electron may be 
extended to the case of three electrons and two nuclei. Here again, if the 
two nuclei are the same, the two states A: A+ and A"^ :A have equal energies; 
resonance is thus possible and there will be an appreciable binding energy. 
. It is of interest to note that the calculations have actually been carried out 
for the helium molecule-ion, He^, consisting of two (identical) helium nuclei 
and three electrons. The binding energy, which is due exclusively to the 
resonance energy contribution, is about 57.5 kcal. per mole, and so this ion 
has appreciable stability. If the two nuclei are appreciably different, reso- 
nance will no longer be possible because of the energy difference of the two 
electronic configurations. The three electrons should then have little or no 
bonding effect in a system such as A: B, where A and B are neither the same 

“ Pauling, /. /im. Chem. Soe»^ 53, 3225 (1931). 
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nor similar. A case in point is the molecule HeH, which is made up of 
two dissimilar nuclei, one of helium and one of hydrogen, and three elec- 
trons. Calculations show that this molecule can occur only in a repulsive 

(unstable) state. 

Spin Eigenfunctions 

19a. The Pauli Principle.-— The electron eigenfunctions that have been 
considered so far, both in the present and the preceding chapter, have ex- 
cluded the effect of the so-called electronic spin; it is because they are con- 
cerned only with orbital motion that they have been referred to as orbitals. 
The complete eigenfunction of an electron must include a contribution for 
the spin, and a satisfactory solution is to take the former as being equal to 
the product of the orbital eigenfunction and of an eigenfunction representing 
the orientation of the spin axis of the electron. This separation into two 
independent parts is justifiable because there is apparently only slight inter- 
action between spin and orbital momenta. Consequently, these two forms 
of angular momentum, and the corresponding eigenfunctions, may be re- 
garded as independent; the complete eigenfunction may thus be taken as 
equal to the product of the separate orbital and spin functions. If ^ is the 
orbital of an electron in an atom for a given value of the quantum numbers 
riy I and miy then according to the Pauli principle (see Section Ic), the spin 
eigenfunction may be represented only by a or corresponding to values 
of or — J for w*, the spin quantum number. The complete electron 

eigenfunction can then be either or 

Imagine a system consisting of two electrons (1) and (2), for which there 
are available the orbitals and Following the treatment applied in the 
case of the hydrogen molecule, two orbital eigenfunctions are possible for 
the system, viz., 

'/'s = cs(«o(l)«6(2) -I- «.(2)«6(1)) (19.1) 

and 

V'A - caMI)u,{2) - «.(2)«6(1)), (19.2) 

where cs and ca are the normalization factors. The complete eigenfunctions 
may then be obtained by multiplying \ps and 4'a by the spin eigenfunctions 
for the two electrons. There are four possible values for the latter, depend- 
ing on whether the spin quantum number m, of the electron is -Pi (spin 
eigenfunction = a) or — § (spin eigenfunction = /3), as indicated below. 


m.{l) 


Jim. 

Eigenfunction 

+ 1 

+ 2 

1 

a(l)a(2) 

+i 

1 

2 

0 

«(1)0(2) 

1 

2 

+ 1 

0 


2 

2 

-1 

^(1)^(2) 


The second and third of these spin eigenfunctions clearly represent equiva- 
lent states, differing only in the interchange of the electrons; this particular 
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State is consequently doubly degenerate. The actual spin eigenfunctions, 
when the degeneracy is removed, may be taken as linear combinations, 
represented by the sum and difference, of the two eigenfunctions given in 
the tabulation, viz., 

^ |«(l)^(2) + ;8(l)a(2)) and ^ |a(l);8(2) - |3(l)a(2)l, 

the factor 1/V2 being introduced for normalization. It will be observed that 
these combinations of the two eigenfunctions for equivalent states are quite 
similar to those obtained for the orbitals in the hydrogen molecule problem 
[cf. equations (15.26) and (15.28), and equations (19.1) and (19. 2) j. 

Upon multiplying the two orbital eigenfunctions yj/s and xpA by the four 
spin eigenfunctions, there result eight complete eigenfunctions, which may 
be written as follows: 

= ^s{a(l)«(2)} 

1^2 = ^s|a(l)^(2) +/S(l)a(2)l/V2 

^3 = - K^)a(2)] ^^2 

^4 = ^^|/3(1)|8(2)) 

^6 = ^A{a(l)«(2)t 

= l^A[a(l)^(2)+/3(l)«(2))/V2 

= ^aja(l)^(2) -^(l)a(2)l/V2 

1^8 = ^x{/3(l)^(2)l 

Without further information it is not possible to state whether these eigen- 
functions are significant; however, such information is provided by spectro- 
scopic studies. In order to account for the spectrum of atomic helium, it is 
necessary to make a postulate which may be stated in the ensuing general 
form: The complete eigenfunction of a system of two or more electrons must be 
antisymmetric in every pair of electrons. That is to say, if the coordinates of 
any two electrons are interchanged there must always be a reversal in the 
sign of the complete eigenfunction. The product of two symmetric or of 
two antisymmetric functions is always symmetric, but the product of a 
symmetric and an antisymmetric function is antisymmetric. Consequently, 
it is immediately seen that of the eight complete eigenfunctions recorded 
above, ^ 3 , ^ 6 , ^6 and are antisymmetric; these are the only permitted 
eigenfunctions for the system of two electrons. It may be noted that when 
the two orbitals Ua and Uh available for the two electrons are identical, that 
is, when the quantum numbers «, / and mi are the same for both electrons, 
^ 6 , ^6 and ^8 become zero. The only possible eigenfunction is then ^ 3 , which 
corresponds to a state in which the two electrons have opposite spins. The 
postulate concerning the antisymmetric nature of the complete eigenfunction 
of a system of two or more electrons thus leads to the same conclusion as 
does the Pauli principle; it is, in fact, regarded as the quantum mechanical 
equivalent of the exclusion principle. 
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19b. The Hydrogen Molecule. — If the arguments just presented arc con- 
sidered in relation to the hydrogen molecule, it is apparent that there are 
four possible complete eigenfunctions of the system; these are equivalent to 
^6, ^6 and ^8 given above, viz.. 


v(-5fa(l)/3(2) -/3(l)a(2))/V2 

^^|a(l)a(2)) 

^x(a(l)/9(2) +^(l)a(2))/V2 


= 0 
+ 1 
0 

- 1 


*2^ state 
•si* state. 


It follows, therefore, that there is only one state of molecular hydrogen with 
the symmetric orbital wave function, which as already seen is the stable, or 
attractive, form of this substance. On the other hand, there are three states 
of the unstable, or repulsive, form with the antisymmetric orbital eigen- 
function. The stable form of molecular hydrogen is thus a singlet state and 
the unstable form is a triplet; it will be seen in Chapter VI that the term 
symbols for these states are and *2^, respectively. The three levels 
constituting the triplet state have almost identical energies, and differ only 
in the values of the resultant electron spin quantum number, which 

can be +1, 0 and —1, respectively. 

19c. Electron Spin and Valence. — It will be observed that in the stable 
form of the normal hydrogen molecule the resultant electron spin is zero. 
The formation of a stable molecule can thus occur only by the coupling of 
the two electrons with opposite spins. This conclusion led London ** to 
suggest that the formation of a valence bond, in general, resulted when an 
electron from one atom was able to pair with an electron having an opposed 
spin, provided by another atom. The tendency for electrons from different 
atoms to pair up in this manner thus provides a theoretical basis for the 
electron pair bond postulated by G. N. Lewis on empirical grounds. Ac- 
cording to this view, the valence of an atom would be equal to the number 
of unpaired electrons it contained. It would be necessary to suppose, there- 
fore, that in certain cases there is an “unpairing** of electrons as a preliminary 
to chemical combination. The normal carbon atom, for example, has 
in its L shell (principal quantum number n ~ 2) four electrons, of which two 
have their spins paired while two are unpaired, viz., 2s^2p^, The normal 
carbon atom should thus have a valence of two. Such a valence is, of course, 
uncommon, and so it must be supposed that in chemical reaction the normal 
carbon atom is first raised to an excited (•<9) state, viz,, 2s2p\ in which the 
spins of all four electrons are uncoupled, so that a valence of four is possible. 

Further light may be thrown on certain aspects of chemical valence by 
considering the distribution of the electronic charge density around the two 
nuclei, for the two forms of molecular hydrogen, with symmetric and anti- 
symmetric orbital eigenfunctions, respectively. The charge density may be 
evaluated from the square of the eigenfunctions, viz., and using 
equations (15.26) and (15.28) to define and and employing the Is 

» London, Z. Physik, 46 , 4SS (1928). 
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orbital eigenfunctions of atomic hydrogen for WaCI), «b( 2), etc. It is thus 
possible to calculate the values of ^5 and for various distances between 
the electrons and the two hydrogen nuclei. The results may be plotted in 
the form of a series of contour lines of equal electronic charge density, as 
shown in Fig. 11; the numbers against the various contour lines give the 
relative values of the charge densities. From these diagrams it is at once 
apparent that in the stable form of molecular hydrogen, the charge density 




Fio. 11. Electron charge densities for hydrogen molecule 

in the region between the two nuclei is high, but in the unstable form it is 
exceptionally low in this vicinity. It may be concluded, therefore, that in 
the formation of a bond between two hydrogen atoms, the electrons, with 
opposite spins, tend to concentrate in the space between the nuclei. The 
general extension of this conclusion to other cases forms the basis of what has 
become known as the method of localized pairs for the quantum mechanical 
study of valence. 

19d. Interaction Energy of Electrons. — When two electrons situated on 
different hydrogen atoms come together, their spins, as implied in Section 
19a, can couple in four ways; the resultant values of being +1, 0 
(twice), and —1. One of these ways, = 0, corresponds to that in the 
* 2 ^" state of molecular hydrogen with the symmetric orbital eigenfunction ^ 5 . 
The other three spin combinations, = + 1, 0 and —1, correspond to 
the * 2 ^" state, in which the orbital eigenfunction is antisymmetric. Since 
all four types of coupling have equal probability, it follows that one fourth 
of the encounters between two hydrogen atoms will lead to the formation of 
molecules in the singlet state, the other three fourths leading to the triplet 
form. Similar conditions will hold when two electrons, each situated on a 
different hydrogen molecuUy approach one another. At any instant there 
will be a proportion of one electron pair in a singlet (* 2 ) state to three pairs 
in the triplet (®2) state. The average interaction energy £/ of two non- 
bonded hydrogen atoms, on different molecules, will thus be given by 

El = \{Es + 3£x), (19.3) 

where, as before, Es is the energy of the *2 state, i.e., with symmetric 
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orbital eigenfunction, and Ea is that of the *2 state, i.e., with antisymmetric 
orbital. 

If the orthogonality integral is assumed to be zero, equation (15.14) 
gives the value of Ea as 

Es ~ Hilly (19.4) 

and this may be written 

Es = Q-\-L (19.5) 

where Q, equal to Hi i, represents the coulombic energy, and /, equal to Hi n, 
is the exchange energy. The quantity Es is, of course, the value of the inter- 
action energy of the electrons in two bonded hydrogen atoms. Similarly, it 
follows, again neglecting nonorthogonality, that 

Ea = Hii - Hill 

= Q-J, (19.6) 

and so, from equations (19.3), (19.5) and (19.6), 

Ei = Q- ijy (19.7) 

which is the interaction energy of two electrons on nonbonded hydrogen 
atoms. Attention may be called to the fact that since the numerical value 
of almost invariably exceeds that of Q, both of which are negative, the 
value of El will be positive, which implies repulsion between atoms not 
connected by a valence bond. 

If the results obtained above are extended to a system consisting of 
a number of electrons, coupled in pairs with opposite spins to form local- 
ized bonds, it follows that the energy Eb of the bonded electrons may be 
represented by 

Eb=Z (Qii -h Jii), (19.8) 

ft 


by analogy with equation (19.5), while the energy En of nonbonded electrons, 
by analogy with equation (19.7), is 

= E (Qis ~ Ui))y ^or t 7^ j. (19.9) 

The subscript ii refers to every pair of electrons coupled as a bond, and ij 
to all pairs of nonbonded electrons. The total energy E is then the sum of 
Eb and hence, 

£ = e + E/»-^E/ii, (19.10) 

• »/ 

where Q is now the total coulombic energy for the interaction of every 
electron pair. 

Emphasis should be laid on some of the approximations involved in the 
derivation of equation (19.10). In the first place, it has been supposed that 
the atomic orbitals of the electrons on different nuclei are mutually or- 
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thogonal; in the second place, it should be realized that the exchange inte- 
grals, Jii and Jiji do not take into account the possibility that more than 
two electrons are interchanged at one time. A more exact treatment of this 
subject will be given later (Section 24). 

Method of Directed Valence Bonds 

20a. Direction of Valence Bonds. — The conclusions drawn from the ap- 
proximate Heitler-London treatment of the hydrogen molecule, that the 
formation of a valence bond is accompanied by the coupling of the spins of 
unpaired electrons from different atoms and that the electrons tend to con- 
centrate in the region between the nuclei, has been extended by Slater,*** and 
particularly by Pauling,** to yield results of considerable interest to chemists. 
The method of treatment has become known as either the method oj localized 
pairs or the method of directed valence hondsP The essential postulates are 
as follows: (a) a single bond is formed by the interaction of two unpaired 
electrons of opposite spin derived from different atoms; {h) the direction of 
the bond will correspond to that in which the orbital wave functions of these 
two electrons overlap as much as possible; and (r) of two orbitals in an atom 
the one which can overlap more with the orbital of another atom will form 
the stronger bond with that atom. Some theoretical justification for the 
second of these postulates will be given later. 

It was seen in Section 13h that the radial portions of s and p orbital 
eigenfunctions of hydrogen-like atoms are approximately the same, but their 
dependence on the angle 6 varies. In general, s orbitals are spherically 
symmetrical and consequently, in accordance with the postulates enunciated 
above, s electrons will have no directional valence effect. With^ electrons, 
however, there are three possible orbitals, px, py and px^ consisting of double 
spheres with their long axes oriented in three directions along the rectangular 
axes X, y and z, respectively, i.e., at right angles to each other (see Fig. 6). 
It follows, therefore, that when an atom forms bonds involving/) electrons, 
the angle between these bonds should be 90*. 

20b. Bond Angles. — The oxygen atom has six electrons in the K shell, 
two of which are paired Is electrons, i.e., with opposite spins, two others are 
paired 2p electrons, while the remaining two are unpaired 2p electrons occu- 
pying separate orbitals, e.g., />, and py. If a hydrogen atom is brought up 
to the oxygen, it will attach itself in such a way as to result in the maximum 
overlap of the D orbital of the former with one of the 2p orbitals, e.g., 2/)*, 
of the latter atom. The hydrogen will thus be located along the x axis of 
the oxygen atom. When a second hydrogen atom is brought up, its orbital 
will tend to overlap with the 2py orbital of the oxygen atom, and so it will 
become attached along the^ axis. The angle between the two O — H bonds 

« Slater, Phys. Rev., 37, 481 (1931); 38, 325 (1931). 

“ Pauling, ref. 11; /. Am. Chem. Soc., 53, 1367 (1931); Hultgren, Phys. Rev., 40, 891 (1932). 

” It is sometimes also referred to as the H-L-S-P method, from the initials of Heitler, London, 
Slater and Pauling who are chiefly responsible for its development. 
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in the water molecule should thus be 90®. The experimental value is 104®3l' 
(Section 38b), and the discrepancy must undoubtedly be attributed mainly 
to the repulsion between the hydrogen atoms for which no allowance has 
been made. In hydrogen sulfide, H 2 S, the two hydrogen atoms are further 
apart than in water, because the sulfur atom is larger than oxygen, and hence 
the mutual repulsion is less; the bond angle is here found to be 92®20', 

The nitrogen atom has three/) orbitals that are available for bond forma- 
tion, and hence the angles between the three N — H bonds in ammonia should 
be 90®. The observed angle is reported to be 108®, the increase over the 
theoretical value being, again, due to repulsion of the hydrogen atoms. In 
crystalline arsenic, antimony and bismuth, where bonds between/) orbitals 
are involved, the bond angles are 97®, 96® and 94®, respectively. It is of 
interest to record that the directed valence bond treatment predicts a pyram- 
idal, rather than a planar, arrangement for compounds of the type RX3, 
where R is nitrogen or other member of the nitrogen group of elements; this 
is, of course, in agreement with experiment. 

20c. Hybridized Bond Eigenfunctions. — The normal carbon atom has, 
according to its spectrum, two paired 2j and two unpaired 2/> electrons in its 
outer shell; only the latter should be available for bond formation, and so a 
valence of two might be expected. Since carbon is normally quadrivalent, 
it must be postulated that in carbon compounds the atom is in an excited 
state with one s and three /) electrons, all with unpaired spins (cf. Section 
19c). According to the arguments in the preceding section, it might be 
supposed that quadrivalent carbon .should have three bonds at right angles, 
formed with the three /> orbitals, and a fourth bond, using the s orbital, 
having no definite direction. Chemists have long known, however, that the 
four bonds of the carbon atom are arranged tetrahedrally, and it is desirable 
to see how this fact can be correlated with quantum mechanical requirements. 

It has been seen earlier that the eigenfunction of the normal state of a 
system is in general a linear combination of a number of orbitals of states 
of similar energies; the best combination is the one that minimizes the energy 
or, in terms of valence bonds, the one that gives the maximum bond strength. 
The carbon atom has available one s orbital and three /> orbitals (/>*, /)„ 
and /)z), and if these have energies that are not greatly different, the four 
bond-forming eigenfunctions for the whole system, which are linear combina- 
tions of the single electron orbitals, may be written in the general form 

= ais + + //,/)„ (20.1) 

where / is 1, 2, 3 or 4. The coefficients r,- and </,• are determined by 
the normalization condition 

f iHidr = J ^\dr = 1 , 

or 

+ r? + ^ = 1, 


( 20 . 2 ) 
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and by the orthogonality requirement 

= 0 . 

or 

+ Cid + i/iJk = 0, (20.3) 

where i and k are 1, 2, 3 and 4 but i k. The relative values of the eigen- 
functions Jj Pxi Py and pg are given in Table V (page 60); they are 1; 
VJ sin e cos 0, V3 sin $ sin <f> and V3 cos 0 , respectively. 

The direction of the first bond eigenfunction is immaterial, and so it may 
be chosen to lie along the x axis; in this direction py and pg are zero, and 
hence equation (20.1) becomes, for i = 1, 

+ b\pxy (20.4) 

and since by equation (20.2) 

a\ + b\^ 1. 

it follows that 

lAi = + Vl — a]p*' (20.5) 

It is now required to find the value of a that makes the energy a minimum, 
and hence the bond strength a maximum. According to the postulates in 
Section 20a, this will presumably be the condition that makes the eigen- 
function a maximum in the bond direction, that is, along the a- axis. The 
values of s and px in the x direction are 1 and V3> respectively (0 = 90°, 

^ = 0°); hence the value of the eigenfunction is given by 

+ V3(l — a\)* (20.6) 

The maximum is then found by differentiating with respect to and equat- 
ing to zero; this leads to 

ax = h and = IVJ* (20.7) 

Insertion of these results in equation (20.4) gives for the best eigenfunction 

V'l = + \<Zp.^ (20.8) 

Taking s as equal to 1.0 and^* as VJ* in the x direction, the maximum value 

of which is in the x direction, is seen to be equal to 2.0; this is appreciably 
greater than V3> i>c., 1.732, the maximum value of the px orbital. The 

particular combination of s and px eigenfunctions given by equation (20.8) 
is thus a better approximation than either s or px orbitals alone. A plot of 
the function in the xz plane, is shown in Fig. 12. 

Attention may now be turned to the second bond eigenfunction, ^ 2 ; this 
may be chosen as having its maximum in the xz plane, so that the orbital 
py makes no contribution. The expression for ^2 then takes the form 

(20.9) 


4'i = + bipx + < 72 ^*. 
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Since the maximum lies in the x-z plane, the angle <^> must be 0° or 180* (cf. 
Fig. 4); the value 0 = 0® gives the positive portion of pr orbital con- 
tributing to 01, and so the negative portion, with 0 = 180®, must be em- 
ployed for 02- Hence, cos 0 is equal to —1, and px becomes — sin 0; 


z 



Fio. 12. Hybridized jp eigenfunction 


since j = 1 and — VJ cos 0, as given above, it follows that 

02 = — h^^3 sin 0 + cos 0. (20.10) 


The normalization condition is 


and for orthogonality 


+ ^2 "F ^ — 1> 


<*1^2 “F ^1^2 — 


since di is zero, 
found that 


Utilizing the values of ai and already derived, it is 
az = — and ^2 ~ ^|l — (20.11) 


and hence 

02 = - h^I3{^ + sin 0) + V3(l - Ul) cos 0. (20.12) 


In order to find the values of h and 0 that make 02 a maximum, the deriva- 
tives of 02, as given by equation (20.12), with respect to ^2 and 0 are equated 
to zero. Upon solving the simultaneous equations, it is found that 




and 


sin 0 = 


(20.13) 


and hence 0 = 19°28', Inserting these results into equation (20.12), the 
maximum value of 02, like that of 0i, is seen to be 2.0. Further, since 0 is 
19®28' and 0 is 180®, it is evident that the direction of the m'aximum of the 
bond eigenfunction 02 makes an angle of 90° + 19®28' = 109°28' with the 
X axis, that is, with the direction of the maximum of the first bond eigen- 
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function V-i. In other words, according to the postulates given above, the 

angle between the two carbon atom bonds whose eigenfunctions are and 

IS exactly equal to the regular tetrahedral angle, in agreement with the 
Views generally accepted for this atom. 


«2 = i 


and 


d. = 


V3’ 


(20.14) 


andjnsertion of these results, together with that for h, in equation (20.9) 

r -X 1 , ^ 

- - i^/>x + -ffp.. (20.15) 


2 V 3 


V3^‘- 


arguments simikr to the foregoing, it can be shown that the 
Other two eigenfunctions of the carbon atom are 


1 




1 


and 


4^1 = is — 


1 




1 


1 

V6^ 
1 


(20.16) 


2V3 


(20.17) 


have maximum values of 2.0 in directions making 
tetrahedral angles with each other, and with those of the other two bond 
eigenfunctions. It is clear, therefore, that the combination, or hybridhathn 

of what have been called tetrii 
hedral orbitals, provides the quantum mechanical basis for the familiar tetra 

hedral carbon atom as it occurs in diamond and in aliphatic compounds. 

It IS probable that the bond angles will have the exact regular tetrahedral 

vdue only when four identical atoms or groups are attached to the carbon 

atom. When the groups are different, the angles may possibly differ to a 
slight extent from the ideal value of 109°28'. ^ 

20d. Trigonal Bondmg Eigenfunctions.— 1 1 has been seen that when 
there is no sp hybridization, the/) electrons can form three equivalent bonds 
at right angles to one another; on the other hand, when such hybridization 
does occur, the strongest bonds are tetrahedral. A further possibility which 
may be considered is jp hybridization leading to the formation of three 
equivalent (trigonal) bond eigenfunctions whose maxima lie in one plane 
the directions making angles of 120“ with each other. If this plane is cLsen 
as the xy plane, there will be no contribution from the/), eigenfunctions, and 
so It IS necessary to consider only combinations of s and/), and /)„ orbitals. 

Starting with the eigenfunction if',, with its maximum in the a' direc- 
tion, then 


pi = as -h ^pxy 


(20.18) 
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where a represents the portion of the s orbital and h that of the orbital 
that contribute to The s orbital may be regarded as divided equally 
among the three eigenfunctions, ^2 and and so the coefficient of s will 
be the same in each case. In order to find the coefficients of the other single 
electron orbitals, the negative part of the px orbital and both parts of the 

y 



Fig. 13. Trigonal sp eigenfunctions 


py orbital are resolved along the two directions making angles of 120° with 
the X axis, as shown in Fig. 13. It is then possible to write 


and 


— \hpx + 

as — \hp^ — i^cpy. 


(20.19) 

( 20 . 20 ) 


Making use of the normalization and orthogonality conditions, it is found 
that 

1 . - V2 


a = 


V3’ 


^ = 


V3 


and 


c = 


V3’ 


( 20 . 21 ) 


and hence the three hybridized trigonal eigenfunctions are 


lAi = 


1 


V2 


^2 = 


V3 " V6 


( 20 . 22 ) 


(20.23J 
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and 



(20.24) 


The maximum value of these three eigenfunctions is readily found to be 
1.991, in each case; this does not differ appreciably from that of the tetra- 
hedral eigenfunction. 

It is reasonable to expect, therefore, that under certain conditions sp 
hybridization will lead to the formation of three coplanar bonds at 120°. 
This is evidently the case with the trivalent compounds of boron, several of 
which have been shown, by dipole moment and electron diffraction measure- 
ments, to have planar configurations. In such compounds there are but six 
electrons in the outer shell of the boron atom, and hence the latter will 
readily accept a pair of electrons from an atom of oxygen, in ethers, or from 
nitrogen, in amines. In the resulting substances, the trigonal bond functions 
of the boron have probably become tetrahedral in character. 

20e. Orbitals for Double Bonds.^® — The concept of the overlapping of 
eigenfunctions as the basis of valence bonds encounters some difficulty if an 
attempt is made to utilize tetrahedral eigenfunctions in the formation of 
double bonds, e.g., between two carbon atoms. The properties of such 
bonds can, however, be readily accounted for by the use of the three trigonal 
(hybridized) wave functions of the type just considered. It may be sup- 
posed that when a carbon atom takes part in double bond formation, the 
one s and two p orbitals, i.e., px and />„ combine to form three trigonal 
orbitals, whose maxima lead to the formation of three bonds, making angles 
of 120° with each other, lying in a plane, the xy plane. The fourth orbital, 
retains its^ character unchanged, and so the fourth bond is oriented 
along the z axis, perpendicular to the plane containing the other three bonds. 
When two carbon atoms are joined by a double bond, it appears that one of 
the two linkages is formed by the overlapping of one trigonal eigenfunction 
from each atom, while the second linkage results from the pairing of two 
pure pt orbitals. In normal (single) bonds, often referred to as <r<r bonds, 
the maxima of the two orbitals involved lie on the same line, and this is the 
case with the first of the two linkages making up the double bond. The 
second linkage, involving the two pure pz orbitals, is known as a tttt bond, 
and it is diflPerent in character; the two/) orbitals are parallel to one another, 
as shown in Fig. 14. A double bond thus consists of one cc and one tttt bond. 
These two linkages, as may be expected, have different strengths; this is 
evident from the fact that the energy required to break a C=C bond is 
about 1.7 times as great as for a C — C bond. It appears, therefore, that 
the strength of a tttt bond is about seven-tenths that of a aa bond between 
carbon atoms. 

The proposed structure of a double bond, as made up of a <j(t and a tttt 
linkage, accounts for the absence of free rotation about bonds of this type. 

“Huckcl, 2. Physik, 60, 423 (1930); Hund, ibid,, 73, 1 (1931); Pauling, refs. 11 and 16; 
Penney, Proc, Roy. Soc., A, 144, 166 (1934). 
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The iiymmetry of a aa bond is such that rotation does not affect the extent 
of overlap of the eigenfunctions, and therefore the stability of the system; 
hence free rotation about a single bond is possible. With a tttt bond, how- 
ever, the situation is different. The 
two pt orbitals will tend to overlap as 
much as possible, in order to give the 
maximum bond strength, and this will 
occur when they are parallel to one 
another and in the same plane. Any 
attempt to produce rotation about the 
double bond will cause the pt orbitals 
to be twisted out of the plane, with 
the result that their overlapping is 
decreased. Such a procedure would 
increase the potential energy of the system and would consequently re- 
quire the supply of energy from outside. It is evident, therefore, that rota- 
tion about a double bond will be restricted in character. 

According to the arguments presented at the beginning of this section, 
in a molecule, such as ethylene, which contains a double bond, one of the 
trigonal orbitals of each carbon atom is involved in the formation of the 
double bond, while the other two are available for aa bond formation with 
hydrogen atoms. Since the trigonal orbitals of each carbon atom lie in a 
plane, and the two pz orbitals are at right angles to this plane and parallel 
to each other, it follows that the four hydrogen atoms and the two carbon 
atoms of ethylene must lie in one plane. Further, all the bond angles in 
the plane should be 120°. There is evidence, however, that the angle be- 
tween a single and a double bond in olefins is slightly greater than this value. 
It is possible that the carbon orbitals joined to hydrogen are largely tetra- 
hedral in character; this will have the effect of reducing the angle between 
the two C — H bonds below 120°, while that between the C — H and C=C 
bonds will be increased correspondingly. 

20f. Structure of Benzene and Graphite. — In benzene each carbon atom 
is joined to two other carbon atoms, one on each side, by means of the bonds 
involving trigonal orbitals; the third trigonal orbital of each carbon atom 
is concerned in the attachment of a hydrogen atom. This accounts for the 
planar configuration of benzene with all the bond angles equal to 120°. 
The pz eigenfunction of each carbon atom is perpendicular to the plane of 
the ring; these six orbitals interact in pairs to form three tttt bonds. There 
is no unique method of pairing and, as will be seen later, it is because 
resonance occurs between the resulting different configurations that the 
benzene molecule has exceptional stability. 

Reference may be made at this point to the difference between the struc- 
ture of diamond and that of graphite. In the former, each carbon atom is 
attached to four others by bonds involving tetrahedral eigenfunctions, but 
in the latter, every carbon atom is joined to three others in the same plane 
by linkages derived from trigonal orbitals. The pn orbitals of the carbon 
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atoms are perpendicular to the plane, and their overlapping to form tttt 
bonds, together with a resonance effect, is responsible for the stability of the 
carbon atom planes in graphite. 

20g. Bond Eigenfunctions withd Orbitals. — With elements having elec- 
trons with principal quantum number equal to or greater than 3, there 
become available for bond formation d orbitals, in addition to s and p 
orbitals. Although the maximum value of a orbital, e.g., 


= JV5(3 cos2 0 - 1), 


(20.25) 


is VSj 2.236, in this case when 9 = 0®, hybridization with s and/) orbitals, 

leads to bonds of still greater strength. By utilizing the methods previously 
described, Pauling has shown that one two p and one d orbitals can com- 
bine to give four equivalent bonding eigenfunctions with maxima, equal 
to 2.694, lying in one plane and directed at the corners of a square. The 
existence of this type of configuration has been established in the ions 
Ni(CN) 4 '~, PdCIr~ and PtClr”, as well as in many other coordination com- 
pounds of copper, nickel, palladium and gold. The element copper is of 
particular interest in this connection; bivalent copper can form either tetra- 
hedral sp^ bonds or the coplanar dsp^ bonds considered here. It has been 
found, however, that the latter are generally preferred in the formation of 
four-coordinated compounds. It appears that thc' greater strength of the 
hybridized dsp^ bonds (2.694), compared with that of the sp^ bonds (2.00), 
is here the determining factor. 

When two d orbitals are available for hybridization with s and p eigen- 
functions, six equivalent orbitals, resulting from d^sp^ hybridization, with a 
maximum strength of 2.923, are possible. These six orbitals are directed 
towards the corners of a regular octahedron, and hence they account for this 
type of configuration, postulated by Werner and definitely established for a 
large number of six-coordinated compounds. 

21a. Bond Orbitals and Bond Energies.^® — Some indication of the re- 
lationship between the energy of a bond and the strength of the bond orbitals 
involved in its formation can be obtained by calculating the energies for 
one-electron bonds between two atoms. Assuming the eigenfunctions to be 
real, this energy is evaluated by means of the expression 




( 21 . 1 ) 


which is readily derived from the wave equation (6.9) by multiplying each 
side by ^ and integrating over the whole of the configuration space. The 
eigenfunctions ^ are assumed to be given by 


^ = r(^A + ^b), 

'•Pauling and Sherman, J. Am. Chem. Soc., 59 , 1450 (1937). 


( 21 . 2 ) 


106 


QUANTUM THEORY OF VALENCE 


where and i^b are similar hydrogen-like bond orbitals (Table IV), e.g., 
both 2s or both 2p, of the atoms A and B; r is a normalization constant. The 
effective atomic number 2 is taken to be unity in all cases. For a system 
consisting of one electron and two atomic nuclei, or two such nuclei together 
with completed electron shells, having a unit residual charge, the Hamil- 
tonian operator is similar to that for the hydrogen molecule-ion; hence it is 
possible, by means of equation (21.1), to calculate the energy of the one- 
electron bond for various internuclear distances, Tab, by evaluating the ap- 
propriate integrals. The results 
obtained in this manner for 2s and 
2p electrons are shown by the 
curves in Fig. IS. It is seen, in 
agreement with the conclusions 
reached previously, that the 2p 
orbitals form stronger bonds than 
do the 2s orbitals. Somewhat sim- 
ilar curves have been obtained for 
the energies of one-electron bonds 
involving Zs and Zp orbitals only. 

It is of interest, now, to treat in 
an analogous manner one-electron 
bonds formed by sp hybridization. 
The atomic bond orbital is here as- 
sumed to be 

yp = pyppy (21.3) 

where yp, and \pp are not exactly the 
hydrogen-like eigenfunctions, but 
are modified, for simplicity, so that the radial parts, which are actually dif- 
ferent, are taken as being identical. For hybridization between 2s and 2p or- 
bitals, for example, the radial part of the eigenfunction is assumed to be equal 
to that for the 2p electron, i.e., n = 2, / = 1 is assumed in both cases. The 
complete eigenfunction is then obtained on multiplying by 1.0 for j, and 
by ^ cos 6 for p. If the ratio of the coefficients Pja is taken as V3> which 

as seen in Section 20c corresponds to that for tetrahedral orbitals, the one- 
clectron bond energy is represented as a function of internuclear distance by 
the curve marked sp{A) in Fig. IS. An alternative calculation can be made 
by adjusting the ratio P/a for each value of tab in such a way as to minimize 
the energy integral; the results so obtained are indicated by the curve sp{B), 
It is a very striking fact that over a considerable range of interatomic dis- 
tances the tetrahedral sp orbitals actually provide the strongest bonding 
possible. In any case, the difference in energy between the tetrahedral 
bonds and the strongest feasible sp hybridized bonds is never large for reason- 
able internuclear distances. Quite analogous conclusions have been reached 
from calculations made for hybridization between Zs and Zp orbitals. 
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Fic. IS. Energies of one-electron bonds 
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21b. Bond Energy and Orbital Strength.— The curves in Fig. 15 show, 
in agreement with the results obtained from the postulate concerning the 
overlapping of bond orbitals, that the s orbitals form the weakest bonds, the 
p orbitals yield somewhat stronger bonds and hybridized sp orbitals produce 
still stronger bonds. The bond energies represented by the minima of the 
2s, 2p a.ndsp curves, indicating the maximum energies for one-electron bonds 
of these types, are seen to be 0.020, 0.054 and 0.082, respectively, in eV^ 7 o 
units. For the corresponding orbitals with principal quantum number 3, 
the maximum energies are 0,014, 0.037 and 0.057, respectively. It will be 
observed that in each case the three energies are approximately in the ratio 
of 1 : 3 : 4; these ratios are the squares of the strengths of the corresponding 
bond orbitals, namely 1 : VJ : 2, previously calculated. It appears, there- 
fore, that an expression such as 

E = kS^y (21.4) 


where is a constant, relates the bond energy E to the strength S of the 
bond eigenfunction. 

A test of this relationship has been obtained by calculating S for systems 
involving / and p electrons by means of the equation 


a + ^vj 

4- ^2 ’ 


(21.S) 


(see Section 20c), with the coefhcient a varying from zero to 10, while b 
is equal to 10 — a. With this normalization, ^ increases from 3.0 for 
= 0, i.e., for a pure p orbital, to a maximum of 4.0 for a = 3.66, i.e., for 
bla = 1.732, which is the condition for a tetrahedral sp orbital, and then 
decreases to 1.0 for a = 10, i.e., for a pure s orbital. The complete results 
are shown by the dashed curve in Fig. 16. The corresponding bond energies 
for the various values of a and b have been calculated by means of equations 
(21.1) and (21.3), and these are plotted in the full curve in Fig. 16. The 
general agreement between the two sets of results is very definite, and pro- 
vides confirmation of the view that the energy of a one-electron bond is 
related to the strength of the corresponding orbital. 

An important corollary of the foregoing conclusion is that for bonds 
between two atoms with unlike orbitals and ^b> the bond energy is given 
by the relationship 

E = kS^Sj,, (21.6) 

where Sk and S-b are the strengths of the dissimilar bond orbitals. The 
energy of a bond formed between the eigenfunctions and ^b, would thus 
be the geometric mean of the bond energies for if/x with ^a, which is propor- 
tional to h)r with ^b> which is proportional to < 53 . This postulate 

is of importance in connection with the determination of the partial ionic 
character of covalent bonds. The difference between the observed energy 
Ea-b of the bond between atoms A and B, and the geometric mean of Ea-a 
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and Ab-l is taken as equal to the additional resonance energy due to the 
contribution of ionic structures to the eigenfunction of the system AB. This 
Jb the contribution of the ionic resonance energy described in Section 17c, 



and which is regarded as a measure of the difference in electronegativity of 
the atoms A and B. 

22. Quantitative Treatment of Localized Bond Orbitals,^® — The method 
of localized pairs (directed bond functions) can be considered from another 
point of view that is quantitative, at least in principle. However, because 
of its incompleteness it does not give in practice energy values that are in 
good agreement with experiment, although it leads to the expected conclu- 
sions with regard to molecular configurations and the formation of valence 
bonds. Before entering into the details of the treatment, reference must be 
made to a matter of nomenclature. It has been seen in Section 13h (foot- 
note) that the three p orbitals at right angles are distinguished as /)<r, 
and p7r_; when the per orbital lies along one of the axes x, y or z, this is in- 
dicated by the symbol p<Txy pcy or p(Tzy respectively.^^ Because of the vector 
properties of the/> eigenfunctions, it is possible to transform the^<r, orbital, 
referred to the x axis, into two orbitals ^<7 and^TT referred to an axis making 
an angle 6 with the x axis; thus 

cos $ + sin 0y ^ (22.1) 

where />o- lies along the new axis and/)7r is in a direction perpendicular to it. 
This transformation will be employed in the ensuing discussion. 

Coolidge, Phys. Reo.y 42, 189 (1932); Van Vleck and Cross, J. Chem, Phys., 1, 357 (1933); 
Hellmann, ref. 1; Penney, ref. 1; Van Vleck and Sherman, ref. 1. 

For the significance of the symbols <r and ir, see Section 40a. 
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In order to illustrate the method of treating localized bond orbitals, a 
relatively simple molecule, such as water, may be considered. The oxygen 
atom has, in addition to the two 2s electrons, which are not available for 
bond formation, three 2p orbitals, of which one, e.g., pcty is already occupied 
by a pair of electrons with opposite spins, while the p<S:, and /xr, orbitals, 
at right angles to each other, can take part in the formation of o- bonds. 
Suppose the three p orbitals of oxygen are represented by ay b and c in Fig. 

17; c is the doubly occupied pa^ orbital, which is oriented in a direction 
perpendicular to the xy plane, i.e., 

the plane of the paper. The orbitals 
indicated by a and b are pd^ and p<Syy 
respectively; these are perpendicular 
to one another, their maxima lying 
along the axes x and y, respectively, 
in the xy plane. The letters d and e 
refer to the Is orbitals of two hydrogen 
atoms which combine with the oxy- 
gen atom to form a molecule of water. 

For convenience, d and e are placed 
symmetrically with regard to the x and 
y axes, so that the angle 6 between the 
line ad and the x axis is equal to that 
between be and they axis. That is to 
say, the two O — H bonds in the water 
molecule are arranged symmetrically 
with respect to the two axes. Utilizing 

equation (19,10), which gives an approximate estimate of the energy of a 
system in terms of the coulombic and exchange (resonance) integrals, it 
follows that for the present case 

■£h,o = Q + (ad) + (be) - ^{(ae) + (bd) + (de) + 2(cd) + 2(ce)}y (22.2) 

where Q is the coulombic energy, and the symbols (ad)y etc., represent 
the exchange integrals for the interchange of the electrons a and d, etc. 
The terms (cd) and (ce) appear with the factor 2 because c represents two 
electrons. 

The exchange integrals (ad) and (be) will be equal and these may be 
represented by 

(ad) = (i>e) = JJ (22.3) 

where rpB is the Ij* orbital of a hydrogen atom; the two electrons involved in 
the bond formation are represented by (1) and (2), and H is the interaction 
(Hamiltonian) operator, which is analogous to that given in equation (15.29). 
Resolving along two axes, one in the direction of and the other perpen- 


y 



X 


Fio. 17. Electron orbitals in 
water molecule 
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dicular to the O— H bond, by means of equation (22.1), it follows that 
= (le) = ff cos e + ’f'pr(l) sin 0}<^ii(2) 

X H{(('p„(2) cos 0 + sin 0}\l/HWt2TidT2. (22,4) 

Upon multiplying out and making use of the fact that integrals involving 
one a- and one tt eigenfunction are always zero, e.g., 


J J,;,,M)'f'H(2)WpA2)hiWdridr2 = 0, 


the result is 


'If 


If 


= cos^ 0 + A^tt sin- 0, 


( 22 . 6 ) 


where the symbols and are used to represent the respective exchange 
integrals 

= / fMWn(2)H,^p,(2)Mi)dridr2 (22.7) 

and 




( 22 . 8 ) 


In the same manner as just described, it can be shown, by making use 
of the transformation, 

'f'p<ry = sin 0 H- if'pr cos 0y 

for the resolution of the orbital along the axis and perpendicular to 
it, that 




= (ae) — J* J^^p.7/1)^h(2)HV'jw,(2)^h(1)'^ti^t2 


= sin^ 0 + A^„ cos’^ 0. 


(22.9) 

( 22 . 10 ) 


The exchange integrals (cd) and (ce) can be written as 


(cd) = (cf) = ff ^^,(l)M2Wpp.(2)^nWdr,dr„ (22.11) 

but as the^er* orbital is perpendicular to the plane of the molecule, it follows 
that has no p<x component in the xy plane, and so it is a pure^x orbital. 
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The integral of equation (22.11) thus becomes 

{cd) = {ce) = J J^,,(l)^H(2)H^p,(2)^H(lWn^r, (22.12) 

= N„. (22.13) 

Neglecting, for the present, the integral (de)y for exchange of electrons 
between the two hydrogen atoms, which are nonbonded, it follows that 

•£h,o = !? + cos* d + N„ sin* 6) 

— sin* d + Nxr cos* 0) — 2N„ 

= Q- 3(Ar„ - N„) sin* e + 2N,, - 3A^„. (22.14) 

If the various integrals could be evaluated, this equation would provide a 
means for calculating the energy of a water molecule by means of quantum 
mechanics. Unfortunately, the results are not yet sufficiently accurate to 
have quantitative value, but a qualitative study of equation (22.14) is 
adequate to throw light on the problem of the oxygen valence angle. 

It is to be expected, in a general way, that the exchange integral 
will have a large negative value, that is, it will lead to attraction as in 
the case of the hydrogen molecule. On the other hand, the exchange in- 
tegral is probably small numerically, and this has been confirmed by 
actual evaluation of the integral, using appropriate pir orbital wave func- 
tions.** It follows, therefore, that if £n,o is to have as large a negative 
value as possible, i.e., for maximum stability of the water molecule, the 
quantity — Nrr) sin* $ should have the largest possible positive value. 
Since — N„ is negative, as seen above, it is evident that sin* 6 must be 
zero, if (A^„ — A^,,) sin*0 is not to be negative. In other words, the most 
stable form of the water molecule will be that in which the angle 6 is zero. 
The angle between the two O — H bonds in water should thus be 90°. This 
is exactly the result that was obtained previously on the basis of the postulate 
that the direction of a valence bond is that in which the orbital functions of 
the electrons overlap as much as possible. The foregoing treatment of the 
water molecule may be regarded as a substantiation of this postulate. 

It will be recalled that in the derivation of equation (22.14) the exchange 
integral (de). was neglected; it is known, however, from the hydrogen mole- 
cule problem, that this resonance energy is quite appreciable, and conse- 
quently it is likely to have an influence on the bond angle. The integral 
{de) appears as a negative term in equation (22.2), and since {de) is itself 
negative, it should be small, numerically, in order to permit maximum sta- 
bility of the water molecule. That is to say, the tendency will be for the 
two hydrogen atoms to be as far apart as possible. The effect of the ex- 
change integral (de) will thus be to increase the bond angle in water to a 
value in excess of 90°. By making the assumption that the resonance energy 

** Coolidge, ref. 20; see also, Van Vleck and Cross, ref. 20; Van Vleck, /. Chem. Phys.^ 2, 2C 
(1934); Penney, Trans. Faraday Soc.y 31 , 734 (1935). 
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constitutes 0.88 of ;.lie total binding energy of a hydrogen molecule (cf. 
Section 17b), utilizing a Morse function (Section 32b) to give the variation 
of this energy with the distance between the hydrogen atoms, and introduc- 
ing calculated values of and Nrr, it is found that 6 should be about 5® 
in order to minimize the energy of the water molecule. This would make 
the angle between the O — H bonds in water equal to 100®, as compared with 
the experimental value of 105®. 

Molecular Orbitals and Valence 

23. Molecular Orbitals and Molecular Configuration, — Although the 
concept of molecular orbitals does not involve the occurrence of localized 
electron pairs which represent valence bonds, it is of interest to note that 
the treatment leads to the expectation that certain molecular configurations 
are the most stable. In the particular cases of the molecules of water and 
methane, the lowest energy states are found to have spatial arrangements 
similar to those derived by the method of directed valence bonds; the bond 
angles are calculated to be 90° and 109®28', respectively. The procedure 
adopted in the determination of the best configuration may be illustrated, 
again, by consideration of the water molecule. Disregarding the two 2s 
electrons, which have central symmetry, and the two electrons occupying 
the Ipa-g orbital, which in any case exerts no directional effect since its axis 
is perpendicular to the plane of the water molecule, there remain four 
orbitals to be considered. These are and the two Is orbitals of the 
two hydrogen atoms Ha and Hi, respectively, and and the two 2p 
orbitals of the oxygen atom. It is convenient to take in place of these four 
atomic orbitals, the following eigenfunctions, which are linear combinations 
of the atomic orbitals, viz., 

'Ai = ;^ H- ~ V2 "" (23,1) 

1 and 1 

1^2 = ^ (23,2) 

where the factor I/V 2 is introduced for normalization purposes. This 
change in the eigenfunctions leads to a considerable simplification in the 
secular equation for the problem under examination. According to the 
fundamental basis of the molecular orbital treatment (Section 16b), the wave 
function for each electron may be expressed as a linear combination of the 
four atomic orbitals, ^ 1 , ^ 2 , ^3 and and hence by the variation theorem, 
the appropriate secular equation is 

Hu — AuE Hi2 ~ AuE Hiz — Ais^ Hu “• AuE 

Hu — A21E H22 — A22E H23 — A2zE H24 — A24E _ « 

//31 - AuE H22 - AuE Hu - AzzE Hz 4 - A 34 £ " 

I — A4i£ H42 — AuE i/43 — A43-E i/44 — A44JE 

. 73, 1, S6S (1931); 74 , 429 (1932); Van Vlcck, /. Chem, Pkys., 1, 177, 219 

(1933); Van Vleck and Sherman, ref. 1. 
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The orientations of the x and y axes can be chosen arbitrarily without 
loss of generality, and if these are arranged, as in Fig. 17, so as to be sym- 
metrical with respect to the Q— H bonds ^ of the water molecule, it is found 
that the matrix elements Hu, Hu, Huy //si, 7/si, H^, Hu and Hu are all 
zero. The reason for this is to be found in the realization that the eigen- 
functions and ^2 are “even,” as also is the Hamiltonian operator, whereas 
and ^4 are “odd,” in the sense described in Sections 2e and 31b. If the 
integrand as a whole is odd, that is, if it contains one or three odd factors, 
it will be zero ; thus 

//l3 = ^ = 0. 

On the other hand, integrals involving two odd terms, such as Hzi and Hu, 
are not zero. If the eigenfunctions ^i, ypi, ^3 and ^4 are supposed to be 
normalized and orthogonal, so that A,-,- is equal to unity when i = j, or to 
zero when i ^ j, the secular equation (23.3) reduces to 



This equation can immediately be factorized into two second order equations 
of the form 



(23.5) 


Because of certain (Hermitian) properties of the Hamiltonian operator, H\i 
is equal to Hu, and Hz\ is equal to Hu\ the lowest root of equation (23.5) 
is then 

+ H 22 ) - {{Hn - H 22 y + ^ 2 ^, (23.6) 

while that of the other equation, analogous to (23.5) is 

E " = ^[(//33 + i/44) - {(i/33 - HuY + ( 23 . 7 ) 


The total energy E of the system of four electrons is obtained by taking the 
sum of twice each of these energy values, i.e., 

£ = 2£' H- 2£” (23.8) 

but before proceeding to make this summation, some simplification is pos- 
sible. The coulombic integrals, represented by the matrix components Hu 
and i/33, refer to the energy of the single electrons on the two hydrogen atoms, 
and hence they are not only equal, but are also independent of the spatial 
configuration of the water molecule. These integrals may thus be replaced 

**The term “bond” as used in the molecular orbital treatment refers to the line joining the 
nuclei of the atoms concerned, e.g., oxygen and hydrogen in the present instance. 
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My the symbol R-a. The same considerations apply to H 22 and Haa which 
refer to single electrons on the oxygen atom, and for these the symbol Eq 
may be employed. It follows, therefore, from equations (23.6), (23,7) and 
(23.8), that 

E = lEn + 2Eo - [{En - EoY + 

- {(En - EoY -f (23.9) 


Since En and Eo have no angular dependence, the angular structure of 
the water molecule must depend on the exchange integrals //12 and /fai, 
defined by 




(23.10) 

(23.11) 


Because of the transformation properties of the Ip orbitals [cf. equation 
(22.1)], it is possible to write 

^p<r^ = cos 6 H- sin d (23.12) 


for resolution along the line of the O — H bond, and perpendicular to it; $ is 
the angle between the axis and the O — H bond (cf. Fig. 17). Similarly, 
the components of in the same two directions are given by 

'Pp<'y — sin e + yppr cos 6, (23.13) 

Noting that and are Ij*, and hence a, orbitals, and remembering 
that integrals involving one <7 and one tt eigenfunction are zero, it follows 
from equations (23.10), (23.11), (23.12) and (23.13), that 

Hiz = J (yf'n^ + ^Hj)H^p^^(cos $ + sin O^dr (23.14) 

and 

Hza— ” ^H6)H^Pffj(cos0 — sin 0 )(/t, (23.15) 


where the suffixes a and b as applied to p<y refer to resolution along the O — Ha 
and O — Hfc directions, respectively. 

It can be seen that equation (23.9) for the energy involves the terms 
//12 and HzAi and consequently the angular dependence of E is determined 
by the quantities (cos B + sin 0) and (cos B — sin 0) which occur in the ex- 
pressions for and Hza, respectively. It is apparent that these quantities 
are unchanged when B is replaced by Jir — 0, and hence it follows that E 
will have its extreme values, maxima and minima, when B is 0, Jtt, Jit, Jit, etc. 
Of these values 0 = 0, Jtt, etc., evidently correspond to minima of equation 
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(23.9), because of the negative signs. If 6 is zero, the angle between the 
lines joining the oxygen nucleus with the two hydrogen nuclei is 90° and 
the same will be true if Sjs ^tt, etc. In other words, the molecular orbital 
treatment, although it does not involve the postulate of localized electron 
pairs, leads to a structure for the water molecule identical with that derived 
by the method of directed valence bonds. In the foregoing calculation no 
allowance was made for the interaction of the electrons in the two hydrogen 
atoms; if this were introduced, it would have the effect of increasing the 
angle between the O— Ho and O— Ht directions. 

Systems of Several Electrom ^i 

24a. Antisymme^c Eigenfunctions.— The method described in Section 
19d for calculating the energy of a system of several electrons is not really 
complete because it does not take into account the possibility of resonance 
among various configurations. An improved, although by no means perfect 
procedure for evaluating the energy will be considered here, and some of its 
applications will then be described. The first problem is to derive a suitable 
eigenfunction for the system of a number of electrons, and Slater’s extension 
of the Heitler-London method is very convenient.^® Suppose there are n 
electrons, represented by the numerals 1, 2, 3, • • - , and an equal number 
of single electron orbital eigenfunctions a, i?, c, • ■ •, w; each of these orbital 
functions will be associated with a spin eigenfunction, a or ^3, to complete 
the wave function of the electron. Consider a perfectly general case in which 
the available eigenfunctions are, for example, aa, let electron 

1 occupy the orbital a, while electron 2 occupies by electron 3 occupies r, 
and so on. A possible eigenfunction for the whole system would then be 
obtained, as in the Heitler-London treatment, by multiplying together the 
single electron wave functions; thus, 

^ = {aa)x{b^)2{c^)z • - • («a')n, (24.1) 

where the subscript numerals indicate which electron occupies each par- 
ticular orbital. Since the energy of the system would be unchanged if the 
coordinates of any pair of electrons, say 1 and 3, were interchanged, an 
equally satisfactory eigenfunction would be 

^ = {aa)z{b^)2{cff)i (wa)„. (24.2) 

Other interchanges lead to equivalent eigenfunctions, and so it is possible 
to write a general expression for the eigenfunction of the system, viz., 

^ = P(aa)i(b/3)2(rfi)3 * * * (^a)„y (24.3) 

where P stands for the permutation operator which represents the operation 
of exchanging the coordinates of, that is, the orbitals occupied by, any pair 
of electrons. So far no consideration has been given to the question of 

“Slater, PAyj. 38, 1109 (1931). 
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whether these eigenfunctions satisfy the Pauli principle or not. It was seen, 
however, in Section 19a that the complete eigenfunction of a system of two 
or more electrons must be antisymmetric; that is to say, an inter^ange in 
the coordinates of any pair of electrons must change the sign of the eigen- 
function. This condition can be satisfied by taking a linear combination 
of the functions, represented by equation (24.3), of the form 


V«! 



(24.4) 


where the factor l/V^Tl introduced for (approximate) normalization pur- 
poses, and the -h or — sign is used before each term in the summation ac- 
cording as the particular permutation is obtained from the initial one by an 
even or odd number, respectively, of exchanges in the coordinates of pairs 
of electrons. It is evident that each successive interchange of the coordi- 
nates of any pair of electrons will change the sign, but not the value, of the 
eigenfunction given in equation (24.4). This type of approximate wave 
function for a system is referred to as an antisymmetric eigenfunction; \t has 
also been called a determinantal eigenfunction because the summation in 
equation (24.4) can also be represented by the determinant 


{aa)\{b^)\{c^)\ '•* (wo!)i 
{aa)i{b&)>i(c^)i • • • (na)t 


{aa)n{h^)n{c0)n ' ' • {na)n 


(24.5) 


of which the initial function, equation (24.1), is the diagonal. 

The eigenfunction represented by (24.4) and (24.5) correspond, of course, 
to the particular arrangement of spins represented by equation (24.1), i.e., 
the diagonal of the determinant. Since every one of the n electrons may 
have a spin of either a or there are evidently 2" ways of arranging the 
spin functions a. and among the n electrons. There are consequently 2" 
determinants, similar to equation (24.5), each of which is a possible eigen- 
function for the system of n electrons. 

24b. Bond Eigenfunctions. — Since 2" determinantal eigenfunctions, cor- 
responding to the same energy state, are possible for a system of n electrons, 
it is apparent that the variation function for the system will contain 2" 
terms, and the secular equation for the problem will be of the order 2". 
Even for the relatively small number of four electrons, this equation would 
be of the sixteenth order, and would consequently appear to be virtually 
insoluble. However, the problem can be greatly simplified by the use of 
certain methods, the first step being a consideration of bond eigenfunctions. 

It will be supposed that in stable molecules, nearly all of which possess 
an even number of electrons, all the electrons are coupled in pairs with 
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opposite spins; if the number of electrons is odd, there will be one electron 
over, when all the others have coupled. Consider a system of four electrons 
with four available orbitals, 3, c and d\ for a stable system, two of the 
electrons will thus have a spin functions and the other two will have spin 
functions. Six arrangements are then possible, as follows: 



a 

b 

c 


Eigenfunction 

I 

a 


a 


h 

II 

a 

a 




III 

a 



a 


IV 

P 

a 

a 


^IV 

V 

iS 

a 

/3 

a 

}j/y 

VI 



a 

a 

V'VI 

The corresponding 

^ A 

antisymmetrical 

eigenfunctions 

are 

designated by the 


symbols ^i, ^n, ^ni> ^iv, and Each of these functions would be a 
satisfactory solution for the problem, as also would be a linear combination 
of them. By postulating the pairing of electrons, the number of suitable 
eigenfunctions has thus been reduced from sixteen to six. 

As mentioned above, a further simplification is now possible by the use 
of bond eigenfunctions; these are based on the possible ways of pairing the 
available electrons. In the four-electron system there must be two bonds, 
of course, and these may be arranged in three ways; thus, 

a — b a b a b 

II • X 

c — d C d c d 

ABC 

which may be represented by the letters A, B and C. Consider, first, the 
configuration A; each bond means that the pair of electrons involved in the 
bond, viz., a and by and c and dy have opposite spins. This requirement is 
satisfied only by the arrangements I, III, IV and V given above, and hence 
only ^i, ^iii, ^iv and will appear in the bond eigenfunction of the con- 
figuration A. The bond eigenfunction is now obtained by forming a linear 
combination of the antisymmetric functions ^i, ^m, ^iv and ^v; taking 
as positive, the sign is changed for each interchange in the order of a and /3 
that is necessary to convert into the other functions. Thus, is nega- 
tive (one interchange), ^iv is negative (one interchange), and is positive 
(two interchanges). The bond eigenfunction for the structure A is thus 

{'h “ “ V'lv 4* ^v)3 (24.6) 

where l/Vi is the approximate normalization factor. In exactly the same 
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manner the bond eigenfunction for configuration B is found to be 

i (^n — ^ixi - ^iv + Hi)> (24.7) 

\4 

while that for structure C is 

\I/Q = (\pi — “b “ ^vi). (24.8) 

V4 

The three bond eigenfunctions, represented by equations (24^)> (24.7) and 
(24.8) are, however, not independent, since V'c = — ^b- The system C, 

with crossed bonds, can thus be expressed in terms of the systems with 
uncrossed bonds; this result is an illustration of a completely general rule; 
any simple crossed bond can be described in terms of two uncrossed bonds. 
Structures with nonintersecting bonds are independent, and they are re- 
ferred to as canonical structures; any possible arrangement of the electrons 
in the form of bonds can be represented in terms of the complete set of such 

structures, known as the canonical set. 

24c. The Four-Electron Problem. — The use of bond eigenfunctions has 
permitted the reduction of the four-electron problem to the state when there 
are but two, instead of sixteen, independent eigenfunctions, viz., and^B, 
for the system. The variation function may be taken as a linear combina- 
tion of these (real) eigenfunctions, and the secular equation for the problem 
is consequently the second order determinant 




Hkk ^ Aaa£ 

//ba ” Aba^ 

Hk^ — Aab£ I _ A 

//bb ” Abb^ I ’ 

(24.9) 

where 






Hkk = 1 V'aWa^^t, 

HbB = I 


and 


1/ 

Hkb — H^K 


(24.10) 



Aaa = 1 ypK ^ K^Ty 

Abb = 1 


and 


u 

Aab = Aba 

= r ^A^Bifr. 

(24.11) 


If the eigenfunctions ^a and are known, it should be possible to solve 
the quadratic equation represented by (24.9) and so evaluate the energy of 
the four-electron system. These eigenf^unctions can be expressed in terms 
of ^ii, • • •, ^vi by equations (24.6) and (24.7), and hence it is possible to 
write //aa, Aaa, etc., in terms of the corresponding matrix elements of the 
latter eigenfunctions. Since each if'i, • ■ • » involves a fourth order dc- 
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terminant, the result would appear to be very cumbersome, but considerable 
simplification follows appropriate consideration of the spin eigenfunctions. 

24d. Nondiagonal Matrix Elements. — Consider the integral Him 
fined by 

= (24.12) 

where the antisymmetric eigenfunctions and can be written as [cf. 
equation (24.4)] 

= Pi{actUi^Uca)>m^ (24.13) 

and 

^ (24.14) 

in which Pi and Pn represent the permutation operators. It follows, 
therefore, that 

^ =t: Pi(<2a)i(^)3)2(ra)3(^jS)4i 

X H{E ± Pn{aa)i{i^aUc^hm,]dT, (24.15) 

Since the permutations include every possible exchange of the coordinates 
of pairs of electrons, as explained above, the result will be unchanged if the 
integrand in (24.15) is multiplied throughout by any other permutation oper- 
ator P. If the latter is chosen successively in such a way as to reverse each 
operation Pi in the summation, i.e., P = PfS so that PPi is the identity 
operator that leaves the original arrangement unchanged, then every term 
in the summation involved in ^i will be the same. It follows, therefore, that 

E ± PPi(aa)im2{ca)zm, - 4:l{{aa)im2(caUd^\\y (24.16) 

since there are 4! terms in the summation. The expression for Hm thus 
becomes 

Hin = f l(oa)i(^;8)2(fa),(<2/3)4lHlE ±P'('»«)i(M2(^|3)3(^«.Kt, (24.17) 

where the operator P' replaces PPn. It will be noted that the factor 1/4! 
in equation (24.15) cancels out with 4! in equation (24.16); this is not en- 
tirely a matter of chance, for the normalization factor l/Vil tbe eigen- 
functions was chosen partly with this end in view. 

A further reduction in the integral Hm can be achieved by making use 
of the assumption (Section 19a) that orbital and spin portions of the eigen- 
function do not interact. The integral in equation (24.17) contains 41, i.e., 
24, terms, because of the permutations implied by the operator P'; one of 
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these terms, chosen at random, and to which the symbol I may be given, is 

/ = J* (24.18) 

If the Hamiltonian does not operate on the spin functions, as indicated above, 
the orbital and spin parts in the integral may be separated; thus, 

/ = r {aib%Czd^'^{a%bzC\d^dT ^ f Ot^ldiii J aldo, J pyo,, (24.19) 


where duj is an element of spin space. The spin eigenfunctions are always 
supposed to be normalized and mutually orthogonal, so that 



It follows, therefore, that the integral I given in equation (24.18) must be 
zero. It can be seen that all other analogous integrals will be zero unless the 
spin eigenfunctions before and after the Hamiltonian operator match exactly^ 
in the latter case all the spin terms similar to those in equations (24.20) 
will be unity. The matrix components of the operator H, such as /fn, /fm, 
etc., that are not zero will consequently be equal to the orbital functions 
only, the integrals of the spin function being unity. In the case of the matrix 
element defined by equation (24.17), there are only four terms that 

are not zero; these are: 


(i) — J {{aa)\{bff)2{ca)z{dp)A]'H[{aa)\{ba)%{cfi)7i{d^)A]dr 

(iii) + J {{aa)iib^)2{ca)z{d^)A]'H.{{aa)i{ba)3{c^)*{d^)2]^f‘ 

(iv) — j* \iaa)i{b^) 2 {ca)z{d^)A\K{(aa)z{ba)i{cfi)A{dfi) 2 }dT, 

The signs preceding the integrals are determined in accordance with the 
significance of the operator ±P', namely, a positive sign when the number 
of permutations from the initial state is even, and a negative sign for an odd 
number of permutations. The integral in (i) arises from the single exchange 
of the orbitals b and c in the original form {aa)i{ba) 2 {c 0 )i{dff) 4 y of (equa- 
tion (24.14)); hence its sign is negative. Integrals (ii) and (iii) both result 
from two permutations, viz., a~b and a-c in (ii) and and in (iii); 
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hence these have positive signs. Finally, the integral (iv) arises from three 
exchanges in the initial form of viz., a~hy c-d and a~d^ so that the sign 
of this integral is negative. 

It can be shown that if the orbital functions were mutually orthogonal, 
the integrals resulting from the exchange of more than one pair of electrons 
would be zero. In practice, however, these eigenfunctions are not com- 
pletely orthogonal; nevertheless, the departure from orthogonality is not 
large, and the integrals that involve more than one permutation, the so- 
cdled multiple-exchange integrahy may be taken as virtually zero. It follows, 
therefore, that of the four integrals given above, integral (i), which is a single- 
exchange inte^aly is the only one different from zero. This means that all 
the integrals involved in ^m, except the resonance integral (i), are zero for 
one reason or another; hence H\\\ is equal to integral (i), and since the spin 
contribution of the latter is unity, as already seen, it follows that 

Hill = “ y {uib^czd^'H.{aibz€2d^dr, 

This result is frequently abbreviated by omitting the numerals and writing 
the orbitals in the order of the subscripts; at the same time the integration 
is indicated by two vertical lines; thus 

Hill — — {abcd\H\acbd) = — {be). (24,21) 

A still further simplification is achieved by writing this integral merely as 
— (^f), which implies a single-exchange (resonance) integral involving a 
permutation of the coordinates of the orbitals b and c. 

The important achievement represented by the foregoing arguments is 
that the complex expression of equation (24.15) has been reduced to the 
single term of equation (24.21), The general rule for carrying out this 
simplification is as follows: The matrix component Hij between two dijfferent 
antisymmetric (determinantal) eigenfunctions is zero unless the two eigen- 
functions differ only by a single interchange of spins in two orbitals; in the 
latter case, it is equal to the negative of the single exchange (resonance) 
integral between these orbitals. Consideration of the six arrangements in 
Section 24b shows that I and II differ only by the interchange of the spins 
on the orbitals b and c\ hence the general rule leads to the result obtained 
above. Similarly, for some other cases, it is found that 

Him = — {abcd\H\abd€) = — {cd) 

Hiiy = — {abcd\H\bacd) = — {ab) 

Hiiiiv = — {abcd\H\bacd) = — {ab) 

^ivv = - {abcd\H\abdc) = - {cd). (24.22) 

These matrix components are required for later use. Among others, men- 
tion may be made of the elements Huy and //iviv; these are both zero, 
since they each involve the two exchanges a and b, and c and d. 
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24e. Diagonal Matrix Elements.— Attention must now be turned to the 
diagonal matrix elements, that is, the ones involving two identical eigen- 
functions, e.g.. Hi I, //ii II, etc.; these can be simplified in a manner exactly 
similar to that already described for the nondiagonal matrix element /fin. 
It is found, for example, that 

Hii = {abcd\H\abcd) - {abcd\H\cbad) - {abcd\H\adcb). (24.23) 

The first integral, which is the matrix component of the Hamiltonian oper- 
ator between two identical orbital eigenfunctions, is the coulombic integral; 
this is given the symbol Q and has the same significance as described in 
Section 15c, except that two (or more) electron pairs are now concerned. 
The expression (24.23) for Hu may thus be written as 

i/ii = 0 - (ac) - (bd), (24.24) 

The general rule for evaluating the diagonal matrix component is to take 
the coulombic integral and subtract all exchange (resonance) integrals be- 
tween orbitals associated with the same spin. It is seen that in configuration 
I (p. 117) the two orbitals a and c have the same spin, as also do the orbitals 
b and d; the result in equation (24.24) then follows directly from the rule. 
Some of the other diagonal elements, which will be required shortly, are 
readily found to be given by 

//ill III = {abcd\H\abcd) — (abcd\H\dbca) — (abcd\H\acbd) 

= Q - {ad) - (be) 

Hiviv = (abcd\H\abed) — (abcd\H\dbcd) — (abcd\H\acbd) 

= Q - (ad) - (be) 

Hyv = (abcd\H\abed) — (abed\H\cbad) — (abed\H\adeb) 

==Q- (ac) - (bd), (24.25) 

It is now possible to proceed to the evaluation of the integrals //aa, //ab 
and //bb required for the solution of the secular equation (24.9). Utilizing 
the expression for ^a in equation (24.6), it is seen that 

//aa = J^^aH^a^/t 

= 4 !(//ii "h //hi HI + //iviv + //vv) 

— 2(//iiii -f //nv + //iiiv + //ivv — //iv “ //imv)}. (24,26) 

Introducing the values for the matrix components, given by equations 
(24.21), (24.22), (24.24) and (24.25), the result is 

//aa = \[^Q - l(ae) - l(bd) - 2(ad) - 2(be) + ^(ab) + ^(ed)] 

= Q- i{(ac) + (bd) + (ad) + (be)\ + (ab) + (cd). (24.27) 

24f. General Rules.^® — The other integrals in equation (24.9) can be 
obtained in an analogous manner, but there are certain general rules which 

«Eyring and Kimball, /. Chem, Phys., I, 239, 626 (1933); see also. PauUng, ibid, 1, 280 
(1933). 
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simplify the derivation; these are particularly convenient for systems involv- 
ing more than four electrons. The procedure that must be followed in the 
application of the rules is first to write down the bond arrangements corre- 
sponding to the bond eigenfunctions involved in the integral. For example, 
in the integral Hak the two bond eigenfunctions are of the type A, and the 
bond systems are both a — b c — d. A start is now made by assigning a spin 
of a arbitrarily to the tf*s, then the spin of the ^*s must be )8, since combina- 
tion of an a with a /3 is required for bond formation. Thus, giving a definite 
spin to the as fixes that of the ^’s, but not that of any other electron; a and 
b are then said to form a cycle^ which is designated by the symbol {ajb). For 
later requirements, the numerator contains the orbital associated with spin 
a, and the denominator that associated with spin An arbitrary spin a 
is now assigned to c; then d must have the spin j9, so that (cjd) forms another 
cycle. The cycle system for the matrix component Hkk is thus {ajb){cld). 
It may be remarked that this procedure is really a method for finding the 
number of antisymmetric eigenfunctions that the two bond functions have 
in common; since the spin in each cycle could have been chosen arbitrarily 
in two ways, the number is equal to 2®, where x is the number of cycles. 
The matrix element involving the bond eigenfunctions is now found by 
means of the following general expression in which y is the number of bonds: 

//lm = I [0 + § { E /(«/^) - E /(«, 1 - I E /d. (24.28) 

where 

S ~ single-exchange integrals between electrons in the same 

cycle with opposite spins 

~ sum of single-exchange integrals between electrons in the same 
cycle with the same spin 
JL JiS “ ®f single-exchange integrals. 

Equation (24.28) may now be applied to the evaluation of Haaj in which 
the two cycles are {aJb) and (r/^/)> with a and by and also c and dy having 
opposite spins; since x is 2 and y is also 2, as there are two bonds, it is 
found that 

//aa = I'Ce + + {ci) - 0) 

— \[{ab) -f- {cd) + {ac) + {bd) + {ad) + {be)]'] 

= i{{ac) + {bd) + {ad) +. {be)} + {ab) + {cd), (24.29) 

in exact agreement with equation (24.27). The same procedure gives for 
Hbb the result 

/fBE = e ” i{{al^) + {cd) + {ad) + {be)] + {ac) + {bd). (24.30) 
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For the determination of //ab it must be remembered that the two bond 
systems A and B are different; if an arbitrary spin a is assigned to a, then ^ 
must have spin /3 in both systems, as shown below. 

A B 

a— if c — d ^ ^ ^ ^ 

OL ^ Ct ^ 

In this case there is now no complete cycle, for c must have spin ^ (to give 
the bond a — c in B) and d must have spin a. (to form the bond b d)\ the 
complete spin assignment is thus 

A B 

a — b c — d a — c h — d 

<x ^ & a a ^ ^ a 

There is consequently one cycle only, represented by {adjbc), and application 
of equation (24.28) gives 

i/AB = I [!? + § I {‘lb) + + {bd) + {cd) - {ad) - {be) } 

— ^{(^b) + (ac) -f- (bd) + (cd) + (ad) + (bc)]~] 

— ilQ -|- (ac) + (bd) H" (cd)\ — (ad) — (be), (24.31) 

There remains now, finally, the evaluation of the A’s, the matrix com- 
ponents of unity; these are given by expressions analogous to those for //aa, 
//ab and //bb, such as equation (24.26), except that the operator is unity. 
In other words, the matrix components //u, /fiiii, etc. are replaced by 
All, Ami, etc., defined, by 

All = 4'1'hdTy Aini = j* etc., (24.32) ' 

the antisymmetric eigenfunctions being real. If the approximation is made 
of taking the eigenfunctions, ^i, ^ii, etc., to be normalized and mutu^ly 
orthogonal, terms such as An, for the matrix component between identical 
eigenfunctions, are unity, while those, such as Ann, between different eigen- 
functions, are zero. It follows, therefore, utilizing equation (24.26), that 

Aaa = i(An + Aiinii + Aiviv + Ayv) 

= J(1 + 1 + 1 + 1) = 1. (24.33) 

It can be readily seen that, in general, the value of A,,- is equal to the coeffi- 
cient of Q in the corresponding expression for Hij; hence, from equation 

(24.30), Abb = 1> and from (24.31) Aab = h* 

24g. Evaluation of Energy. — The values for the various H*s and A's may 
now be inserted into the secular equation (24.9), and the resulting quadratic 
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equation solved for E\ it is then found that 


£ = 0 ± + {cd) - {ac) - (bd)]^ 

+ iliac) + ibd) - {be) - {ad)]^ 

+ hlibc) + {ad) - {ab) - {cd)]^yK (24.34) 


Of the two solutions, represented by the plus and minus signs, the one with 
the plus sign represents the lowest energy value, since the coulombic and 
exchange integrals are negative,^ and this should correspond, within the 
accuracy of the variation treatment, to the actual state of the four-electron 
system. 

For certain purposes, it is convenient to replace the exchange (resonance) 
integrals {ab) and {cd) by a\ and a 2 , {ac) and {bd) by and ^ 2 , and {be) 
and {ad) by 71 and 72 ; respectively. The symbols a and ^ as used here 
have, of course, no connection with the spin eigenfunctions. Equation 
(24.34) then becomes 


£ = e + CM(«i + a*) - (^1 + ^2))^ + im + M - (71 + top 

+ j{(7i 4- 72 ) - (“1 + «2)i^j^s 


(24.35) 


and if a is written for ai + ai, P for pi + P 2 and 7 for 71 + 72 , 


it is seen that 


E = Q + CM(« - + 03 - yy + {y- (24.36) 

The result obtained in this manner can be readily adapted to a system 
of three electrons, i.e., with three orbitals, such as a, b and f. The energy 
can be obtained from equation (24.34) by omitting all reference to d; thus, 

E^Q + Li{{ab) - {ac)y + i{{ac) - {bc)^ + i{{bc) - {ab)]^Ji^ (24.37) 

= Q + CM(« " /3)2 + (^ - 7 )^ + (7 - (24-38) 

in which a, P and 7 have been used for the exchange integrals {ab)y {ac) 
and {bc)y respectively. It will be observed that equations (24.36) and 

(24.38) are of exactly the same form. 

For systems involving more than four electrons, the procedure adopted 
in calculating the energy, using antisymmetric electron eigenfunctions and 
bond eigenfunctions, is exactly similar to that described above. The same 
general rules are used to derive the canonical set of structures, the various 
eigenfunctions and the matrix components. The secular equation will, of 
course, be of the same order as the number of canonical structures. Some 
illustrations will be given in Section 26 in connection with the solution of 
the benzene and other problems. It may be remarked that if a system 
contains an odd number of electrons, it is treated as one with the next higher 
even number, and then the additional electron is assumed to be moved to 
infinity, so that all terms containing reference to it are ignored. 

”This is because the corresponding forces are attractive at all reasonable internuclcar 
distances (cf. Fig. 9). 
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24h. Determination of Resonance Knergy. The energy of the four- 
electron system as given by equation (24.36) takes into account the fact that 
there are two independent ways, represented by the structures A and B, 
of joining the electrons in pairs. In other words, it includes the contribution 
of the energy due to resonance among the two structures. The magnitude 
of this contribution can be estimated by calculating the energy for a single 
structure A or B, and comparing it with the value given by equation (24.36). 
For the structure A, for example, the energy Ea can be determined by []cf, 
equation ( 21 . 1 )J 



/ 




/ 




Haa 

Aaa 


(24.39) 


Introducing the values of Haa and Aaa given by equations (24.29) and 
(24.33), it follows that 

Ea = Q + {aE) -f {cd) — | { (ac) + + (ad) + (be) j 

= <3 + + ^2 — -b 7i + 72 ) 

= 0 + a - + 7). (2^-40) 

In exactly the same manner it can be shown that if the structure B had been 
the only one, the energy £b would be given by 

£b = (3 + (<ic) + (bd) — 5 ( (ab) + (cd) + (ad) + (be ) } 

= & + /3 — Ka + 7 )- (24.41) 


The resonance energy is equal to £ — £a> as given by equations (24.36) and 

(24.40) in the first case, and to £ — £b, given by equations (24.36) and 

(24.41) in the second case. Attention may be called to the fact that in 
equation (24.40), a, which is equal to (ab) + (ed)^ represents the sum of the 
exchange integrals between bonded pairs of electrons, while (/3 + 7 ), equal 
to (ac) + (bd) + (ad) + (be)^ is the sum of the exchange integrals between 
nonbonded pairs. The terms ^ and (a H- 7 ) have, respectively, the same 
significance in equation (24.41). It follows, therefore, that wh^n resonance 
among different structures is ignored or is absent, it is possible to write 

£ - ? + E /ii - J E Jii. 

where and /,y have the same significance as in the identical equation 
(19.10). The use of this expression to derive the energy of the water mole- 
cule in Section 22 is thus justified by the fact that there is only one reasonable 
way of coupling the electrons in the molecule of water, and consequently 
the question of resonance does not arise. 
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Systems of Several Electrons: Applications 

25. Activation Energy of Chemical Reaction.^® — An interesting applica- 
tion of the quantum mechanical treatment of systems involving several 
electrons is to the calculation of the energy of activation, of a chemical 
reaction; this is the energy, in excess of the normal value, which must be 
acquired by reacting substances before they can undergo chemical change. 
Consider the reaction 

WX + YZ = WY + XZ, 

A 

in which the pairs of atoms W and X in WX, Y and Z in YZ, W and Y 
in WY, and X and Z in XZ are each joined by a two-electron bond. The 
reaction can, therefore, be regarded as a rearrangement of electron pairs, as 
may be seen by writing it in the form 

W— X W X 

Y— Z Y Z. 

The coupling of the electrons in the initial state is similar to the arrangement 
A on page 117, while in the final state it is similar to B. It must be re- 
membered, however, that in the reactants the distances between W and Y, 
and X and Z, are large, while those between W and X, and Y and Z are 
small; in the products, the reverse will be the case. The problem is, there- 
fore, to evaluate the energy of the four-electron system as the configuration 
changes from that represented by WX + YZ to that implied by WY + XZ. 
From these changes information can be obtained concerning the activation 
energy of the reaction. 

In principle, the method of solving this problem is to utilize equation 
(24.38), for the four-electron system, and to evaluate the coulombic and 
exchange integrals, using suitable eigenfunctions, for various internuclear 
distances. The situation is similar to that involved in the Heitler-London 
treatment of the hydrogen molecule (Section 15), except that it is now much 
more complicated. It is, in fact, so complex that a solution along these 
lines is almost out of the question, and an alternative, approximate, method 
has been proposed. Since it makes use of experimental data, in addition to 
the results of quantum mechanics, it is generally referred to as the semi- 
empirical method for calculating activation energies. 

Suppose that in the four-electron system treated in Section 24, two of 
the electrons, e.g., c and dy were removed to an infinite distance from each 
other and from a and b. All terms involving c and d in equation (24.34) 
would then disappear, and the expression for the energy of the system would 
reduce to 

£a6 = + {ab). (25.1) 

“ Eyring and Polanyi, Z. phys, Chem.y B12, 279 (1931); Eyring, ]. Am. Chem. Soc.^ S3, 2537 
(1931); for further details and applications, see Glasstone, Laidlcr and Eyring, “The Theory of 
Rate Processes.” 
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Xhe coulomtic energy represents the interaction between the electrons & and 
b o ’**y, and this may be represented by the symbol A\\ similarly the exchange 
integral (ah') may be replaced by ai, so that 

£□6 = A\ 4“ ai. (25.2) 

An analogous expression Ecd — A^ a .2 can be obtained for the energy of 
the electrons c and dy with a and b at infinity, and similar equations can be 
derived for the other four possible ways of pairing the electrons, as shown in 
Fig. 18. The quantities A\y A^y £i, £ 2 , Ci and C% are the coulombic ener- 
gies for the various electron pairs, and 
«i, ct 2 y /9i, ^ 2 y 7 i and 72 , which have 
the same significance as in equation 

(24.35) , are the corresponding exchange 
(resonance) energies. The coulombic 
(classical) energy is additive in char- 
acter, and hence Q for the four-electron 
system, as it appears in equations 

(24.35) and (24.36), is equal to the sum 
of the six coulombic energies for the 
separate electrons pairs. 

If the two electrons taking part in 
any pair, e.g., a and by are both \s 
electrons, it is evident that the equation (25.2) for the energy will be analo- 
gous to that which appears in the hydrogen molecule problem, equation 
(15.14). The approximation is made, therefore, of taking the ratio of the 
coulombic energy Ai to the total energy A\-\- a.\y as being equal to the same 
ratio in molecular hydrogen. According to the calculations of Sugiura, de- 
picted graphically in Fig. 9, the coulombic energy is from 10 to 15 per cent 
of the binding energy of the hydrogen molecule, depending on the inter- 
nuclear distance, provided the latter is not too small. It is supposed, there- 
fore, as the basis of the semi-empirical calculation, that the coulombic energy 
is always a constant fraction, e.g., 15 per cent, of the total binding energy, 
irrespective of the internuclear distance and of the nature of the atoms con- 
cerned. The proportion of coulombic energy mentioned above is applicable, 
presumably, only if Is electrons are involved; it appears from certain calcula- 
tions that the proportion increases as the principal quantum number of the 
s electrons increases. 

Now that a method is available of dividing the total energy into its 
constituent parts, the next problem is the determination of this energy for 
various internuclear distances. For this purpose use is made of spectro- 
scopic data and the Morse equation (see Section 32b); this equation expresses 
the binding energy of a diatomic molecule as a function of the internuclear 
distance, and so it can be employed to calculate the separate coulombic and 
exchange energies. In the case of the reaction WX + YZ = WY + XZ, it 
would be necessary to have the Morse functions for six diatomic molecules, 



Fig. 18. Four electron problem 
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viz., WX, YZ, WY, XZ, WZ and XY, and if these were available it would 
be possible to derive the separate quantities A\y Aiy Aiy A% and the 
sum of which is equal to 0, and ai, aj, aj, 04 , ctb and a«, for any desired 
interatomic distances. With these data, the corresponding energies of the 
four-electron system could then be readily determined from equation (24.35). 
In this way, the nature of the energy path from the initial to the final state 
could be traced, and the energy of the intermediate or activated state could 
be determined. 

Because of the large number of independent internuclear distances in- 
volved in the reaction between four atoms, the results are not easy to in- 
terpret, but the general nature of the procedure may be readily understood 
in the case of the reaction 

X + YZ = XY + Z 

involving three atoms, each supposed to possess a Is electron available for 
bond formation. By means of three Morse equations, for the diatomic 
molecules XY, YZ and XZ, and the assumption made above concerning the 
proportion of coulombic energy, it is possible to derive all the information 
necessary for the evaluation of the energy of the three-electron system by 
means of equation (24.38). This energy is calculated as a function of the 
two internuclear distances Y — Z and X — Y; in the initial state Y Z is 
small while X — Y is large, but in the final state the reverse is the case. The 
calculations are simplified by assuming a linear configuration of the atoms 
X, Y and Z, since it can be shown that this arrangement is the one requiring 
a minimum of energy. The results are 
then plotted in the form of a contour 
diagram, with the X — Y distances as 
abscissae and the Y — Z distances as or- 
dinates, the various contour lines passing 
through points of equal energy. The | 
potential energy surface obtained in this J 
manner is found to consist of two valleys, 
each parallel to one of the axes, sepa- 
rated by a pass shaped somewhat like a 
saddle. It appears from the nature of 
this surface that as the atom X is brought 
up to the molecule YZ, by the most favor- 
able reaction path, along the bottom of 
one of the valleys, the potential energy 
of the system increases at first slowly and Fio. 19. Potential energy surface 
then more rapidly until a maximum is 

reached at the top of the energy pass. The system can then continue down 
the bottom of the other valley, leading finally to the products XY and Z. 
(Fig. 19). The energy difference between the highest point of the path, i.e., 
the top of the pass, which gives the position of the activated state, and the 
level representing the reactants, is virtually equivalent to the energy of 
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activation of the reaction. Activation energies have been calculated in this 
manner for a number of reactions; on the whole the results are in fairly 

satisfactory agreement with experiment. 

The question of activation energies may be considered in another, more 
approximate, manner. Taking the potential energy of an atom as zero, the 
energy of the reactant system X + YZ, with X at a large distance from YZ, 
is given by an equation similar to (25.1), i.e., Q a. As X is brought up 
nearer to YZ, the potential energy of the system increases, and when the 
activated state is reached the three atoms are close together. If the possi- 
bility of resonance is ignored, the energy would now be given by an expres- 
sion identical with equation (24.40); since ^ and y are negative, this energy 
is greater than that in the original state. The energy difference, equal to 

is approximately equivalent to the activation energy; (S and y 
are the resonance energies for XY and XZ, and the values depend on the 
distances between the nuclei in the activated state. The simple treatment 
outlined in this paragraph differs from the more detailed calculations de- 
scribed above, because the latter takes into account the resonance which 
occurs in the activated state when the three (or four) atoms are close to- 
gether. The energy of activation is thus less than would have been the case 
had there been no resonance. 

26a. The Benzene Problem.^® — It was seen in Section 20f that in benzene 
each carbon atom may be supposed to have three trigonal orbitals, lying in 
the plane of the benzene ring, while a fourth, pure 2/>, orbital projects at 
right angles to this plane. The energy of the electrons occupying the trigonal 
orbitals and their interaction with the electrons in the ^-orbitals may be 
neglected. In any event, these quantities appear to the same extent in all 
the structures of the benzene molecule considered below, and their inclusion 
leads merely to a change in the arbitrary zero of energy. The purpose of 
the following calculations is primarily to calculate the resonance energy in 
benzene, and this involves a difference between two energy terms; the posi- 
tion of the arbitrary zero will thus not affect the results. It will be adequate, 
therefore, to consider only the different modes of interaction in pairs of the 
electrons forming the pure Ip orbitals, or, in other words, the different 
possible TTTT bonds. Five independent interactions, or groups of tttt bonds, 
based on the concept of localized pairs, are possible and these represent the 
canonical set of structures, as shown below. (The configurations C, D and 
E, involving electronic interactions over unusually large distances, e.g., the 


a a ^ a « 



A B C D E 


Pauling and Whcland, /. Chem, Phys.y 1, 362 ( 193 ?); see also, Sherman, ihid.y 2, 488 ( 1934 ); 
Wheland, ibid., 3, 230 ( 1935 ); Huckel, Z. Physik, 70, 204 ( 1931 ). 
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para-para bond, are sometimes referred to as excited structures^ All other 
interactions can be shown to be represented by a linear combination of the 
five canonical structures. If the single (w) bonds between the carbon 
atoms are included, these five structures of benzene are as follows: 



The first two of these are seen to be identical with the two Kekule structures. 

The eigenfunction for the six p electron system of benzene may be repre- 
sented as a linear combination of the wave functions of the five canonical 
structures; thus, 

^ = arpA. + P\pB + ope “b dpa + e\pE (26.1) 


[see equation (17.7)]. It will be seen later that the coefficients a and P are 
equal, and so also are r, d and e; this is to be expected, since the structures 
A and B are equivalent, on the one hand, and C, D and E are equivalent, 
on the other hand. In any event, taking the most general case as repre- 
sented by equation (26.1), the variation theorem may be applied to evaluate 
the energy of the benzene system, which may be regarded as resonating 
among the five structures, and also to determine the coefficients a, f, 
d and e. 

In setting up the secular equation for the benzene problem, the same 
essential approximations are made as in the treatment of the four-electron 
problem in Section 24. The antisymmetrical eigenfunctions are taken to 
be normalized and mutually orthogonal, and all exchange (resonance) 
integrals involving more than one interchange of a pair of electrons are set 
equal to zero. Further, the problem is greatly simplified, without causing 
serious error, by neglecting all exchange integrals other than those involving 
an interchange of electrons on adjacent atoms. The secular equation for 

the problem is 


HKK — ^kkE 

Aba£ 

Hck — ^ckE 
Hok— ^DkE 

^EA — Aea^ 


2 /ab— Aab^ 
/7bb”Abb£ 
i/cB— A cb£ 
/7 db— Adb-E 
7fEB““ Aeb£ 


HkC~^kcE 

/7 bc“ Abc-^ 

Hcc~~^ccE 

Adc-E 


Hkd ~ Aad£ 
//bd“ Abd£ 
i/cD“AcD£ 
//dd ~ Add^ 
/7ed“Aed-^ 


i/AE“AAE^ 

/7be” Abe£ 
i/cE— A ce£ 
//de“ Ade£ 
//ee“Aee£ 



( 26 . 2 ) 


and by utilizing the method of cycles described in Section 24f, it can be 
readily shown that this equation becomes 


(<3-£)+f« 

i((3-£)+fa 

m-E)+%ci 

|(e-£)+§a 

UQ-E)+l<x 


i((2-£)+fa 

((3-£)+§a 

KQ-£)+f“ 

\{Q-E)+icc 

|(Q— £)+|a 


\{Q-E)+la 

l«2-£)+fa 

{Q-E) 

i«3-£)+f“ 

J(Q-£)+§a 

=0, 


m-Ma 

l(e-£)+fa 

{Q-E) 



J«2-£)+f« 

K<2-£)+§“ 


KQ-£)+f“ 

{Q-E) 

(26.3) 
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where Q is the coulombic energy, and a is used to represent the single ex- 
change integrals between adjacent atoms, viz., {ab)y (bc)^ {cd)y {de) and {ej)y 
which are all equal in magnitude. The determinant (26.3) can be reduced 
to three linear factors 

((?-£)- 2a = 0, (iJ - £) - 2a = 0 

and Q — E = Oy (26.4) 

and the quadratic factor 

{Q - EY - 2{Q - E)a - 12a2 = 0, (26.5) 

for which the solutions for Q — E are 2a, 2a, 0, (1 — Vl3)« 0- + Vl3)«* 

Since the exchange integral a has a negative Value (cf. Section 24g), the 
solution (1 — Vl3)“ represents the state with the lowest energy; thus 

Q-E^ (I- ^^U)ay 

= e + (Vl3 - 1)« 

= Q + 2.6055a. (26.6) 

If the possibility of resonance among the five structures had not been 
taken into consideration, and the benzene molecule had been regarded as 
consisting of a single Kekule form only, the secular equation would then have 
had the simple form 

//aa - £' = 0, (26.7) 

where £' is the energy of the Kekule structure. Introducing the value of 
//aa, which is the same as in equation (26.3), it follows that 

(? -h = 0, 

E' = Q + 1.5a. (26.8) 

The additional energy resulting from resonance between the five independent 
canonical structures is equal to £ — as given by equations (26.6) and 
(26.8), and this is equal to 1.1055a. It will be seen later that this amounts 
to about 36 kcal. per mole, and so resonance makes an important contribu- 
tion to the stability of the benzene molecule. 

It may be noted that the result given in equation (26.8) for a single 
Kekule structure, without the effect of resonance, can also be obtained 
directly from equation (19.10), viz., 

£' = !?+ E Jii - h E U (26.9) 

i a 

Considering only the tt-jt bonds, and neglecting all exchange integrals involv- 
ing nonadjacent atoms, it is evident that ^ Ja for bonded atoms is 3a, and 
E Jii (or nonbonded atoms is also 3a; hence, 

£' = (? + l.Sa, 


as before. 
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It is of interest to calculate the value of the energy E" of the benzene 
system if resonance occurred only between the two Kekule structures A 
and B; the secular equation for this case is 


(!? - £") + \{Q - FO + fa 

\{Q - E") -b fa {Q- £") + fa 


(26.10) 


and hence the lowest energy is found to be given by 


£" = + 2.4a. 


(26.11) 


The resonance energy for the two Kekule structures is thus — E'y i.e., 
0.9a, compared with the total resonance energy of l.OSSa. The two Kekule 
forms A and B thus contribute about 85 per cent of the energy due to reso- 
nance, while 15 per cent is contributed by the three excited structures C, 
D and £. 

Evaluation of the coefficients <?, by Cy d and e in equation (26.1), by the 
usual variation method procedure described in Section 14c, shows that a 
and b are equal, and if these are taken as unity, the coefficients c, d and e 

are each 0.4341; so that 


^ = (V'A + ^b) + 0.4341(^c + + ^e)* (26.12) 

The probability of any structure is proportional to the square of its coefficient 
in the complete eigenfunction hence the total probability of the two Kekule 
structures A and B is given by 

2X1^ ^ 

(2 X 1») + |3 X (0.4341)*) 


The probability of the electronic configuration of the benzene molecule being 
that of one or other of the two Kekule structures is thus 0.78, compared with 
0.22 for the three excited structures. 

If it had been assumed originally that the coefficients a and b were the 
same, and that c, d and e were also equal, the fifth order determinant repre- 
senting the secular equation (26.3), could have been reduced to one of the 
second order, viz.. 


f(0 - E) + 6a 3(0 - E) + 9a 
3(0-E)+9a |(0-E)+9a 

The lowest of the two solutions is 

£ = & + (Vl3 “ 

in agreement with the result given by equation (26.6). 


(26.13) 
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26b. Molecular Orbital Treatment of Benzene.*® — As in the localized 

pair method in the preceding section, the benzene problem considered by 
the method of molecular orbitals involves six Ip wave functions, one for 
each of the carbon atoms. Each electron is regarded as moving in the field 
produced by the nuclei and all the electrons other than itself. The eigen- 
function (molecular orbital) for a single electron in the benzene system can 
then be represented by a linear combination of the wave functions ^i, ^ 2 , 
4'-iy ^ 4 > ^5 ^6, of the six separated electrons. Assuming the latter orbitals 

to be normalized and orthogonal to each other, the secular equation for the 


system becomes 






Hi,-E 

H,2 

i/l3 

i/l4 


i/l6 


Hn 

Hzi-E 

Hz, 

Hz, 

//» 

i/26 


Hn 

Hzz 

H3,-E 

i/34 

H,, 

Hz^ 


Hu 


Haz 

H„-E 

Hu 

i/46 


H 51 


i/53 

Hu 

Hu-E 

i/66 

Hsi 

i/62 

i/63 

Hu 

Hu 

Hu-E 


= 0, (26.14) 


where E is now the energy of a single electron in the potential field of the 
remainder of the molecule. Since the electrons are all equivalent, it is 
evident that the coulombic integrals //n, H 22 , //ss, Hu, and Hee will 
all be equal, and their value may be represented by q; thus 


Hii = J = 


(26. IS) 


The suffix i refers to any one of the six electrons, and hence may have the 
value 1, 2, 3, 4, 5 or 6. The Hamiltonian operator H is the one appropriate 
to the field in which each electron moves. The resonance integrals involving 
exchange of electrons between adjacent carbon atoms are Hiz, H%i, 
Hihy and and the corresponding matrix components lying on the 
other side of the diagonal are Hzi, Hz 2 y H^zy Huy ^66 and /fie. These are 
all equal and may be represented by /3; thus 




(26.16) 



where j is equal to / d= 1. All the other exchange integrals, involving the 
eigenfunctions of electrons on nonadjacent atoms, are assumed to be zero. 
The secular equation (26.14) thus reduces to 



(26.17) 


Wheland, J. Chem. Phys., 2, 474 (1934); see also, Huckel, Z. Physik, 72, 310 (1931); 76, 
628 (1932). > 
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The general solution of an equation of this type, which will, incidentally, 
represent the secular equation for the molecular orbital treatment of any 
system involving more than two equivalent electrons, is given by 

q — E — — 2)3 cos —J - , (26.18) 

where n is number of rows (or columns) in the determinant, i.e., the number 
of electrons in the system, and j will have a series of values 1, 2, 3, • • •, 
for the n solutions. In the present case n is 6, and it can be readily shown, 
since the exchange integral ^ is negative, that the three lowest roots are 

E ~ q 

E = q + ^ 

and 

E = q-\~^. (26.19) 

The eigenfunctions corresponding to these three lowest eigenvalues can each 
have two electrons of opposite spin assigned to them; this is merely a conse- 
quence of the Pauli principle and does not mean to imply localized pairs. 
The total energy of the six 2p electrons in benzene is thus taken as twice the 
sum of the three lowest roots, that is, 6q -|- 8)3, If the benzene molecule 
had consisted of a single Kekule structure, so that each 2p electron could be 
regarded as associated with only one adjacent 2p electron, the molecular 
orbital for a single electron would be a linear combination of two wave func- 
tions, e.g., ^1 and ^ 2 , ^3 and ^ 4 , or V's and The energy of a single electron 
may then be obtained by the solution of any one of three secular equations 
of the type 


7 ~ ^ =0 

/5 7 - £ ’ 

(26.20) 

the lowest root of which gives 


Z = ^ + )3. 

(26.21) 


The total energy of the system of six electrons would then be Sq + 6)3, and 
hence the resonance energy for the benzene molecule would be eq\ial to 2)3. 

26c. Comparison of Localized Pair and Molecular Orbital Treatments. — 
It will be observed that according to the method of electron pairs the reso- 
nance energy of the benzene molecule is 1.106a, whereas the molecular 
orbital treatment gives 2)3 for the same quantity. Although both a and )3 
have been referred to as “exchange” or “resonance” integrals, it is important 
to remember that they have quite different meanings. The integral a is 
the matrix component of the Hamiltonian operator between two antisym- 
metric (determinantal) eigenfunctions for the whole system, while in )3 the 
eigenfunctions are the atomic orbitals for single electrons. The integral a 
involves the exchange of two electrons between the orbitals on two atoms, 
and hence is similar to the resonance energy in the hydrogen molecule; )3, 
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on the other hand, is the integral for exchange of one electron between two 
orbitals, as in the hydrogen molecule-ion. The ratio of the bond energies in 
H2 and H2 is about 0.59, and since these energies are largely due to resonance, 
it is to be expected that the /3/a will have about the same value. From the 
results obtained with benzene i’ s ratio is seen to be 1.106/2, i.e., 0.553, 

A further comparison of the localized pair and molecular orbit^ methods 
may be made by calculating the resonance energies in terms of a and /3, 
respectively, in other cases. A. the number of 'Ip electrons in the molecule 
increases, the number of canonic'al structures increases rapidly. For ex- 
ample, with naphthalene there are 42 independent structures possible, repre- 
senting different ways of pairing the ten Ip electrons. A complete solution 
of the problem by the method of localized valence bonds would thus require 
the solving of a secular equation of the 42nd order. Special methods have 
been devised, however, which simplify the calculations. In the molecular 
orbital treatment the naphthalene problem can be solved much more readily; 
the general equation (26.18) is employed, with n equal to 10, and the five 
lowest energy values are found. 

The resonance energies derived by the two methods, in terms of the 
exchange integrals, a and are recorded in Table VI for a number of com- 


TABLE n. CALCULATED RESONANCE ENERGIES 



, Electron Pair 

Molecular Orbital 

£ 

Compound 

Method 

Method 

a. 

Cyclobutadiene 

1.000a 

0 

00 

Benzene 

1.106a 

2.00/5 

0.553 

Cyclooctatetrene 

1.290a 

1.66/5 

0.777 

Biphenyl 

2.37a 

4.38^ 

0.541 

Naphthalene 

2.04a 

3.68/5 

O.SSS 

Styrene 

1.31a 

2.42^ 

0.541 

Stilbene 

2.59a 

4.88^ 

0.531 

Butadiene 

0.232a 

0.47^ 

0.494 


pounds. The ratio of /3/a in the last column is calculated on the assumption 
that the resonance energies obtained by the two methods are equal. It is 
apparent that, in general, the value of /3/a is approximately constant; in fact, 
for all the stable molecules studied, with the exception of cyclobutadiene 
and cyclooctatetrene, /3/a was found to lie between 0,477 and 0,555. The 
two methods of studying resonance, that is, by the localized pair and molecu- 
lar orbital treatments, thus lead to approximately the same results in most 
instances. Where there is a difference, particularly in the case of cyclo- 
butadiene, it is difficult to decide which treatment is the more reliable- 
According to the electron pair method, the resonance energy in cyclo- 
butadiene should be almost the same as in benzene; the two rings, C4H4 
and CeHfl, would thus be expected to have somewhat similar stabilities. 
As IS well known, however, the benzene ring is highly stable, whereas the 
C4H4 ring does not exist; this is in better agreement with the molecular 
orbital method which indicates that there is no resonance energy involved 
in cyclobutadiene. The experimental facts would imply that the molecular 
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orbital treatment was superior in this case. It has been pointed out, how- 
ever, that the stability of ring compounds of the type (CH)n is not deter- 
mined merely by interaction of the Ip electrons; an important factor is also 
the binding energy of the three other electrons of each carbon atom.®^ By 
making the appropriate allowance for the latter, it is found that benzene 
should be the most stable ring structure of the type under consideration, 
with cyclooctatetrene as next. The instability of the cyclobutadiene ring 
is presumably due to the considerable strain involved in a structure with 
carbon bond angles of 90®. It is thus possible that in certain cases the 
molecular orbital method may give apparently better results than the 
localized electron-pair treatment because of the fortuitous cancellation of 
errors. However, it must be admitted that the former procedure is generally 
very much simpler and can be used when the latter method is too complicated 
to be carried through to a complete solution. 

It must be borne in mind that some variation in the ratio /3/a is not al- 
together unexpected. An examination of the significance of these integrals 
shows that there is no reason why a or /3 should be the same for different 
compounds. Variations in the correct eigenfunctions and in the energy 
operators will account for differences in the exchange integrals. This may 
possibly account for some, although not for all, of the observed discrepancies 
between the two methods of calculating resonance energies. 

26d. Experimental Determination of Resonance Energies.®® — Since the 
direct evaluation of the integrals a and j8 presents great difficulties, empirical 
methods have been used to obtain some indication of their magnitudes. It 
has been found that when a molecule has a single valence-bond structure, 
that is to say, when there is no possibility of resonance between different 
electronic configurations, the heat of formation of the compound can be 
obtained with a fair degree of accuracy by summation of the known energies 
of the constituent bonds. On the other hand, in every case where there is 
reason for believing that resonance occurs, the experimental heat of forma- 
tion of the molecule is greater than the value calculated from the bond ener- 
gies. This additional energy whereby the molecule is stabilized is taken as 
equal to the resonance energy. Consider, for example, the molecule of 
benzene; the actual heat of formation from its constituent atoms is 1039 kcal, 
per mole, but the sum of the bond energies is only 1000 kcal. The resonance 
energy of the benzene molecule is thus about 39 kcal. per mole. This figure 
cannot be regarded as highly accurate because of the uncertainties in the 
bond energies, but a more reliable estimate can be made in another manner. 
The heat of hydrogenation of the one double bond in cyclohexene, in 
which molecule there is no resonance, is 28.59 kcal.; hence for three double 
bonds, as in benzene, the heat of hydrogenation to cyclohexane should be 
3 X 28.59 = 85.77 kcal. The experimental value is 49.80 kcal., and hence 
the difference, equal to 35.97 kcal., is the additional energy possessed by a 
mole of benzene as a result of resonance. 

” Penney, Proc. Roy, Soe., A, 146, 223 (1934). 

* Pauling and Sherman, J, Chem, Phys., 1, 679 (1933); Pauling, ref. 11. 
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According to the results obtained previously, the resonance energy in 
L'.nzene should be 1.106a, and so the exchange integral oc has a value in the 
rej 'ion of 34 kcal, per mole. Almost identical results have been derived from 
data on the heats of formation of naphthalene, anthracene and phenanthrene. 
In an exactly similar manner, the resonance integral /3 is found to be equal 
to 20 kcal. per mole. It may be observed that the value of the exchange 
integrals in molecular hydrogen and in the hydrogen molecule-ion, which 
should be analogous to a and /3, are about 85 kcal. and 60 kcal., respectively. 
These results serve to show that the values of a and ^ may well vary with 
the nature of the compounds. Their apparent constancy mentioned above 
probably arises from the fact that the results were obtained from compounds 
related to each other. 

26e. Free Radicals.^^ — A successful explanation of the stability of free 
radicals has been made on the basis of the postulate that the free valence 
resonates between several atoms in the radical. Consider the simple case 
of the phenylmethyl radical C«H 6 CH 2 *; five unexcited structures are 
possible, viz., 



the dot representing the position of the odd electron in each case. A number 
of excited structures can also exist, but as such structures generally make a 
small contribution to the resonance energy, they can be neglected in order 
to simplify solution of the problem. For the purpose of calculating the 
resonance energy the system may be treated as one involving the interaction 
of seven 2p electrons, one from each of the six carbon atoms in the ring, with 
the odd electron making the seventh. The fifth order secular equation can 
then be derived by the method of localized pairs using the procedure de- 
scribed in Section 24, with the modification necessary for an odd number of 
electrons. To simplify the solution of this equation, application is made of 
the fact that the structures A and B are equivalent, and so also are C and E; 
although D is different from C and E it may be assumed to be equivalent to 
them without serious error. The eigenfunction for the system then becomes 


V' — «(^A + ^b) + r(^c + V'D + ^e). 


( 26 . 22 ) 


and the fifth order secular equation reduces to a quadratic, as in the analo- 

At-, Whel^ J. Cfum, Phys,, I, 362 (1934); 2. 482 (1935); Huckcl, Z. PAysik, 83, 

632 (J933); Tmw. Parody Sot., 30, 40 (1934). / > 
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gous case of the benzene molecule [equation (26.13)3- The equation is now 


- £) 4* -Va i(Q- E)+V<^ 

i(Q -E)+^ ^(Q- E)^ 10a 



(26.23) 


and the lowest solution is 


£ = 0 4* 2.409a. (26.24) 

If resonance occurred between the two Kekule structures A and B only, the 
secular equation would be 


and then 


(Q - £') + a 
\Iq — E') + 


HQ - £') + 

(Q - £') + a 



£' = 5 4- 1.9a. 


(26.25) 

(26.26) 


The resonance energy resulting from the three structures C, D and E, which 
are characteristic of the free radical, is thus £ — £' which is equal to 0.S09a} 
this has been called the free radical resonance energy. 

Since the resonance integral a is about 34 kcal. in benzene derivatives, 
the stabilization energy of the phenylmethyl radical resulting from resonance 
between the three structures C, D and E is thus approximately 18 kcal. per 
mole. The energy required to break a C — C bond is normally about 70 kcal., 
and hence the heat of dissociation of sym.-diphenylethane is 70 kcal. minus 
the resonance energy of the two resulting free phenylmethyl radicals; the 
value of the dissociation energy should then be about 34 kcal. per mole. 
The tendency for diphenylethane to dissociate into two free radicals is thus 
not very great. On the other hand, calculations carried out in the manner 
described above show that the free radical resonance energy in triphenyl- 
methyl is 1.108a, which is about 38 kcal. In this radical there are nine 
positions, three in each phenyl group, between which the odd electron can 
resonate; the stabilization energy is thus considerably greater than in the 
phenylmethyl radical. The resonance energy for two triphenylmethyl rad- 


TABLE VII. STABILITIES AKD EESOHANCE ENERGIES IK FREE RADICALS 


Free Radical 

Phenylmethyl 

Biphenylmethyl 

^Naphthylmethyl 

a.N aphthy Imethyl 

Diphenylmethyl 

Triphenylmethyl 


Resonance Energy 

0.509a 

0.556a 

0.631a 

0.751a 

0.841a 

l.lOSa 


icals is thus 76 kcal., which is of the order of magnitude of the energy of 
dissociation of a C — C bond. It follows, therefore, that hexaphenylethane 
should dissociate readily into free radicals, in agreement with experiment. 

The magnitude of the resonance energy of a free radical may be taken 
as a measure of its stability; there should thus be a parallelism between these 
two properties. In Table VII arc givra the resonance energies of a number 
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of free radicals calculated by the electron pair method; the order is that of 
increasing stability, as derived from other sources. The resonance energy 
is seen to increase with increasing stability of the free radical. 

It may be mentioned that calculations of the resonance energy of free 
radicals have also been made by the molecular orbital procedure in the 
manner already described. The agreement between the results obtained by 
the two methods is generally satisfactory, although the ratio is found 
to vary from 0.587 to 0.927. 


CHAPTER IV 

MOLECULAR SPECTRA: DIATOMIC MOLECULES* 

Band Spectra 

27a. Types of Band Spectra. — The spectra of gaseous molecules appear 
as bands which are observed in three more or less distinct regions of the 
spectrum; these regions are (i) the ultra-violet or visible, (ii).the near (short 
wave length) infra-red, and (iii) the far (long wave length) infra-red. Al- 
though in many cases the bands have been resolved into a large number of 
closely spaced lines, and in other cases the resolution may be inferred, mo- 
lecular spectra are still frequently referred to as band spectra to distinguish 
them from atomic spectra, i.e., line spectra. In order to account for the 
three types of band spectra and for their fine structure, it is postulated that 
the internal energy of a molecule, that is, energy other than translational, 
is essentially of three kinds, namely electronic, vibrational and rotational. 
Each of these forms of energy is quantized, so that certain eigenvalues only 
are possible; in other words, the molecules may be regarded as possessing 
certain discrete energy states. As a first approximation, the three forms of 
internal energy may be treated as independent, so that the states of any 
one form of energy do not depend on the values of the other energies. When 
a transition occurs from any energy state of a molecule to another state, as 
a result of the absorption or emission of energy, the spectrum of that mole- 
cule will exhibit a spectral line of frequency, in sec.~*, equal to the energy 
change El — R" divided by the Planck constant A. It is the general prac- 
tice in spectroscopic work to express frequencies (i^) in wave numbers-^ i.e., 
cm.“*, so that 

E' — E'* 

y = — cm.-* (27.1) 

where c is the velocity of light. 

27b. Electronic Spectra. — It is well known that the critical potential of 
an atom, that is the potential which must be applied to an electron in an 
atom to raise it from one principal quantum level to another, or to eject it 
completely, is generally in the region of 5 to 10 volts. It appears from 
various considerations, that a potential of the same order is required to 
change the energy level of an electron in a molecule; the energy difference 
between two electronic states of a molecule is thus about 5 to 10 electron 
volts (e.v.). Assuming, for purposes of calculation, an energy difference of 
5 e.v., which is equivalent to about 8 X 10“*^ erg per molecule, the frequency 

*Hcrzbcrg, “Molecular Spectra and Molecular Structure: Diatomic Molecules’*; Jevons, 

* R^rt on Band Spectra of Diatomic Molecules”; Sponer, “Molekulspcktrch”; Sutherland, 
“Infra-Red and Raman Spectra.” 
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of the radiation accompanying the corresponding electronic transition is 
given by equation (27.1) as 

8 X 10-1* 

^ ^ 6.6 X 10-” X 3 X 10‘» 

— 4 X W cm.-i 

A frequency of 4 X W cm.-* is equivalent to a wave length of 2500 A, and 
so the spectrum accompanying an electronic transition in a molecule, just as 
with an atom, should appear in the ultra-violet or short-wave visible portion 
of the spectrum. The molecular spectra observed in these regions are thus 
due to transitions from one electronic state to another, and are consequently 
referred to as electronic spectra. As will be seen shortly, the structure of the 
electronic bands is to be attributed to vibrational and rotational transitions 
accompanying the change in electronic energy. 

In each electronic state there are a number of possible vibrational states 
corresponding to different values of the vibrational energy of the molecule. 
The energy difference between two successive vibrational levels of the same 
electronic state is of the order of 0.1 e.v. Further, the energy of rotation 
of the molecule about two (for a linear molecule) or three axes is quantized, 
and so it may be supposed that each vibrational level has a set of rotational 
sublevels. The energy difference between two adjacent rotational levels, in 
one and the same vibrational and electronic state, is in the vicinity of 
0.(X)S e.v. 

Suppose a normal molecule, in the ground state, receives sufficient energy 
to bring about a transition to a higher electronic (excited) state; if there were 
no changes in the vibrational and rotational energies accompanying this 
transition, the corresponding electronic spectrum would consist of a single 
line in the ultra-violet or short-wave visible region. In practice, however, 
each electronic change is accompanied by a vibrational energy change, the 
magnitude of which is determined by the vibrational levels in the initial 
(ground) and final (excited) electronic states. The vibrational energy 
quantum is generally about 0.1 e.v., as mentioned above, while the electronic 
change is about 5 e.v., and so it follows that the electronic spectrum of the 
molecule appearing in the region of 2500 A, will consist of a number of lines 
with a spacing of approximately 50 A. Simultaneously with the electronic 
and vibrational energy changes, there will be rotational transitions, and for 
a given electronic and. vibrational change, every rotational transition will 
produce a line in the electronic spectrum. Since rotational quanta are of 
the order of 0.005 e.v., the spacing of these rotational lines will be about 
2.5 A. The set of rotational lines corresponding to a particular vibrational 
transition constitutes a band^ and every different vibrational transition yields 
a band of this type. The whole system of vibrational bands for a particular 
electronic change is called a band ^oup or band system. Each electronic 
transition that occurs under certain conditions of excitation will yield such 
a band system, and the series of systems or groups for the different possible 
electronic changes constitutes the band spectrum of the molecule. 
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It will be evident from the foregoing discussion that electronic spectra 
may be very complex, even if there is only one electronic transition. In 
general, a nonlinear molecule can have 3w — 6 different modes of vibration 
(see Section 34a), where n is the number of atoms in the molecule, and each 
mode will produce a band group. In addition, for a nonlinear molecule, 
there will be rotations about three axes. It is evident, therefore, that in 
spite o^ certain restrictions, the so-called selection rules, the electronic spec- 
trum of a polyatomic molecule will be very complex. It can be readily 
understood why little progress has yet been made in this field of spectroscopy. 
With diatomic molecules, however, the situation is greatly simplified, for 
two reasons; first, such molecules have but one vibrational mode, and, 
second, they have two identical moments of inertia at right angles, while the 
third is zero. Considerable progress has thus been made in the analysis of 
the electronic band spectra of diatomic substances, although relatively little 
work has been done hitherto on polyatomic molecules. 

27c. Infra-Red Spectra. — Even when there is no change of electronic 
energy, there is the possibility of a transition from one vibrational energy 
level to another within the same electronic (ground) state of the molecule. 
As seen above, such a transition would be accompanied by an energy change 
of about 0.1 e.v., or 1.6 X 10-»* erg per molecule. The frequency of the 
radiation corresponding to such an energy change would be 

1.6 X 10-w 

" " 6.6 X 10-” X 3 X 10^“ 

= 8 X 10® cm.”S 

and this would represent a wave length of 125,000 A or 12.5 where the 
symbol represents 1 micron, i.e., 10~* mm. The radiations accompanying 
vibrational changes within the electronic ground state should thus appear 
in the near infra-red portion of the spectrum. The spectral bands found in 
this region may, therefore, be attributed to vibrational transitions in the 

molecule. , .... i. • i 

As is the case with electronic changes, the transition from one vibrational 

state to another within a particular electronic state, e.g., the ground sta^, 
is associated with various possible rotational changes which lead to the 
presence of a number of closely spaced spectral lines. The near infra-red 
spectrum of a molecule thus appears, under low dispersion, as a continuous 
band, but with high resolving power the individual lines, due to the super- 
position of rotational energy changes on a particular vibrational transition, 
can often be distinguished. The vibration^rotation bands that result in this 
manner are generaUy observed in absorption; they are found in the wave 

length region of about 1 to 23 m- . . j t. • 

A diatomic molecule has only one mode of vibration, and so there is one 
vibration-rotation band for each vibrational transition; it will be seen later 
that the number of such transitions is not large, and so the near infra-red 
spectra are relatively simple. With increasing number of atoms m the 
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molecule the complexity increases, because of the large number of vibra- 
tional modes. In spite of the difficulties, considerable success has been 
achieved in the study of vibration-rotation spectra of polyatomic molecules* 
this subject will be treated more fully in the next chapter. 

The theory developed here has so far provided an interpretation of two 
of the three types of moleculear spectra mentioned earlier; there still remains 
the third type, observed in the far infra-red region. These bands, which 
occur at wave lengths of 200 fi or more, are due to transitions involving very 
small energy changes, namely about 0.005 e.v. It seems, therefore, that 
the far infra-red spectra must be attributed to transitions that are purely 
rotational in character, unaccompanied by changes in electronic or vibra- 
tional energy. The bands in the far infra-red are thus called rotation spectra. 
Each possible rotational energy change will produce a line in the rotation 
band, but the number of such lines is limited by the selection rules. The 
rotation spectra thus have the great advantage of simplicity of structure, 
but owing to the enormous experimental difficulties associated with spectro^ 
scopic studies in the far infra-red region, relatively little work has been done 
in this connection. 

27d. Spectral Transition Probabilities. — Before proceeding to a more de- 
tailed discussion of the various types of spectra, it is important to consider 
under what conditions the production of such molecular spectra is possible. 
It can be shown by the methods of quantum mechanics that the probability 
of a transi tion between two energy states, indicated by the letters m and », 
accompanied by the absorption or emission of (dTpole) radiation, is deter- 
mined by the matrix element Pmn; this has components in the a:, y and % 
directions, the one in the x direction being defined by 



where and are the eigenfunctions of the two states (the asterisk, as 
before, representing the complex conjugate); ey is the electric charge and Xi 
the X coordinate of the yth atom in the molecule. The summation of eyvy 
over all the atoms in the molecule gives the component of the electric dipole 
moment in the direction of the x axis, i.e., so that 

■Pmn(x) = ^ ( 27 . 3 ) 

If the probability of a particular transition is not to be zero, then at least 
one of the three components of P„n must differ from zero; if all three vanish, 
the given transition cannot occur, and there will consequently be no cor- 
responding line in the spectrum. 

Apart from any other considerations, there is one particular condition 
under which the integral giving the component of the matrix element van- 
ishes; this arises when the component m. of the dipole moment is zero in 
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the equilibrium state of the molecule and remains so throughout the various 
movements of electrons and nuclei. In other words, if a molecule is sym- 
metrical in its ground state, so that it possesses no resultant dipole moment, 
it will not interact with radiation, and hence it will not yield a spectrum, 
unless the symmetry of the electrons or of the nuclei can be disturbed in 
such a manner as to produce an electric moment. 

Consider, for example, a symmetrical diatomic molecule, such as H2 or 
O2; such a molecule has a resultant dipole moment of zero, and this value is 
not changed in the course of vibration or rotation of the molecule. The 
movement of the electrons is so rapid compared with that of the nuclei that 
when a molecule vibrates or rotates the electrical center of each atom remains 
unaffected. The dipole moment is therefore changed only if the symmetry 
of the molecule is altered, and this cannot occur with a diatomic molecule. 
It follows, therefore, that a symmetrical diatomic molecule cannot undergo 
transitions that lead to changes in vibrational and rotational energies only. 
The molecule is incapable of interacting with radiation of the frequencies 
corresponding to energy changes of this type. This means that a homopolar 
diatomic molecule will yield no vibration-rotation or pure rotation spectrum. 
No infra-red spectra have, in fact, been observed for molecules of the type 
under consideration. 

Although these substances do not exhibit vibration-rotation and pure 
rotation spectra, they do possess electronic spectra. The reason for this 
occurrence is that the acquisition of electronic energy is accompanied by a 
change in the configuration of the electrons which leads to a resultant dipole 
moment. Since the molecule is now no longer electrically symmetrical, it 
can also interact with the radiation in such a way as to bring about vibra- 
tional and rotational transitions. It can thus be understood why symmetri- 
cal diatomic molecules produce electronic spectra, complete with vibrational 
bands and rotational lines, in spite of the fact that the infra-red spectra of 
such molecules are inactive. Nuclear symmetry, however, as distinct from 
the lack of electronic symmetry, results in certain rotational levels being 
absent. Diatomic molecules possessing a resultant electrical dipole moment 
in their ground states, e.g., NO, HCl, OH, CN, etc., exhibit all three types 
of molecular spectra. 

A symmetrical polyatomic molecule, such as CH4 (tetrahedral), BCU 
(planar) or CO2 (linear) remains nonpolar in the course of rotational motion; 
molecules of this type will thus not exhibit pure rotation spectra. However, 
certain of the vibrations of symmetrical polyatomic molecules are active in 
the near infra-red, so that vibration-rotation bands are observed. Some of 
the vibrational modes, even of molecules that are symmetrical in their equi- 
librium states, are accompanied by nuclear displacements that destroy the 
symmetry and produce resultant dipole moments. Not all the modes of 
vibration will be active, but even for such a symmetrical molecule as 
methane, some of the vibrations are able to interact with infra-red radiation. 
If the polyatomic molecule possesses a resultant dipole moment in its ground 
state it will, of course, exhibit pure rotation as well as vibration-rotation 
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sp*?ctfa. All polyatomic molecules, like diatomic molecules, exhibit elec- 
tronic band spectra, irrespective of whether they arc polar or nonpolar tn 
their normal states. 

Rotation Spectra 

28a. Rigid Rotator. — As already indicated, because of the small number 
of vibrational and rotational degrees of freedom, the spectra of diatomic 
molecules are relatively simple. For this reason, it is convenient in the dis- 
cussion of molecular spectra to consider diatomic and polyatomic molecules 
separately. The knowledge gained from the study of diatomic molecules, 
which will be undertaken first, will be found of value in the interpreta- 
tion of the complex spectra of molecules containing more than two atoms 
(Chapter V). 

As a first approximation, a rotating diatomic molecule, whose nuclei are 
considered as being separated by a definite mean distance, may be treated 
as a rigid rotator with free axis. As shown in Section 9f, the permitted 
values for the energy of such a rotator can be stated in the form of the 
equation 

1), (28.1) 

where /, called the rotational quantum numbety is zero or integral, and 1 is 
the moment of inertia of the molecule about the axis of rotation. If a ro- 
tational transition occurs from an upper level, with quantum number 
to a lower level, of quantum number the energy emitted is given by 

^'r =S~I 

The frequency of the corresponding spectral line, expressed in wave numbers, 
is then given by equation (27.1) as 

«'r = ^ !/'(/' + 1) - /"(/" + 1) ) (28.3) 

= B{JV' + 1) - /"(/" + 1)1. (28.4) 

where the constant B, called the rotational constant^ is defined by 

^ ~ (28,5) 

The actual value of the frequency v, depends on B, which is a character- 
istic property of the molecule, since it involves the moment of inertia, and 
also on the two quantum numbers /' and It is in the latter connection 
that consideration of the transition probabilities, by means of wave mc^ 
chanics, leads to a simple but important result. Insertion of the appropriate 
eigenfunctions for a rigid rotator, derived in Section 11, for the upper and 
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lower states in equation (27.3), and assuming, of course, that is not zero, 
it is found that Piim{x) will be zero unless /' — /" = ± 1. In other words, 
the only rotational transitions that are permitted, are those involving an 
increase or decrease of unity in the rotational quantum number. The 
selection rule for rotational transitions may thus be stated as 

A/ = ± 1, (28.6) 

where A/ is equal to /' — 

If in a rotational transition the quantum number in the initial state is /, 
and that in the final state is / — 1, in accordance with the selection rule, 
then substitution in equation (28.4) gives the result 

Vr — 25/, where / = 1, 2, 3, ■ • etc. (28.7) 

The lowest value of / must be unity for two reasons; in the first place, if J 
were zero, / — 1 would be negative, and, in the second place, when J is zero 
the corresponding frequency given by equation (28.7) would be zero. Since 
J can be 1, 2, 3, etc., it follows that the frequencies of consecutive lines in 
the pure rotation spectrum of a diatomic molecule are 25, 45, 65, etc. On 
the frequency (wave number) scale, therefore, the lines are equally spaced, 
the constant frequency separation between successive lines being equal to 

25, i.e., to hj^Ic cm.“^. 

28 b. Nonrigid Rotator.—Experimental investigation has shown that the 
successive lines in the far infra-red spectrum are not evenly spaced, but that 
the frequency separation decreases slightly with increasing J values. The 
actual frequencies can be expressed with a fair degree of accuracy by means 
of the equation 

Vr^bJ ~ dp, (28.8) 

where b and d are constants, d being much less than b. For example, the 
lines in the pure rotation spectrum of hydrogen chloride are represented by 

Vr = 20.79 J - 0.0016 p. 

It is apparent that the discrepancy between experiment and theory is to be 
ascribed to the assumption that the molecule behaves as a rigid rotator. As 
the nuclei can vibrate with respect to one another, the diatomic molecule 
cannot be rigid, and hence equation (28.1) for the rotational energy is in- 
adequate. By allowing for the fact that increasing the rotational energy 
increases the moment of inertia of the molecule because of the centrifugal 
force, it is possible to derive the equation 

£r - 5/(/ + \)hc - DPU + lyhc (28.9) 

for the eigenvalues of the rotational energy, where 5 has the same significance 
as before, equation (28.5), and D is a constant approximately represented by 
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in which oj is the vibration frequency of the molecule in its normal state (cf. 
Section 29a). Since B is generally about 10 cm.”', whereas w is of the order 
of 1000 cm.”', it is evident that D will be small, namely 10”* cm.“' or so. 
Introducing the selection rule, A/ = ±1, and assuming the transition 
/ — ^ — 1, it is readily shown from equation (28.9) that the frequencies of 

the rotational lines for a nonrigid diatomic molecule will be given by 

vr ^ IBJ - (28.10) 

which is of the same form as the empirical equation (28.8). 

28c. Intemuclear Distances. — From the point of view of the chemist the 
particular interest of rotational spectra lies in the fact that they may be 
used to calculate the moment of inertia, and hence the intemuclear distance 
of the diatomic molecule. From the frequency separations of the rotational 
lines it is possible to evaluate By and hence the moment of inertia I may be 
derived from the definition, equation (28.5). As seen in Section 9b, the 
moment of inertia of a diatomic molecule is related to the reduced mass ^ 
by the equation 

/ = nr\ (28.11) 

where is here the mean square distance between the centers of gravity of 
the nuclei. The reduced mass m may be derived from the masses of the 
atoms constituting the molecule [equation (9.17)1 ^"^1 so the intemuclear 
distance r may be calculated from spectroscopic data. Some of the results 
obtained in this manner are recorded in Table VIII. 

TABLE VlII. INTERNUCLEAR DISTANCES FROM ROTATION SPECTRA 


Substance 

B cm.'“* 

I g. cm.* 

r cm. 

Hydrogen fluoride 

20.57 

1.34 X 10-<® 

0.92 X 10-» 

Hydrogen chloride 

10.40 

2.66 

1.28 

Hydrogen bromide 

8.35 

3.31 

1.42 

Hydrogen iodide 

6.42 

4.31 

1.62 


28d. Isotope Effect in Rotational Spectra. — An isotopic exchange does 
not affect the intemuclear distance in a diatomic molecule, but the change in 
mass results in an alteration of the moment of inertia. The rotational 
energy values, and the frequency separation of successive lines in the rota- 
tional spectrum, are consequently different for different isotopic forms of 
the same molecule. Neglecting the effect of centrifugal force, the frequen- 
cies of rotational lines are expressed by equation (28.7), and if the value 
of By equation (28.5), is inserted, it follows that 


h , 

(28.12) 

^ I 

(28.13) 


and 
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where the subscripts 1 and 2 refer to two isotopic forms of the same molecule. 
It follows, therefore, that the isotopic shifty that is, the frequency shift 
resulting from the isotopic change, is given by 

^ r( ^ 1 \ 


Dividing through by equation (28.12), and abbreviating iVr to Vr, it is 
seen that 



(28.14) 


The ratio of the moments of inertia, which is equal to the ratio of the re- 
duced masses, since the internuclear distances are constant, is represented 
by the symbol p*, thus 



(28.15) 


and so equation (28.14) becomes 


APi = Pr(l — p*). 


(28.16) 


Since Vr niay be replaced, without serious error, by 25/, [equation (28.7)], 
it follows that 

Avi = 25/(1 - p2). (28.17) 

For most diatomic molecules which exhibit pure rotation spectra, the isotopic 
masses are such that p* differs only slightly from unity; hence the isotopic 
shift is small. It may be noted, however, that according to equation (28.17) 
the isotopic shift becomes greater as the rotational quantum number / in- 
creases. Because of the experimental difficulties the displacement of the 
lines in the rotational spectrum accompanying an isotopic change has not 
been observed, but it will be seen shortly that evidence for the isotopic effect 
in rotation has been obtained from electronic and vibration-rotation bands. 


Vibration-Rotatio^ Spectra 

29a. Linear Harmonic Oscillator. — The eigenvalues for the energy of a 
linear harmonic oscillator, to which a vibrating diatomic molecule may be 
supposed to approximate, can be represented by an equation of the type of 
(8.43); this may be written as 

E, = (v + i)hcoj, (29.1) 

where v is the vibrational quantum number, equal to zero or an integer, and 
Cl) is the vibration frequency of the oscillator expressed in wave numbers. If 
the vibrational and rotational energies do not interact, so that they may be 
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regarded as additive, the total vibrational and rotational energy is 

■£rr — (» + \')hcu> + g^/C/ + (29.2) 

Assuming for the present that in a transition from an upper vibrational level, 
in which the quantum number is u', to a lower state, with quantum number 
there is no change in the rotational energy, then the vibrational energy 
change is given by 

E', - E’,' = (o' - v")hc<^. (29.3) 

The frequency of the radiation, in wave numbers, accompanying the 
vibrational transition, would then be obtained by dividing the energy change 
by hCi so that 

= iv' - (29.4) 

Assuming the diatomic molecule to have a permanent dipole moment, for 
otherwise it would possess no vibration-rotation spectrum, the probability 
of a given transition can be found, as before, by inserting the appropriate 
eigenfunction for a linear harmonic oscillator, equation (8.44), into equation 
(27.3). It is found in this manner that the result differs from zero only if 
the change in the vibrational quantum number in the two states taking part 
in the transition is equal to unity. It follows, therefore, that for a harmonic 
oscillator, the selection rule is 

At; = ± 1. (29.5) 

Utilization of this result in connection with equation (29.4) gives 

Vv = w, (29.6) 

so that for a harmonic oscillator the frequency v„ of the radiation emitted 
or absorbed should be equal to the mechanical frequency <a of vibration of 
the system, in agreement with the requirements of classical electrodynamics. 
According to equation (29.6) the vibration spectrum should consist of a 
single line, provided there are no accompanying rotational energy changes; 
as will be seen shortly, the rotational transitions result in the formation of a 
series of lines in the vicinity of the fundamental frequency given by equation 
(29.6). For reasons to be explained later, the line for which v, is equal to 
0 ) is generally missing in the vibration-rotation spectra of diatomic molecules. 
The corresponding frequency is, however, referred to as the origin or center 
of the band. 

Anharmonic Vibrations. — If the change in the vibrational quantum 
number were restricted to unity, as would be the ca‘se for a strictly harmonic 
oscillator, each mode of vibration in the molecule would yield one band only. 
The vibration-rotation spectrum of a molecule would thus consist of a single 
fundamental bandy with d — o" equal to unity. Actually, investigation 
shows, that there is one strong band, but there are always one or two others. 
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called overtones or harmonics, with approximate frequencies to be expected 
if the change in the vibrational quantum number is 2, 3, etc. The interpre- 
tation of these facts is that the oscillations of the molecule are not truly 
harmonic, a conclusion in general agreement with other observations. 

The vibrational potential energy A' of a molecule may be expanded in 
the form of a Taylor series, thus 


^ = To + Z 




/ \ 

“b 6 II ( O ^ + 

ijk \ dqidqjdqk/o 


• • 


, (29.7) 


where y,-, y,, yjt, etc., are the coordinates of the nuclei, /, j, k, etc.; the zero 
subscripts are used to indicate that Fo and the various derivatives refer to 
the equilibrium state of the molecule. The potential energy Fo ’is the value 
when all the nuclei are in their equilibrium positions, and if this is chosen as 
the arbitrary zero of energy, the first term in equation (29.7) may be elimi- 
nated. Further, in the equilibrium position, that is, at the minimum of the 
potential energy curve (see Section 32a), 



where i = 1, 2, 3, • • •, 


(29.8) 


and hence equation (29.7) may be written in the form 

^ J E d- I E ^ijkqiqjqk + ifT E hiikiqiq^kqi + * * ', (29.9) 

a iik iikl 


where the constants hij, etc., are used for the second, third, etc., deriva- 
tives of F in equation (29,7). For a diatomic linear oscillator, equation 
(29.9) becomes simply 

F = \k,q^ + Ik^q^ + ^\k^q^ + * • *, (29.10) 

where q is the displacement from the equilibrium position during the oscilla- 
tion. If Hooke’s law is obeyed, so that the vibrations are truly harmonic 
in character, or, in general, if the vibrations are very small, equation (29.10) 
reduces to the familiar form, viz., V. = \kq'^, used in the derivation of equa- 
tion (29.1) (cf. Section 8). However, if the vibrations are not harmonic, it is 
necessary to go beyond the quadratic term in equation (29.10) in the expres- 
sion employed for the potential energy when solving the wave equation for 
the linear oscillator. The derivation of the eigenvalues for the energy is now, 
naturally, more difficult, but the result obtained may be arranged so as to 
take the convenient form 

== (y + \)hc<j3t - (P + \)-h€xo}, + (f + \yhcy(j3e + * * ', (29.11) 

where x, y, etc., are the anharmonicity constants; the frequency w, is called 
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the equilibrium frequency of the molecule, which is the value for small 
displacements. 

Besides modifying the expression for the energy of the oscillator, the use 
of equation (29.11) alters the corresponding eigenfunctions with the result 
that the matrix component, which determines the transition probability, is 
no longer zero for all transitions other than those for which the change in 
the vibration quantum number is unity. It has been shown that inclusion 
of the cubic term in equation (29.10) gives the selection rule An = ± 2 and 
±4, while the quartic term gives An = db 3 and ± 5 for permitted transitions. 
It follows, therefore, that in addition to the change of unity in the vibra- 
tional quantum number, leading to the formation of the fundamental band 
in the near infra-red spectrum, other transitions in which n changes by 2, 3, 4, 
etc., are possible for an anharmonic oscillator. The fundamental band is 
the one for which the transition is v = 1 to p = 0; for the transition p = 2 
to p = 0, and p = 3 to p = 0, etc., which are now permitted, the correspond- 
ing bands are called the first overtone (second harmonic), second overtone 
(third harmonic), etc. The intensity of the band falls off with increasing 
value of Ap; hence, the fundamental band is relatively strong, but the har- 
monics become increasingly feeble, so that it is rarely possible to detect 
overtone bands beyond the third. 

As an approximation, the third term and those beyond it in equation 
(29.11) may be neglected so that the expression for the vibrational energy is 

Ej, ~ (p + \)hco3^ — (p 4- \yhcx(i)t. (29.12) 

The energy change in a transition frOm the state v' to the state p" is then 
E', - = (p' - p'OAroj, - {p^t'' + 1 ) - 

so that the corresponding frequency is 

I/. = (p' - - {p'(p' + 1) - p"(p" + 1)1x0).. (29.13) 

If the vibrational quantum number in the final state is always zero, the 
general equation for the fundamental and overtone bands is 

= t)o). — {p(p + l)lxw« 

= |1 - (p-h l)x)po)., (29.14) 

where p is the quantum number in the initial state. Setting v equal to 1, 2, 
3, etc., there are obtained the following equations for the frequencies of the 
origins (or centers) of the fundamental (pi) and the first (vj) and second (vs) 
overtone bands: 


Pi = (1 — 2x)a), 

pj = (1 — 3x)2a), 
= (1 — 4x)3aj«. 


(29.15) 

(29.16) 

(29.17) 
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It is seen that the frequencies of the origins of the fundamental, and first 
and second overtone vibration-rotation bands are approximately in the ratio 
of 1 to 2 to 3, since x is relatively small; the wave lengths are thus roughly 
in the proportion of 1 to | to This fact is important, as the overtone 
bands appear in regions of shorter wave lengths than do the fundamental, 
and so they are more easily studied experimentally, in spite of their lower 
intensity. 

If the positions of the origins of the various bands are determined spectro- 
scopically, it is possible to evaluate both the equilibrium vibration frequency 
w, and the anharmonicity correction for the diatomic molecule. The 
frequencies pi, v^y vz and v\ for hydrogen chloride are 2885.9, 5668.0, 8347.0 
and 10,922.7 cm."S respectively; from these the mean values of 2988.9 cm.“‘ 
for w, and 51.65 cm for xwt have been calculated. 

In the foregoing treatment the usual convention has been adopted of 
calculating the frequencies of emission bands, since v’ has been taken as 
being always greater than o". Actually, however, vibration bands are al- 
most invariably observed in absorption. The frequencies of such bands are 
given by exactly the same equations as for the emission spectra, the only 
difference being that the vibrational quantum numbers in initial and final 
states are reversed. The equations (29.15), (29.16) and (29.17) thus give 
the frequencies of the origins of the fundamental and overtone bands in 
absorption, the transitions being from p = 0 to p = 1, from p = 0 to p = 2, 
from p = 0 to p = 3, respectively. That the lower level of a vibrational 
absorption band is nearly always, if not always, zero, at least at ordinary 
temperatures, is due to the fact that under these conditions most of the 
molecules in a gas are in their lowest (p = 0) vibrational state. The absorp- 
tion of radiation must, therefore, result' in the transitions starting from 
p = 0, as observed. Theoretically, transitions such as p = 1 to p = 2, p = 2 
to P = 3, and others, are permitted, but the proportion of molecules having 
vibrational quantum numbers greater than zero, at ordinary temperatures, 
is so small that the bands involving such molecules would be extremely faint. 
There is a possibility that bands of this kind might exist at higher tempera- 
tures, but the frequency of the v = 1 to p = 2 band would be so close to that 
of the p = 0 to p = 1 band that it is doubtful if the former (weaker) band 
could be detected. It may be remarked that electronic energy changes are 
often accompanied by transitions between levels with high v values; the 
energies concerned in these changes are, of course, very large in comparison 
with vibrational energy quanta. 

29c. Fine Structure of Vibration-Rotation Bands.— In order to under- 
stand the rotational fine structure of the vibration bands, it will be conveni- 
ent to consider, in the first place, the simple case in which the vibrational 
and rotational energies do not interact. If the oscillations are simple har- 
monic in character, and the molecule may be treated as a rigid rotator, the 
total vibrational and rotational energy will be given by equation (29.2). 
If there is a simultaneous transition from the vibrational level v' to the level 
v", and from the rotational level J' to the level , the energy change 
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would be 


E',, - EZ = (/'(/' + 1) - ]"U" + 1)1. (29.18) 

and the corresponding spectral frequency would be 

+ B{nr + 1 ) - r\r + i)i> ( 29 . 19 ) 

where B has the same significance as before, viz., For the funda- 

mental band, v' — v" is unity, and the first term on the right-hand side, 
giving the origin of the band, would be <a cm.“^, as required by equation 
(29.6). If the oscillations had been assumed to be anharmonic, and the 
appropriate expression for the energy had been employed, the first term in 
equation (29.19) would still give the origin of the band. In general, there- 
fore, for the fundamental as well as for the overtone bands, it is possible to 
replace this term by pq, representing the frequency of the origin (or center) 

of the band, as given by equation (29.14); hence equation (29.19) may be 
written as 

p = po + B{J'(J' -f-l) - J"{J" + 1)}. (29.20) 

According to the selection rule for rotational changes, AJ can be +1 or 
— 1, and the results obtainable from these two alternatives may be con- 
sidered. If, in the first case, AJ is + 1, then the rotational quantum number 
in the initial state (/') may be taken as / - 1, and in the final state (/") 
as /; in these circumstances, equation (29.20) gives 

y _ 1 -»/: v(P) = Po - 25/, where / = 1, 2, 3, • • •. (29.21) 

In the second case, when AJ is —1, the initial state (/') may be represented 

by J and the final state (/'O by / — 1; the frequencies of the corresponding 
lines are then given by 

- 1; v{R) = Po + 25/, where / = 1, 2, 3, • • (29.22) 

The results of equations (29.21) and (29.22) may be combined in the form 


with 


p = Po + 25m, 


(29.23) 


m — i 1, i 2, rt 3, • • •. 


When m has the negative values, equation (29.23) reduces to the form of 
(29.21), which represents a series of lines, with a constant frequency separa- 
tion of 25 cm.“^, lying on the lower frequency (longer wave length) side of 
the center of the band whose frequency is pq cm.“^ These lines constitute 
the fine structure of what is known as the P branch of the vibration-rotation 
band. If m has the positive values in equation (29,23) the result is identical 
with (29.22); this gives a series of lines, called the R branch, with the same 
constant frequency separation of 25 cm.“' on the higher frequency (shorter 
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wave length) side of the center of the band. The complete vibration- 
rotation band should thus appear as a series of lines, equally spaced on the 
frequency scale, to the right and left of the center. It will be noted that 
the value of J in equation (29.23) cannot be zero, so that the line of frequency 
corresponding to the center of the band should be absent. These expecta- 
tions are in agreement with experiment; the rotation-vibration bands of 
hydrogen chloride, for example, consist of a number of lines with an ap- 
proximately constant frequency separation of 2B cm.“^ At the center of 
the band, however, there is a gap, as expected, and the spacing between the 
lines lying immediately on each side of the center is thus 45 cm.“^ 

29d. The Q Branch. — If the reason for the absence of a line at the origin 
of the vibration-rotation bands of a diatomic molecule is sought, it will be 
found to lie in the fact that A/ can be only +1 or —1. It would be neces- 
sary for A/ to be zero if the vibration-rotation spectrum were to have a line 
of frequency Po* For all diatomic molecules, with the exception of nitric 
oxide (see below), the vibrational transition with A/ = 0 is forbidden; that 
is to say, for diatomic molecules a vibrational energy change 
must be accompanied by a rotational transition. It is of in- 
terest, therefore, to consider at this point the conditions under 
which a purely vibrational transition, that is, one with A/ = 0, 
is possible. If a molecule possesses a resultant orbital angular 
momentum A (see Section 2a), its figure axis will undergo a 
rotatory motion, similar to the astronomical phenomenon 
known as nutation (Fig. 20). Most diatomic molecules have 2 
ground states, and so A is zero, and there is no rotation of the 
figure axis. For many polyatomic molecules, however, and for 
one diatomic molecule, viz., nitric oxide, A differs from zero; 
in these cases nutation occurs, and as a result the rotational 
energy is affected. For a diatomic molecule, a small constant 
term would be added to the value for the rigid rotator; hence 
the expressions for the frequencies of rotational lines would be unaffected, 
since these involve a difference between two energy values. 

For present purposes the important point to note is that if A is not zero, 
and the value does not alter in the transition under consideration, i.e., there 
is no electronic change, then the selection rule for changes in the rotational 
quantum number becomes 

A/ = 0, ± 1. (29.24) 

It is seen, therefore, that if a molecule possesses a resultant angular mo- 
mentum, i.e., A is not zero, then a vibrational transition is possible without 
an accompanying change in the rotational quantum number. In this case, 
the line in the center of the vibration band, having the frequency given by 

/— >/: v{Q) — j'o, (29.25) 

appears in the spectrum, and is referred, to as a 0 branch. It might seem, 
as first sight, that the Q branch should consist of a single line in the center 
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of the band; however, this is not so, for it has been often observed to exhibit 
a definite fine structure. The explanation for the occurrence of this group 
of lines in the Q branch lies in the fact that the moment of inertia of the 
molecule differs in the two vibrational states taking part in the transition 
producing the band. This matter will be considered more fully in the next 
section, dealing with the interaction of vibrational and rotational motions, 

29e. Interaction of Vibrational and Rotational Energies. — In the treat- 
ment so far, the possibility of interaction between vibrational and rotational 
energies has been ignored; however, such interaction is inevitable, for the 
mean distance of separation of the nuclei, and consequently the moment of 
inertia, will vary with the value of the vibrational energy, that is, with the 
vibrational quantum number. Taking into consideration, further, that a 
diatomic molecule behaves as a nonrigid rotator, equation (28.9) for the 
rotational energy may be modified so as to take the general form 

Er = B.JU + l)hc - + lYhcy (29.26) 

where the values of Bi, and Z)» refer to the particular vibrational level indi- 
cated by the quantum number v. In the lowest level (p = 0), these become 
Bq and Do; they are then identical with the quantities B and D, respectively, 
in equation (28.9) for the rotational energy in the ground state. 

The constant Bv may be defined in the usual manner by 

with Ivy the moment of inertia of the molecule in its Pth vibrational level, 
given by 

4 - pr?, (29.28) 

where rl is the mean square of the internuclear distance in that level. For 
the equilibrium state, when the amplitude of vibration is small, it is possible 
to define a quantity 5#; thus 

"" 8^^ ’ {29.29) 

where 

4 = firly (29.30) 

and r« refers to the internuclear distance in the equilibrium state of the 
molecule. It has been shown, by means of quantum mechanics, that B, is 
related to the equilibrium value by the expression 

Bv =. Bv — ae(D + i) + • ' *> (29.31) 

where a, is a constant of the order of 0.025« to 0.055,. It is apparent, 
therefore, that 5„ will decrease with increasing vibrational quantum number, 
although the effect is generally negligible when v is small. In the same way, 
the constant D„ which allows for the nonrigidity of the molecule, is related 
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to the equilibrium value De by 

Dv = De + ^) + • • *. (29,32) 

Since is small in comparison with D^, which is itself small, the correction 
term may be ignored except in work of the highest precision. 

The equation for the rotational energy may consequently be written 

Er = BJU + \)hc - DJKJ + me + • • *, (29.33) 

where D« is regarded as constant for all vibrational levels. The total 
vibrational and rotational energy, allowing for interaction, is thus 

Evr - + \)h€t^e — (l' + \yhcXO)c . 

+ B.JU + \)hc - DJKJ + \yhc -h . • (29.34) 

From this equation the expressions for the frequencies of the lines constitut- 
ing the P and R branches of a vibrational band are readily determined 

as follows: 

KP) = *'o-(5'+FO/+(5'-5")7^4-4DJ3+--- (29.35) 

K2?) = *^o+(5'+5")/-f (5'-5'0/— 4DJ*+- ■ •, (29.36) 

where 

/ = 1, 2, 3, • • •. 

The constants B' and are the values of Bv in the initial and final states 
involved in the vibrational transition. The frequency is, as before, that 
of the center (origin) of the band. 

If the molecule possesses a resultant angular momentum, so that the 
transition for which A/ is zero is possible, then the expression for the 
frequency of the Q branch is 

y _ y. K0 = VO + {B' - B")J + iB' - B")J\ (29.37) 

where 

y = 0,1,2, 3, ••*. 

This result accounts for the fact that the Q branch is observed to consist of 
a number of very closely spaced lines. If B' were equal to B", there would 
be only one line, but since these quantities are slightly different, in the two 
vibrational levels, a series of lines, each corresponding to a different value 
of /, will result. The difference B' - B" must be small, particularly since 
the vibrational quantum numbers p' and p" do not differ by more than 3 or 
4 at most, and so the lines will be closely spaced. Attention should be drawn 
to the fact that in deriving equation (29.37) the influence of the nutation 
on the rotational energy has been assumed to be the same in the initial and 
final vibrational levels; this is not strictly true, for the effect depends on the 
moment of inertia which is not constant. However, the error is small and 

is of no consequence in the present discussion. 
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29f, Frequency Separation of Rotational Lines. — According to the simple 
treatment of Section 29c, in which the diatomic molecule is considered as a 
rigid rotator with independent rotational and vibrational energies, the fre- 
quency separation Ap of successive lines in both P and P branches should be 
equal to 2B cm.“‘, i.e., 

= IB = 4 ^ 2 / ^ cm.~*. (29.38) 

This result is identical with that for the frequency separation of the lines 
in the pure rotation spectrum (Section 28a). Hence the results obtained 
from the vibration-rotation spectrum may be utilized to evaluate the moment 
of inertia, and thus the internuclear distance, of the diatomic molecule. 

In actual practice, because of the nonrigid nature of the rotating molecule 
and the interaction of vibrational and rotational energies, the frequency 
separations in the P and R branches are not constant. It can be readily 
shown from equation (29.35) that the frequency separation Ap(P) of suc- 
cessive lines in the P branch of a vibration-rotation spectrum can be 
represented by 

Ap(P) = IB' - (B' - B")2J + . . (29.39) 

the terms involving D being neglected because they are small. Similarly, 
from equation (29.36), the separation of the lines in the R branch is given by 

Ap(i?) = 2B' + {B' - B'')2J + . . .. (29,40) 

It follows, therefore, that the frequency separation of successive lines in, the 
vibration band will not be constant in either branch. If B' — B" is posi- 
tive, the value of Ap in the P branch should decrease with increasing /, that 
is, as the lines are further from the center of the band. On the other hand, 
in the R branch the separation should increase as / increases. If B' — B" 
is negative, the reverse will, of course, be expected. The experimental facts 
are in agreement with these theoretical deductions. 

The equations just derived for the frequency separations of the lines in 
the P and R branches of a vibration-rotation band are applicable for all 
types of bands, fundamental and overtones. For the fundamental band, o' 
is unity and v" is zero; for the first overtone o' is 2 with o" equal to zero, 
and so on. It is seen, therefore, that although the frequency separations of 
the rotational lines are approximately the same in different bands, they will 
not be exactly the same because of the difference in the values. 

From an analysis of the frequencies of the lines in the P and R branches 
of the various vibration-rotation bands of a given diatomic molecule, it is 
possible to determine the By, values for two or three vibrational levels. From 
these, the rotation constant B«, for the equilibrium state of the molecule, 
can be calculated from equation (29.31). As in the case of the pure rotation 
spectrum, the results may be used to evaluate the equilibrium moments of 
inertia and the corresponding nuclear separations. The data for the most 
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abundant isotopic form of each of the hydrogen halides are given in Table IX; 
these may be compared with the corresponding results quoted in Table VIII 
derived from pure rotation spectra. 


TABLE IX. INTERNUCLEAR DISTANCES FROM VIBRATION-ROTATION SPECTRA 


Substance 

Bt cm.”' 

I, g. cm.* 

Vt cm. 

Hydrogen fluoride 

20.967 

1.335 X 10-« 

0.9166 X 10-B 

Hydrogen chlpride 

10.591 

2.644 

1.2747 

Hydrogen bromide 

8.471 

3.304 

1.414 

Hydrogen iodide 

6.551 

4.272 

1.604 


29g- Restoring Force in Diatomic Molecules, — If one of the two nuclei 
constituting a diatomic molecule is displaced, from its hypothetical rest 
position, along the line of the nuclei, the attractive force between them will 
cause the nuclei to oscillate with respect to each other. For small vibra- 
tions, at least, the restoring force exerted by one nucleus on the other will 
be proportional to their relative displacement; the nuclei will thus execute 
simple harmonic oscillations along the line joining them. Assuming the 
nuclei to act as point masses, situated at their centers of gravity, the vibra- 
tions of the diatomic molecule may be studied further by means of Fig. 21, 
in which Xi and X 2 represent the dis- 
• placements from their respective posi- 
tions of rest of the nuclei of masses mi 
and mu, respectively. The relative dis- 
placement of the nucleus of mass 21 . Vibrating diatomic molecule 

with respect to the other is then Xi — x^y 

while that of the nucleus of mass is x ‘2 — xi. If the oscillations are simple 
harmonic in character, as they probably will be for small vibrations (cf. 
Section 29b), the restoring forces will be — ^(a-i — ^^ 2 ) and — k{x 2 — Xi)y 
respectively, where k is the force co7tstant of the system. Since the restoring 
force is also equal to the product of the mass and the acceleration, that is, 


to m{iPxldt")y it follows that 



d^x\ 
dt- - 

1 

1 

X 

(29.41) 

and 

CPX2 
dt^ - 

X 

1 

1 

(29.42) 
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Utilizing the definition of the reduced mass, equation (9.17), this becomes 

<»•«) 

If this is compared with equation (8.1), which holds for a single particle, it 
is readily* found that the equation corresponding to (8.6) is now 

k = 47r®i^/i (29.46) 

where v is the mechanical frequency of vibration of the harmonic oscillator. 

As seen in Sections 29a and 29c, the frequency po of the center of the 
fundamental vibration band in the infra-red spectrum is equal to oj, the 
mechanical vibration frequency of the harmonic oscillator. It is thus 
possible to replace v in equation (29.46) by the spectral frequency Po. In 
general, however, the equilibrium frequency which is determined from 
the spectrum, as already explained, may be used in place of pq, since the 
former refers to the condition when the vibrations are small; hence, equation 
(29.46) becomes 

k = (29.47) 

The importance of this expression lies in the fact that it may be employed • 
to calculate the force constant, i.e., the restoring force per cm,, for a diatomic 
molecule. This is a measure of the attractive force between the atoms, and 
hence is of interest to the chemist. The values of the force constants for 
the hydrogen halides, calculated from the equilibrium vibration frequencies 
<j3t obtained from their near infra-red spectra, are recorded in Table X. It 


TABLE X. FORCE COKSTANTS IN HYDROGEN HALIDES 


Substance 

a>sCm. ' 

k dynes per cm. 


Hydrogen fluoride 

4141,3 

9.59 X 10* 

8.13 X 10-« 

Hydrogen chloride 

2988.9 

5.16 

8.05 

Hydrogen bromide 

2649.7 

4.11 

8.22 

Hydrogen iodide 

2309.5 

3.14 

8.14 


is of interest to note that the values of the restoring forces for these sub- 
stances are roughly inversely proportional to the square of the equilibrium 
internttclear distances, as shown by the approximate constancy of the quan- 
tity in the last column of the table. 

Isotope Effect in Vibrational Bands. — It is probable that two iso- 
topic forms of the same molecule have the same force constants; as they 
have different reduced masses, however, it is apparent from equation (29.47) 
that their equilibrium vibration frequencies will differ. If wi and wa repre- 
sent the values of for the two isotopic forms, and mi and ms are their 
respective reduced masses, it follows from equation (29.47), that 

^ - (ftl 

0)1 VMa/ 


= P> 


( 29 , 48 ) 
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where p is defined as as in Section 28d. It foUpws, therefore, that 


0)3 = PU)V 


(29.49) 


Theoretical considerations show that the anharmonicity constant a- is 
proportional to the equilibrium frequency [see equation (32.10)], so that it is 

nossible to write 

^ X3 - pAu (29.50) 

analogous with equation (29.49). Utilizing equation (29.14), which is the 
general expression for the frequency of the center of any band involving the 
lower vibrational level of p = 0, it is seen, with the aid of equations (29.49) 

and (29.50), that 

(29.51) 

3Pp-*o = vp(jji — {p(p + l)}p^Aiwi, (29.52) 

where the subscripts 1 and 2 refer to the two isotopic molecules. The 
isotopic shift Av,-, which is the frequency difference of the centers of the two 
isotopic bands, is then given by the difference of the two frequencies in 

equations (29.51) and (29,52); thus, 

Avi *5 (1 — p) 1 1 — (p + l)pAi)pa)i. (29.53) 

For the fundamental band, p is 1 and this expression becomes 

Ap,(1) = (1 - p)( 1 - 2pAi)a)i, 

whereas for the harmonics, 


and 


Avi{2) = (1 - p)(l - 3pAi)2a)i 
Avi(3) = (1 - p)(l - 4pAi)3wi. 


It is evident, therefore, that if a and co., that is, ai and wi, are known for 
one isotopic molecule, it is possible to calculate the frequency shift for 
another isotopic form of the same diatomic molecule. It will be observed 
that the larger the value of 1 - p, that is the more the ratio of the reduced 
masses differs from unity, the greater will be the isotopic shift. 

The foregoing calculations give the alteration in the frequen^ of t e 
origin of a vibrational band as the result of an isotopic change. However, 
since the expressions for the frequencies of the rotational lines in 
aU involve the frequency of the origin as a constant term, it is apparent that 
all the lines will be shifted by the same amount as the oripn °ther 
words, the effect of an isotopic exchange is to move the whole band bodily 
by an amount given by the equations derived above If p is greater than 
unity, the isotopic shift A»i is in the direction of lower frequency, whereas i 
p is less than unity the shift is in the opposite direction. 
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. . 3- *Tiixture of two isotopic molecules is studied, e-g., H*®CI and H”C1, 

^yident that the rotational lines for both forms will be present in the 
vibration bands. Every line should thus appear as a doublet, the frequency 
separation of which, to a first approximation, has the constant value 
Ordinary hydrogen chloride consists of a mixture of about three parts of 
H^^Cl to one part of H^^Cl, and in all the near infra-red bands of this gas 
that have been studied the rotational lines appear as doublets, one being 
appreciably stronger than the other. The observed isotopic frequency shifts 
have been found to be in good agreement with those calculated. It should 
be realized that the frequency separations of the doublets will not be exactly 
constant in any given band, because of the rotational isotopic effect men- 
tioned in Section 28d. Strictly speaking, the total isotopic shift is the sum 
of the shifts given by equations (28.17) and (29.53). Since the former in- 
creases with the value of the rotational quantum number /, the separation 
of the rotational isotopic doublets in any band increases as the lines are 
further from the origin of the band. 

The isotope of hydrogen chloride involving heavy hydrogen, i.e., DCl 
presents a case of special interest. Because the atomic weight of deuterium 
IS approximately twice that of the lighter isotope, the ratio of the reduced 
masses of the two forms of hydrogen chloride is about two; the isotopic shift 
is consequently exceptionally large. Thus a comparison of H®^C1 and 
D35C1 shows that the centers of the fundamental bands should differ in fre- 
quency by 825 cm.-^; for frequency of the origin is 2885.9 cm.-i 

and hence for D^^Cl it should be 2061 cm.~*, in good agreement with the 
observed value. In this particular case the isotopic shift is so large that 
the two vibration-rotation bands do not overlap as they do for H®®C1 and 
H^^Cl. The bands for the two isotopic molecules H®®C1 and D^®C1 are 
actually quite separate from one another. 

Electronic Spectra 

30a. Structure of Electronic Bands.— As has been already stated, the 
spectra of molecules observed in the visible and ultra-violet regions are due 
to a transition from one electronic state to another. The vibrational 
changes that accompany the electronic transition are responsible for the 
various bands, their fine structures being due to the associated changes 
in rotational energy. To a close approximation, the total energy £ of a 
molecule may be regarded as made up of the electronic energy the 
vibrational energy and the rotational energy thus, 

£ = £, + £, + (30.1) 

The vibrational energy may be expressed by means of equation (29.11), viz., 

= (y + — (w + iy/icxQ} + {v + iyhcy<a + • • *, (30.2) 

where the equilibrium vibration frequency (a (the subscript e has beeu 
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omitted for simplicity) and the anharmonicity constants y, etc., refer to 
the values in the particular electronic state being considered; these will vary 
from one level to another. The employment of the appropriate values for 
w, Xy yy etc., virtually takes into account the interaction between electronic 
and vibrational energy states. Similarly, the use of equation (29.26), i.e., 

E.T — BvJiJ H“ \)hc “h \)~hc + • • *, (30.3) 

for the rotational energy, allows for vibrational and rotational interactions; 
in this expression and D„, defined by equations (29.31) and (29.32)’ 
depend on the particular vibrational level and electronic state of the mole- 
cule. In a sense, therefore, equation (30.3) takes into account electronic 
and rotational interactions; there are, however, certain other effects which 
will be considered later (Section 30e). 

If the rotational transition is disregarded provisionally, or, in other 
words, the rotational energy change is. taken as zero, the energy change 
accompanying an electronic transition will be given by 

- E" = (£; - E7) + (£; - (30.4) 

The expression for the frequency of the corresponding spectrum is then 

Vo = *'# + I ~ W + 1) Vo)' -j- • • - 1 

- {{v" -f iW' - iv" + J)VV' +•••!, (30.5) 

where v, is written for (£J — E'e)lhc; the vibrational quantum numbers in 
the final and initial states are v' and y", respectively; w' and w" are the equi- 
librium vibration frequencies of the molecule in these states, and x' and x" 
are the corresponding anharmonicity constants. Since the rotational energy 
change has been assumed to be zero, equation (30.5) gives the frequencies vo 
of the centers (or origins) of the series of vibrational bands making up the 
electronic spectrum. 

Because of the electronic transition there is no restriction as to the change 
in the vibrational quantum number; that is to say, there is no restriction as 
to the value of Ay (cf. Section 32e). Although certain values are preferred, 
Ay may have almost any positive or negative integral value, or it may be 
zero. Electronic transitions in which the vibrational quantum number 
changes by as much as ten are not uncommon. It follows, therefore, that 
a large number of bands are generally observed in the band system of any 
molecule. For convenience in classification, a series of bands having a con- 
stant value oft/ — o" is called a sequenccy and the term progression is used 
to describe a set of bands having a definite value of either v' or y", while the 
other varies regularly, e.g., v' equals 0, while y" equals 0, 1, 2, etc. 

It is of interest to note that in absorption the electronic spectrum gener- 
ally consists of a single progression only, with y" equal to zero. The reason 
for this is not difficult to understand. At ordinary temperatures most 
molecules are in their lowest (y = 0) vibrational levels of the electronic 
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ground state. When the molecules absorb enough energy to reach a higher 
electronic level, there is no restriction as to the vibrational quantum number 
v‘ in the upper state, but that in the lower state, i.e., n", is zero for nearly all 
the molecules in the system. The band group will thus consist almost 
exclusively of the progression for which p" is zero. If the temperature of 
the gas is high, or the vibrational quantum is small, i.e., the equilibrium 
vibration frequency of the molecule is small, an appreciable number of 
molecules in the ground state will be in the p == 1 level. In these circum- 
stances, the progression p" — 1 will appear in the absorption spectrum, in 
addition to the p" := 0 progression. The relative simplicity of electronic 
absorption spectra is of great assistance in the elucidation of the more 
complex emission spectra, when p' and p" can both have almost any value 
within reason. 

If Poo is the frequency of the origin of the band for the transition p' s* 0 
to v” = 0, then it is seen from equation (30.5) that 

J'oo - p* + (W - W +•••)- iW' - KV' +-••). (30.6) 

Upon introducing this result, equation (30.5) may be written in the form 
Po == Poo + 1(1 — + * * • }p' 

- {(1 - A-'Ow" - p'W' + • • • }p" (36r7) 

= POO + {a' - ^'v' + • • Oo' - - y'v" + • • -W', 

where a has been written for (1 — a‘)w and b for X(ji, An expression of the 
form of equation (30.7) has been frequently used in spectroscopy to reprcs 
sent the frequencies of the origins of the band systems corresponding to a 
particular electronic transition. For example, carbon monoxide exhibits an 
electronic band spectrum in the range of 1300 A to 2700 A, generally known 
as the fourth positive group of carbon monoxide. The frequencies of the 
origins of the bands are expressed with considerable accuracy by the equation 

PO = 64,746.5 + (1498.36 - 17.2SOSp' + • - Oo' 

- (2156.05 - 13.2600P" + --Oo", 

and so the values of a\ h* and h” are immediately known. Since b is 
equivalent to Xia and to (1 — a;)w, it is possible to derive the equilibrium 
vibration frequencies of the carbon monoxide molecule in the two electronic 
states. The values are found to be 1515,61 and 2169.31 cm.“^; the former 
refers to the excited state of the molecule and the latter to the ground state. 
From the frequency, the force constant for carbon monoxide in its normal 
state can be calculated by means of equation (29.47) ; the result is 19.01 X 10* 
dynes per cm. This exceptionally high value is in harmony with the gener- 
ally accepted structure of carbon monoxide as involving resonance between 
double and triple bonded forms. 

According to the expression recorded above, the value of poo for the fourt)^ 
positive group of carbon monoxide is 64,746.5 cm.^S since 
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and x"w" are known, as seen above, it is possible to calculate v* for the given 
electronic transition by means of equation (30.6). The result in this par- 
ticular case is 65,074.3 cm,“*, which is equivalent to an energy of 8.06 e.v. 

It is important to recall that because there is always a change of electric 
dipole moment accompanying an electronic transition, even homopolar 
molecules, such as hydrogen, oxygen, nitrogen, etc., exhibit electronic band 
spectra. These spectra provide a method by means of which information, 
such as that just derived for carbon monoxide, concerning equilibrium vibra- 
tion frequencies and force constants of symmetrical diatomic molecules can 
be obtained. It will be seen later that Raman spectra serve as another 
means, although less accurate, for providing the same data. 

30b. Rotational Fine Structure. — The possibility of rotational energy 
changes accompanying each vibrational transition accounts for the fine 
structure of the bands. If the rotational energy, as defined by equation 
(30.3) is added to the electronic and vibrational energies, then it can be 
readily shown, by the same methods as were used in Section 29, that the 
frequencies of the rotational lines constituting the P, Q and R branches of 
any band are given by equations exactly analogous to (29.35), (29.37) and 

(29.36), respectively; they are 


v(P) = Po - (S' + B")J + (B' - B")/ + * ■ ■ (30.8) 

v{Q) = po 4- (B' - B-)/ + (5' - + • • • (30.9) 

y _ 1: v{R) = Po + (B' + B'O/ + (B' - B'')P + • • • (30.10) 

where po is the frequency of the origin of the particular band, as represented 
by the equations in Section 30a. It should be noted that B' and B now 
refer to different electronic states as well as, generally, to different vil^ational 
states, and so they are usually appreciably different from one another. In 
deriving equations (30.8), (30.9) and (30.10), the selection rule V = + 1, 0 
and - 1 has been used for the P, Q and R branch, respectively. If the total 
electronic angular momentum of the molecule (A) is zero in both upper and 
lower states taking part in the electronic transition, that is, both are S states, 
then the only rotational changes permitted are those with A/ equal to +1 
or -1; hence in such (S S) transitions P and R branches only are ob- 
served. If, however, A differs from zero in either or both of the electronic 
states. A/ can be zero, as well as ±1, and so the Q branch is possible, in 

addition to P and R branches. . . , , . i . • 

From an analysis of the rotational structure of the bands in an electronic 

spectrum it is thus possible to evaluate the equilibrium rotational constants 
Bi and Be from which the moments of inertia, and hence the equilibrium 
interniiclear distances, of the molecule can be calculated in the upper an 
lower electronic states. The information obtained in this manner is par- 
ticularly useful in connection with homopolar diatomic molecules which, 
as already seen, do not yield either vibration-rotation or pure rotation 
spectra. Attention should be called to the fact that the spacing of the 
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rotational lines in the electronic band spectra of symmetrical molecules 
presents a special problem which will be considered in Section 31. 

30c. Band Heads. — Examination of a band group shows that each vibra- 
tional band is usually sharply defined at one end, the so-called head of the 
band, and is more diffuse or shaded at the other end. The band is said to 
he degraded in the diffuse direction; if this part of the band is in the direction 
of higher frequency (lower wave lengths) than the head, it is said to be 
degraded toward the violet. On the other hand, if the band is sharp at the 
higher frequency end, but shaded in the lower frequency direction, it is 
degraded towards the red. As a general rule, all the bands in a given group 
are degraded in the same direction. 

Although band heads are very useful for identification purposes, they 
have no special theoretical significance. They owe their origin to the fact 
that the rotational lines are crowded together in its vicinity, while they are 
spaced further apart towards the degraded end of the band. These charac- 
teristics of a vibrational band can be understood from a consideration of the 
general equation for the rotational fine structure. The equations (30.8) 
and (30. 1()) for the frequencies of the P and R branches may be written in 
the form 

p = j'o + (5' + B^')m + {B' - B'')m^ + * * (30.11) 

where can be ±1, ±2, ±3, etc.; for the P branch m has the negative 
values, while for the R branch it has the positive values. The factor 
B' — B'* may be positive or negative, according as B’ is greater than 
or B' is less than B'\ respectively; this may vary from one band to another 
but the sign is generally the same, even though the value may alter slightly* 
for all the bands making up a given group. The reason for this fact is that 
J5„ is determined largely by the moment of inertia of the molecule in the 
particular electronic state, the value of w, the vibrational quantum number, 
having only a secondary influence. Hence, the values of B' and B’\ and 
consequently of B' — B'\ will depend primarily on the two electronic stdtes 
responsible for the spectrum. Its sign, at least, will be the same for a given 
band group, even if its value alters somewhat from one band to another. 

Consider the case in which B' — B" is negative; then as m increases in 
the series -j-l, +2, +3, etc., that is, in the R branch, the value of v increases 
at first, since B' + B'' is numerically greater than 5' — B”. However, 
{B' — B”)}n^ changes at a more rapid rate than does {B* + B*')my and so 
the frequency spacing between successive lines gradually decreases and the 
lines begin to crowd together. At a certain value of m the frequency increase 
due to the term {B' -j- B'*)m becomes numerically equal to the decrease 
resulting from the negative term {B' - B‘')m^; this occurs at the band head. 
For higher values of m the frequencies of successive lines now form a decreas- 
ing series, with spacings becoming increasingly larger. In other words, the 
successive lines begin to turn back upon themselves and continue toward 
the lower frequency region. It is obvious that in the vicinity of the point 
at which the reversal occurs the rotational lines crowd together, thus pro- 
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A»r\nff the sharply defined termination characteristic of the band head. In 

the P branch of the same band, both terms {B' + B*')m and {B' — B 
will be negative, since m has a series of negative values, while is always 
positive It follows, therefore, that the frequencies of the lines of the P 
^anch will become successively smaller, and the separation of consecutive 
lines will become larger as m increases numerically. At the same time, as is 
the case in all band spectra, the intensity of the lines diminishes, and so the 
band will shade off gradually on the low frequency side. It is clear, there- 
fore, that when B' - B" is negative, the band will be degraded toward the 

red end of the spectrum. , , . . j* 

By means of arguments similar to those employed in the preceding para- 

eraph, it can be shown that if 5' - B" is positive, the R branch of the band, 
with positive m values, wUl be degraded toward the region of higher fre- 
quency, that is, toward the violet. At the same time, it can be seen that in 
the P branch the lines crowd together to form a head at the red end o 

^^^In^gieral, the change of frequency with increasing numerical value of m 
is zero at the band head; the value of m at this point can therefore be ob- 
tained if equation (30.11) is differentiated with respect to m, and the result 

equated to zero; hence it follows that 


^head 


B' + B" 
2{B' - B") 


(30.12) 


If B' - B" is positive, then OTh..d will be negative, so that the head will be 
found in the P branch; on the other hand, if B' - B is negative, ot will be 
Uitive and the head will form in the R branch. These 
Lrmony with the conclusions reached previously. If B " ^ 
numerically, will be very large; under 

possible to observe the band head, because of the falling off m the intensity 

nf the lines for large values o( m, . , , i . i ^ a 

It may be remarked, in passing, that a band head is to be expected, 

theoreticaV, in ordinary vibration-rotation and pure rotation spectra in 

the infra-red. In these cases, however, th^e moments PZ 

different in the two states involved m the transition, so that B 
very small. As just seen, the head of the band would appear only at large 
(numerical) values of m, but the '"tensity of the lines is then so feeble 
render them, and consequently the band head, undetectable. 

The frequencies of the lines in the Q branch are represented by 

^ q_ (5' - B")J + {B' - B")P -b • • 

in which J may be a positive integer or zero. Since F"- B” is relatively 
small, the lines constituting the Q branch will be relatively close together 
but they will always proceed in one direction or another, depending on 
whether B' - B" is positive or negative. If B' - B" is very small, the 
lines for low values of J will be close together, but they will separate out for 
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higher / values. In this case the band gives the appearance of possessing 
a head in the Q branch, in addition to the head that may be present in the 
P or R branch. 

30d. Isotope Effect in Electronic Spectra. — If wi and a >2 are the equi- 
librium vibration frequencies of the two isotopic forms of a given molecular 
species in the same electronic state, then 0)2 Is equal to poyi, where p is defined 
hy as shown in Section 29h. By utilizing two equations of the 

form of (30.5), one for each isotopic molecule, to give ro, the frequency of 
the origin of any band in a particular group, it is possible to derive an equa- 
tion for the isotopic shift. Because of the anharmonicity terms, the result- 
ing expression is not simple, but the general nature of the conclusions can 
be arrived at, with sufficient accuracy, by making the approximation of 
harmonic oscillation. It is then possible to write for one isotope 

ivo ~ i'e {v' H' — {v" + (30.13) 

and for the other isotope, 

2^0 = + {v' + J)a )2 — (v'^ + (30.14) 

for the frequencies of the origins of corresponding bands, i.e., involving the 
same transition, v” — > v\ Subtraction of equations (30.13) and (30.14) gives 
the isotopic shift Ap, as 

Ap; = (toj - J2){v' + i) - - oy' 2 'W' -t- i), 

assuming, as is very probable, that the frequency p«, representing the elec- 
tronic energy change, is the same for both isotopic molecules. Upon intro- 
ducing the relationship <02 = pwi, which will apply to both electronic states 
it follows that * 

Apv = (1 - p)WiW + 5 ) “ + i)]. (30.15) 

As mentioned in Section 29h, the isotopic shift is greater the larger the ratio 

of the reduced masses of the two isotopic forms; it is, therefore, most readily 

observed with molecules containing atoms of low atomic weight. 

The electronic spectrum of oxygen provided the first case of the detectipn 

of a new isotope as a consequence of the shift of the center of a vibrational 

band. It had been noted that in the so-called ^ band in the spectrum of 

molecular oxygen, which involves a transition from 0 ' = 0 to 0 " = 0 , there 

appeared a faint band. The latter was an almost exact duplicate of the 

^ band, although it actually contained twice the number of rotational lines. 

The suggestion was made that the strong J band was due to and 

that the corresponding, weak, band was produced by molecules. 

If both 0' and p" in equation (30.15) are set equal to zero, which is the condi- 

tion for the A band, the result should give the isotopic shift for this band: 
this is 

. . ^ 

( 30 . 16 ) 


A-i = i(l - P)(«'i - 
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The values of wl and w'/, for the common isotopic form are known 

accurately from an examination of the electronic band group containing the 
A band; the difference wi U3\ is — 150.35 cm.“^, and if p is determined from 
the presumed atomic weights, 16 and 18, respectively, of the isotopic atoms, 
it is found that according to equation (30.16), should be —2.053 cm.-* 
If the view expressed above that the. yf band is due to *®O*®0 and the A' band 
to is correct, the frequency separation of the origins of the bands 

should have this value; the observed separation is —2.067 cm.”*, the small 
discrepancy being due to the neglect of anharmonicity in the foregoing 
calculations. If proper allowance is made for the deviation from simple 
harmonic motion, the agreement is almost perfect. The experimental re- 
sults may therefore be regarded as establishing the existence of an isotope 
of oxygen with a mass number of 18. 

The isotopic shift in the rotational lines will be given by an expression 
which is similar to that applicable to vibration-rotation and pure rotation 
bands [equation (28.17)]. Thus, if the moments of inertia are taken to be 
the same in both upper and lower electronic states, which is not strictly true, 
the frequency change for corresponding rotational lines is given by 

A,., = 25/(1 - p2). 

For the isotopic forms of molecular oxygen just considered, this becomes 

A»^.- = 0.011125/ 

= 0.01605/, 

and hence the shift should be quite noticeable for lines that are some distance 
from the center of the band. The experimental results are in excellent ac- 
cord with these derived theoretically. Incidentally, it may be mentioned 
that the presence of twice as many rotational lines in the A' band as in the 
A band of oxygen, is in agreement with the fact that the molecule is 

unsymmetrical whereas is symmetrical (see Section 3 Id). 

In addition to the oxygen isotope of mass 18, the third isotopic form of 
oxygen, with a mass number of 17, was discovered by means of electronic 
spectra; so also were the *^C isotope of carbon and the isotope of nitrogen. 

30e. Interaction of Electronic and Rotational Energies. — No attention 
has been paid so far to the possibility of coupling of rotational and electronic 
motions; this omission has not been significant since the diatomic molecules 
have been tacitly assumed to be in states. In such states, the resultant 
electron spin 5*, and the resultant orbital angular momentum A of the elec- 
trons are both zero (see Section 2d); the total angular momentum of the 
molecule is then simply due to the rotation of the nuclei, and hence is de- 
termined by the rotational quantum number / only. In other cases, there 
is the possibility of some form of coupling between the rotation of the mole- 
cule and the electronic motion which has a significant effect on the rotational 
levels. Five different modes of coupling have been distinguished, but only 
. two, Hund*s cases (a) and (^), are of common occurrence. It should be 
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emphasized that these cases represent limiting ideal behavior, which are 
often good approximations; intermediate cases are, however, sometimes 
observed. 

Case (a): In this case the interaction of rotation and electronic (orbital) 
motion is supposed to be very weak, but the latter is very strongly coupled 
to the line joining the nuclei. The total electronic angular momentum $2 
about the internuclear axis, obtained by adding A and 2 (see Section 2c), is 
well defined and forms a resultant J by combining with the rotational mo- 
tion. It follows, therefore, that J cannot be less than 12, and the former has 
the possible values 

/ = 12, 12 + 1, 12 + 2, . . . , (30.17) 

and levels with / less than 12 do not occur. Since 12 involves the spin quan- 
tum number 2, both 12 and J will be integral if the molecule contains an even 
number of electrons, but it will be an odd number of half integers if the 
number of electrons in the molecule is odd. The rotational energy is now 
given, as a first approximation, by the expression 

= BAJU + 1) - (30.18) 

but since more than one value of 12, which is equal to |A -f- 2| is possible, 
there will be a number of values Er for each value of /. In other words, 
there will be several sets of rotational levels, the number of sets depending 
on the possible 12 values. In each set, the levels for which J is less than 5 
will be missing, as indicated above. It will be observed that in ^2 states, 
12 is zero and hence equation (30.18) reduces to the form employed in the 
earlier parts of this chapter. For such molecules, therefore, there is but 
one set of rotational levels, as has been assumed hitherto. 

An example of case (a) coupling is found in the ground state of nitric 
oxide; here A is equal to 1, and S is |, so that the state may be described by 
the symbol ^II. The possible values of 2 are H-J and — and consequently 
12 can be 7 or f; there are thus two sets of rotational levels with somewhat 
different energies. In the first, designated by ^IIi/ 2 , the smallest value of 
J is and subsequent values are f, J, etc.; in the second set, represented 
by the term symbol ^Ila/s, the lowest value of / is f, and this is followed 
by f, h etc. 

As a more complicated illustration, there may be taken the hypothetical 
case of a molecule for which A is 2, and S is 1, so that it is in a state. 
The possible values of 2 are 1, 0 and — 1, and those of 12 are 3, 2 and 1. 
There are thus three sets of rotational lines, represented by ®Ai, Ma and *A8, 
respectively; in the first the J — 0 level is missing, in the second the first 
two levels, / = 0 and 1, are missing, and in the third set the levels with 
/ = 0, 1 and 2 are absent. The J ~ 0 line is thus completely missing, the 
/ = 1 line is a singlet, / = 2 is a doublet, while the others are all triplets. 

Case (^): When A is zero and S differs from zero, that is, in states other 
than ^2, and also in certain cases when A is not zero, the spin may be only 
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weakly, coupled to the internuclear axis. In these circumstances, fi is not 
defined*, and so the orbital angular momentum A couples with the rotation 
to give a resultant Ky representing the total angular momentum apart from 
spin. The possible K values are 

/: = A, A + 1, A + 2, . . . , (30.19) 

and hence for 2 states, when A is zero, K can be 0, 1, 2, etc. The quantum 
number K combines with the total spin S to give the resultant /, for the 
total angular momentum including electron spin. The possible values of J 
for a given K are determined by the familiar principle of vector addition 
in quantum theory, so that 

/ = a: + A, 4- A - 1, A"+ A - 2,. . . , |A: - Al. (30.20) 

Thus, in general, except when K is less than A, each level with a given value 
of A consists of 2A -f 1 components; that is to say, each rotational level 
has a multiplicity of 2A +1. As a result of the coupling between K and A 
these multiplets have slightly diflferent energies, the splitting increasing as 
K increases. It will be noted from equation (30.20) that since K is integral, 
while A is integral or half-integral according as to the number of electrons is 
even or odd, the value of ] will be integral or half-integral, respectively. 

The best known instances of case {h) coupling occur in ^2 and ^2 states; 
the latter is particularly interesting as the ground state of molecular oxygen 
is ®2. For this substance the spin component 2 is zero and A is 1, so that 
the possible values of K and ] are 

A - 0, I, 2, . . . 

and 

/ = A + 1, A and A - 1. 

Although it might appear that for A = 0 there should be two values of /, 
actually only one is possible, since the smallest value of / is | A — A|, as 
seen from equation (30.20), and this will be unity. The lowest rotational 
level, for A = 0, is thus a singlet. In general, for case {h) coupling, the 
level for which A is zero is a singlet with / equal to A, For all other A 
values, viz., 1, 2, 3, etc., there are three values of /, so that each of the 
rotational lines is a triplet. The molecule presents a special case as 

it is a homonuclear molecule and hence alternate rotational lines are missing 
(cf. Section 3 Id). 

30f. A-type Doubling. — It was mentioned near the end of Chapter I 
(Section 2a) that when the orbital angular momentum A is not zero, that 
is to say, in all except 2 states, each state is doubly degenerate. This is 
because the two levels for which A is equal to d-A and — L. have identical 
energies. On account of interaction between the electronic and rotational 
motions, however, the levels are separated and each rotational line in 11 and 
A states is split into two components; this effect is known as K-type doubling. 
The separation of the rotational doublets is quite small for low values of 
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the resultant quantum number _/, but it becomes more marked as J in- 
creases, although it is never very appreciable. The occurrence of A-type 
doubling may be illustrated by reference to nitric oxide; as already seen, 
this has a normal state, the components being and ^1X3/2. As a 

result of A-type doubling, each of the rotational levels in both states is % 
doublet, so that there are, in effect, two levels for J — \ and four levels for 
/ = 2) f, etc. 

Molecular Symmetry Effects 


31 a. Symmetry Properties and Rotational States. — The symmetry prop- 
erties of molecules have an important influence on the rotational energy 
levels, with results of interest both in spectroscopy and in chemistry. Since 
the great majority of diatomic. molecules in their normal (ground) states are 
in states, the discussion will at first be restricted to molecules of this 
type. For any diatomic molecule and, in fact, for any linear molecule, any 
plane passing through the line joining the nuclei is a plane of symmetry of 
the molecule. Because of the existence of this symmetry element, it is 
possible to characterize the electronic eigenfunction of a molecule zs positive 
or negative (cf. Section 2 e). By the methods of quantum mechanics, it has 
been shown that the electronic (orbital) eigenfunction of a system with 
cylindrical symmetry, such as any diatomic or linear molecule whose nuclei 
may be regarded as fixed, can be represented by (cf. Section 13 g for central 
force field) 

(31J) 


where A has the same significance as before, and is the azimuthal angle of 
one of the electrons about the line joining the nuclei, starting from a fixed 
reference plane; ^ is a function of the other coordinates, including the azi- 
muthal angles of the other electrons relative to the one chosen for the frame 
of reference. For S states, the quantum number A is zero; the factor 
is then unity, and the eigenfunction depends on the relative azimuths 0,8 
of the various electrons which appear in the function On reflecting the 
eigenfunction at a plane passing through the nuclei, the angles 0,2 become 
— 012- Hence, if the function ^ contains terms such as sin 0,2, it is evident 
that it, and consequently 0^, will change sign, i.e., it is antisymmetric, for 
reflection through the internuclear plane. On the other hand, 0 « will remain 
unchanged, i.e., it is symmetric, if ^ contains such terms as cos 0,2, sin* 0,2 
or cos* 012. Electronic eigenfunctions of the former type belong to negative 
(2~) states, while the latter correspond to positive (S+) states. 

It may be remarked that reflection of the diatomic molecule through the 
origin, that is, inversion of both electrons and nuclei, employing the term 
inversion in the crystallographic sense, is equivalent to reflection of the 
electrons only in the internuclear plane. Hence positive and negative states 
of a diatomic molecule may be defined, alternatively, as those for which 
inversion of electrons and nuclei leaves the sign of the electronic eigC^ 
function unchanged or changed in sign, respectively. 
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The foregoing discussion has referred specifically to the electronic (or- 
bital) eigenfunction of the diatomic or linear molecule; it is now necessary 
to consider the symmetry properties of the vibrational and rotational wave 
functions. The vibrational function is unaffected by any symmetry opera- 
tions, for it depends only on the internuclear distance, and this remains un- 
changed. With the rotational function, however, the case is different. It 
is evident from the results in Section 9d that the eigenfunction for a linear 
rotator will possess symmetry properties, since it depends on the azimuthal 
angle. Evaluation of the eigenfunctions for different values of the rota- 
tional quantum nurnber (/ or K) shows that it remains unchanged upon 
reflection at the origin, i.e., inversion, of the molecule, including the nuclei, 
when J (or Ky for case {b)) is even but it changes sign when ] (or K) is odd. 

Neglecting the nuclear spin contribution, for the present, the complete 
eigenfunction ^ of a molecule may be written as the product of the electronic 
the vibrational (^„), and the rotational {}pr) functions, so that 

(31.2) 

As already seen, for 2*^ states the function remains unchanged upon in- 
version of the electrons and nuclei; further, ypv is unaffected, in any event, 
and is unaltered if the rotational quantum number is even. It follows, 
therefore, that the complete eigenfunction ^ for a 2+ state is unchanged 
upon inversion for even values of the rotational quantum number. The 
rotational levels in a 2+ state with even values of J (or K for case {b} coupling) 
are thus called positive rotational levels; for odd values of J (or /i), they are 
negative rotational levels. By means of exactly similar arguments, it can be 
shown that for 2~ states, the odd rotational levels are positive, while the 
even rotational levels are negative. The results may, therefore, be sum- 
marized as follows: 

2+ states 2” states 

Rotational Levels 

J (or K) = 0, 2, 4, • • • Positive Negative 

J (or K) = 1, 3, 5, • ■ • Negative Positive 

It may be remarked that the positive and negative character of rotational 
levels is also evident in 11 and A states; it appears from quantum mechanics 
that in every A-type rotational doublet one level is positive while the other 
is negative. That is to say, in these states there is a positive and negative 
rotational level for each value of J (or K). These levels are found to 
alternate, so that if the lower level of one doublet is positive, the correspond- 
ing level of the next doublet will be negative. 

31b. Odd and Even Electronic States. — If, in addition to being linear, 
the nuclei of a diatomic molecule have equal charges, e.g., Hz or H£), then 
g and u character is possible, as mentioned in Section 2e. If the orbital 
wave function of the electronic system is ^«(a:, y, z), then reflection of the 
electrons at the center of symmetry, i.e., inversion of the electrons only, will 
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change the coordinates y, z of all the electrons to — yj ^ ^ 

tronic eigenfunction then becomes -Vj —yy — z)* Since the-molecule is 
symmetrical, as far as the nuclear charges are concerned, it is evident that 
inversion of the coordinates of the electrons will leave the potential energy 
of the system unchanged. Hence, for a given eigenvalue £ of the total 
energy, both orbital functions y, z) and ~y 9 “ 2) must be satis- 

factory solutions of the wave equation for the system; further, linear 
combinations of these two functions, such as 

'^a ~ ~y> (31.3) 

and 

y, 2 ) “ — — y> “2), (31.4) 

will also be acceptable solutions. It can be seen that of these solutions, the 
one designated remains unchanged when the electron coordinates are 
inverted, i.e., when Xy y, 2 are changed to —Xy — y, —z, and vice versa; hence 
it has the characteristics of an even (^) state. On the other hand, the solu- 
tion changes sign upon inversion of the coordinates of the electrons, and 
so it represents an odd («) state. 

In the case just considered, the system would be degenerate, for the two 
eigenfunctions and '^u would correspond to states of the same energy. 
If the system is not degenerate, however, one of the solutions would be zero: 
if were zero, then 

-yy -2), 

so that the eigenfunction changes sign upon inversion of the coordinates of 
the electrons; the system is consequently in a « state. On the other hand, 
if were zero, 

^e(^,y, 2) = \C'e(— — y, —2), 

and the eigenfunction does not change sign upon inversion; the system is 
thus in a I" state. It follows, therefore, that for a nondegenerate state of a 
homonuclear molecule, the orbital eigenfunction must already have g or u 
character. If the system is doubly degenerate, however, the two solutions 
of the wave equation corresponding to the given eigenvalue for the energy 
will be g and «, respectively. It appears that in actual practice there is no 
even-odd degeneracy, and so the orbital wave function of the electrons for 
a homonuclear molecule must automatically represent either a or a » state. 
Attention may be called to the fact that the g and u character is evident, to 
some extent, even when the two nuclei are not equally charged, provided 
they are closely similar; this is the case, for example, with the diatomic 
CN radical. 

31 c. Symmetric and Antisymmetric Rotational Levels. — For homo- 
nuclear molecules, that is, molecules whose nuclei are identical^ e.g., Hj but 
not HD, there still remains to be considered the result of another symmetry 
operation, namely exchange of the identical nuclei. This operation is 
equivalent to two others, for which the results are already known. These 
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are, first, inversion of all the particles, both the electrons and nuclei, which 
determines the positive or negative character, followed by re-inversion of 
the electrons only, upon which the g or u property depends. It is obvious 
that for a molecule in a positive electronic state and having also the g 
property of the electrons, exchange of the nuclei will leave the electronic 
eigenfunction unchanged; such a wave function is said to be symmetric in 
the nuclei. On the other hand, if the positive state is associated with the u 
property of the electrons, the sign of the eigenfunction will be reversed; the 
wave function is then antisymmetric in the nuclei. The results for molecules 
in negative states can be readily derived in the same manner, and the 
conclusions reached for various combinations are summarized below. 

2^ and 2^7: symmetric in the nuclei 

27 and antisymmetric in the nuclei. 

The property of being symmetric or antisymmetric in the nuclei is also 
applicable to the rotational eigenfunctions which, as already seen, have 
positive and negative character. Just as a positive electronic state com- 
bined with g character gives an orbital function that is symmetric in the 
nuclei, so combination of a positive rotational level with g character of the 
electrons, corresponds to a rotational state that is symmetric in the nuclei. 
By analogy with the results given above, the general conclusions are as 

follows: 

g and u: symmetric {s) 

g and u: antisymmetric {a) 

where the -b and — signs now refer to the rotational levels. Combination 
of these facts with those recorded in Section 31a concerning the connection 
between positive and negative rotational levels and the values of J (or K)y 
in g and u electronic states, gives the results quoted in Table XI for the 

TABLE XI, SYMMETRIC AND ANTISYMMETRIC CHARACTER OF ROTATIONAL LEVELS 


J 

2? 

27 

2 ^ 


0 

+s 

— <1 

fa 


1 


+S 

—s 


2 


— a 

+a 

— s 

3 



— s 


4 


— a 

+ a 

— i 

5 

— 41 

+s 




symmetric and antisymmetric character of rotational levels in the four types 
of 2 states of a homonuclear molecule. If the molecule exhibits Hand’s 
case (b) coupling, as does the molecule, the characters are similar to 

those in Table XI, except that X, as defined by equation (30.19), replaces 
the quantum number J. 

The situation is analogous with homonuclear molecules in n and A 
states; the general rule that g and « rotational levels are symmetric, while 
^and u levels are antisymmetric, is still applicable. However, as seen above 
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(Section 31a), each rotational level has a jwsitive and a negative component, 
and hence one component of every rotational level is symmetric while the 
other is antisymmetric. 

31d. Selection Rules for Rotational Levels. — As shown in Section 27d, 
the probability of transition from one state to another, under the influence 
of dipole radiation, depends on the matrix element Pmny of which the x 
component is given by equation (27.2), viz., 

PmnW = j Kill (31.S) 

If both the rotational levels involved in a transition are positive, reflection 
of the rotational eigenfunction at the origin, will leave unchanged the signs 
of }{/% and yj/ny for the two combining levels. However, the sign of the x 
coordinates will be reversed, and so the sign of the integrand as a whole will 
be reversed. The value of a definite integral must be independent of any 
transformation of the coordinates, and so it is evident that the integral in 
equation (31.5), and hence the x component of the matrix element must 
be zero. The same considerations apply to they and z components, and so 
the transition probability between two positive rotational levels is zero; the 
transition is thus forbidden. In the same way it can be shown that transi- 
tions between two negative levels is also forbidden. For a rotational transi- 
tion between a positive and a negative level, the integrand in equation (31.5) 
will remain unchanged on inversion, and so it may differ from zero. Transi- 
tions between a positive and a negative rotational level are thus permitted. 

By the use of arguments exactly analogous to those in the preceding 
paragraph, it can be shown that the selection rule, for g and u electronic 
states, is that combination between two g states or between two u states 
cannot occur. On the other hand, a transition between a g state and a u 
state is possible. 

The selection rules just derived may be combined to yield a result of 
considerable importance. The only transitions permitted are between a 
positive rotational level in a ^ state and a negative level in a « state, on the 
one hand, or between a positive level in a « state with a negative level in a ^ 
state, on the other hand. The possible transitions are therefore, as follows: 

g^u and 

It was seen in Section 31c that both g and u correspond to rotational levels 
that are symmetric in the nuclei, whereas g and u refer to levels that are 
antisymmetric. It follows, therefore, that transitions are permitted be- 
tween two symmetric rotational levels or between two antisymmetric 
rotational levels, but not between a symmetric and an antisymmetric level. 

If a given homonuclear molecular species is initially all in one state, 
with either symmetric or antisymmetric rotational levels, then it will always 
remain in that state. Alternate rotational levels only will thus be occupied^ 
and as a consequence alternate rotational lines will be missing fronicd^t 
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spectrum. It will be seen shortly that under normal conditions the mole- 
cules will all be either symmetric or antisymmetric exclusively, only if the 
nuclei have no spin momentum. This is the case, for example, with such 
homonuclear molecules as ^Hea, and ^^Sa, and in the spectra of 

these substances alternate rotational lines are, in fact, missing. When the 
nuclear symmetry is destroyed by an isotopic exchange, as in the molecule 
of leQisO, the question of symmetric and antisymmetric levels does not arise, 
and all the rotational levels appear. It will be recalled that in Section 30d 
mention was made of the fact that the A band of oxygen, due to has 

half as many rotational lines as the corresponding A' band for 

31e. Effect of Nuclear Spin: Ortho and Para States.^ — The nuclei of 
many atoms possess a resultant intrinsic angular momentum, generally re- 
ferred to as nuclear spin; the corresponding spin quantum number / gives 
the number of units of spin momentum of the nucleus. The spin vectors of 
two nuclei forming a diatomic molecule combine to yield a resultant spin 
quantum number /. When i is 5, as for the hydrogen nucleus, there are two 
possible values for /, namely unity, for parallel nuclear spins, and zero, for 
antiparallel spins. It appears that each type of resultant spin is associated 
with either symmetric or antisymmetric rotational states, and no transitions 
are possible between them. 

Each resultant molecular spin is 2t + 1-fold degenerate, because there 
are this number of possible orientations in a magnetic field, corresponding to 
the components — 1, / — 2, • • •, 0, • * *, — (/ — 1), — / (cf. Section 2b). 
Hence, when / is 1 there are three possible orientations, whereas when / is 
zero, the number of orientations is unity. The probability or “statistical 
weight” of the molecular state with parallel spins (t = 1) is thus three times 
as great as that for the state with antiparallel spins (/ = 0). It follows, 
therefore, that the probability of the occurrence of one set of rotational 
states, either symmetric or antisymmetric, will be three times as great as for 
the other. It was seen in the preceding section that transitions are possible 
between two symmetric states or between two antisymmetric states, and 
since one of these is three times as common as the other, the intensities of 
alternate rotational lines in the spectrum will be in the ratio of three to one. 

Such an alternation of intensities of three to one has been observed in 
the spectrum of ordinary molecular hydrogen, H2. In its ground state, this 
molecule has a ‘2^ term, and so the rotational levels with even values of / 
should be symmetric, while those with odd values of J should be antisym- 
metric (cf. Table XI). The strongest lines in the spectrum are found to be 
those having odd J values in the ground state; hence the antisymmetric 
rotational levels are associated with that form of molecular hydrogen in 
which the two nuclei have parallel spins, i.e., / = 1. For convenience of 
nomenclature, the molecules whose rotational levels are present in excess at 
equilibrium are said to be in ortho states, and those present in smaller amount 
are in para states. Thus, ordinary molecular hydrogen consists, at ordinary 

*Farkas, “Orthohydrogen, Parahydrogen and Heavy Hydrogen,” 


178 


MOLECULAR SPECTRA: DIATOMIC MOLECULES 


temperatures, of three parts of orthohydrogen and one part of parahydro^n; 
in the para state the molecules occupy only the even rotational levels, while 
in th (5 ortho state the odd levels only are occupied. If there were no inter- 
action between the nuclear spins and the remainder of the molecule, transi- 
tions between symmetric and antisymmetric levels would be completely 
forbidden. In other words, it would be impossible to reverse the spin of 
one of the nuclei so as to convert an ortho molecule into one in the para 
state, or vice versa. However, there is generally a small interaction between 
the magnetic moment associated with nuclear spin and the rest of the mole- 
cule, so that there is a small probability of transition between symmetric and 
antisymmetric levels. The rate of reversal of spin is so small, however, that 
in the absence of a catalyst, pure parahydrogen can be kept for a considerable 
time without conversion into the ortho form, although the system at equi- 
librium should consist of one part of the former to three of the latter. For 
reasons which will be made clear in Section 63b, the ratio of three parts of 
the ortho state to one part of the para state in ordinary hydrogen is the 
equilibrium ratio which is attained only when the temperature is sufficiently 
high, about 273° K in this case. 

The existence of ortho and para states in different proportions, corre- 
sponding to symmetric and antisymmetric states, should be of general oc- 
currence for all homonuclear diatomic molecules, and even for symmetrical 
linear polyatomic molecules, such as acetylene, some of whose nuclei possess 
spin quantum numbers which differ from zero. If the spin of each nucleus 
is /, the resultant spin of the diatomic molecule can then be 2x, 2/ — 1, 
It — 2, ' * *, 2, 1, 0. Of these, the first, third, fifth, etc., have been proved 
to correspond to one set of rotational (antisymmetric) levels, while the 
second, fourth, sixth, etc., refer to the other set of (symmetric) levels. In 
general, therefore, the resultant nuclear spin may be written as 2i — 
where n is an integer which cannot exceed 2/, so that 2i — « is always posi- 
tive. For the ortho states, i.e,, those present in excess at equilibrium, n 
must be even, including zero, and for the para states n is odd. As seen 
above, each resultant molecular spin is 2t + 1-fold degenerate, and so the 
multiplicity of any state is given by the general expression 2(2/ — w) + 1, 
Since n is even for the ortho states and odd for the para states, it follows that 


Statistical Weight of Ortho States 
Statistical Weight of Para States 


E2(2/ - «) + 1 

n— 0, 2, 4, 

E2(2/ -n) + l 

n-l. 3.5, ••• 


(31.6) 


(/ -b 1)(2/ -bl) 
s{2i + 1) 


(31.7) 


The ratio of the statistical weights or probabilities, which is seen to be equal 
to (/ -b 1)//, gives the limiting proportion of ortho form to para form at 
equilibrium. 

It should be noted that equation (31.7) also represents the ratio of the 
intensities of alternate rotational lines in the band spectrum under equi- 
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librium conditions at appreciable temperatures. When the nuclear spin i 
is zero the ratio of the intensities of alternate rotational lines is equal to 1/0; 
in other words, alternate lines, with zero intensity, should be missing. This 
result is in agreement with the conclusion reached earlier when nuclear spin 
was not taken into consideration. The reverse of the argument is also true; 
when alternate lines are missing, as in the electronic spectrum of the 
molecule, the spin of each nucleus is zero. 

There is one further matter that must be mentioned, although it will not 
be possible to go into details. It has been seen that the ratio of ortho states 
to para states is given by (/ -j- 1)/;, but nothing has been said concerning 
the question as to which states correspond to symmetric and which to anti- 
symmetric rotational levels. The actual distribution depends on various 
symmetry considerations, and also on whether the nuclei obey the Bose- 
Einstein or the Fermi-Dirac statistics (of. Chapter VII). If the Fermi-Dirac 
statistics are followed, as appears to be the case for all nuclei of odd mass 
number, the antisymmetric levels are ortho, and the symmetric levels are 
para. On the other hand, for nuclei of even mass number, the Bose-Einstein 
statistics are obeyed, and the symmetric levels are ortho, while the anti- 
symmetric are para. With hydrogen, for example, the atomic mass number 
is odd, and so Fermi-Dirac statistics are applicable. The antisymmetric 
levels then constitute the ortho state, present in excess at equilibrium. 
Reference to Section 31c shows that these are the levels with odd J values, 
since normal hydrogen is in a state. The heavier isotope of hydrogen, 
namely deuterium, with even mass number, follows the Bose-Einstein sta- 
tistics, and so the symmetric levels should be present in larger proportion. 
Since molecular deuterium is also in a ^2^ state, the rotational levels with 
even / values constitute the ortho state. Further reference to the properties 
of ortho and para states will be made in Chapter VIII. 

31f. Selection Rules for Electronic Transitions. — The nature of the elec- 
tronic transitions that are permitted depend to some extent on the type of 
coupling between electronic and rotational energies; the selection rules given 
here apply particularly to molecules exhibiting case {a) or case (^) coupling. 
The quantum number A can change only by zero or ±1, so that transitions 
such as 

n<->n, A<->A, 2<->n and n A 

are possible, but 2 — A, 2 — etc., are not observed. Another rule is 
that the resultant spin is usually unchanged in an electronic transition, so 
that combination occurs between states of equal multiplicity; thus, ^2 ^ *2, 

and so on. Further, positive electronic states combine only with 
positive states, and negative with negative, so that there are no transitions 
of the type 2'*' — 2-.® If one of the combining levels is a 2 state and the 
other is not, then it is immaterial whether the former is positive or negative, 
so that the transitions 2'*" II and 2“ <-> II can both occur. Finally, as 

* This rule should not be confused with that given in Section 3 Id, according to which transi- 
tions occur only between positive and negative rotational levels. 
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stated in Section 3 Id, for diatomic molecules with equally, or almost equally, 
charged nuclei, trajisi^ns can occur only between a g state an a u s a e, 
transitions bet^^^^^^two g states or between two u states are no permi e . 

AVpiiCATiONS OF Potential Energy Curves 

\ 

32a. Potenti^ Energy Curves. — If the oscillations of the nuclei in a 
diatomic molecule were simple harmonic in character, t e potentia curve, 
representing the variation of potential energy with mternuclear.distai^e, 
would be a simple parabola, as shown by the dashed curve in big. 22. Be- 
cause of the known anharmonic nature of the nuclear vibrations, the actual 
potential energy curve for a diatomic molecule will be of the form indicated 
by the full line in the figure (cf. Fig. 9). The minimum of the curve will 
be taken here as the arbitrary energy zero, so that the vibrational energy, 
given by the equation 

Ev = (v — (y H- + • • • (32.1) 

will be referred to this zero. The vibrational energy levels, for various 
values of the quantum number v, namely 0, 1, 2, 3, • • derived from this 

equation, are indicated by the 
horizontal lines. The energy dif- 
ference between the bottom of the 
curve and the o = 0 vibrational 
level is equal to the zero-point 
energy Eo, defined by 



Eo = ihcQ)e — ihcxcoe 

+ ihcy(a« + 


(32.2) 


In any vibrational state, such as 
that represented by the line LN^ 
for example, the variation of po- 
tential energy as the nuclei ap- 
proach and recede is represented 
by the curve NML, As the po- 
tential energy diminishes, the 
kinetic energy of -vibration in- 
creases correspondingly, so that 
the total energy remains constant, 
equal to Ev for the level LN, 

It will be evident from the shape of the full curve compared with that 
of the dashed curve, that provided the vibrational quantum number is small,' 
the oscillations are approximately simple harmonic. For higher vibrational 
levels, however, considerable deviations due to anharmonicity occur,. arM 
the result is that when the vibrational energy is high enough, viz., at Ocjn 
Fig. 22, the distance between the nuclei becomes infinite in the course 


Fic. 22 , Potential energy curve 
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oscillation. That is to say, it should be possible to cause a molecule to 
dissociate into its constituent atoms by supplying it with sufficient vibra- 
tional energy. This type of dissociation does not commonly occur in the 
ground state of the molecule, but it will be seen in Section 32d that as a result 
of an electronic transition the vibrational energy of the molecule in the final 
state IS sometimes sufficient to permit the nuclei to recede to infinite separa- 
tion. The potential energy of the molecule corresponding to the level v 
which is the lowest at which dissociation into atoms can occur, is equal to 
the heat of dissociation (cf. Section 32e). Two values of this heat are de- 
fined, as shown in Fig. 22; the value reckoned from the lowest actual vibra- 
tional {v = 0) level, IS given the symbol Do; this is really equal to the (hypo- 
thetical) heat of dissociation at 0° K, On the other hand, the heat of 
dissociation referred to the bottom the potential energy curve, which is equal 
to the maximum vibrational energy, will be represented by D, so that 

D = Do + Do, (32.3) 

where Do is the zero-point energy. 

32b. The Morse Equation.-'— The potential function U(r) for a diatomic 
molecule undergoing simple harmonic oscillations, may be written as 

U{r) =/(;• - r,)2, (32.4) 

where r is the actual distance between the nuclei and r, is the equilibrium 
value; the latter is the internuclear distance at the minimum of the potential 
energy curve; is a constant, actually equal to twice the force constant. 
In order to allow for anharmonicity, it would be necessary to add further 
terms (cf. Section 29b), so that 


U(r) =/{r - r.y + g{r - re)^ + h{r - r,)^ -f- • • •. (32.5) 

Such an expression can possibly be represented as an exponential function 
of r — To and Morse proposed the relationship 

U(r) = D(1 - (32.6) 


where D is the heat of dissociation defined above, and a Is a. constant for 
the given molecule. The Morse function satisfies most of the requirements 
of an actual potential curve. If r is put equal to r,, the value of U{r) is 
seen to be zero, whereas as ?* approaches infinity, U(r) becomes equal to D, 
the heat of dissociation; these results are in agreement with actual fact. 
However, as r approaches zero, the value of D(r) should approach infinity, 
although the Morse function leads to a finite result. This discrepancy is not 
serious; first, because the potential energy given by the Morse function is, 
in any case, very large when r is zero, and second, because the conditions for 
internuclear distances that approach zero are of no practical significance. 


^ Morse, Phys, Rev.y 34, 57 (1929); see also, 
61 (1942). 


Hulburt and Hirschfelder, J. Chem. Phys.^ 9, 
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If the Morse function is used to represent the potential energy of an 
oscillator, the Schrodinger equation leads to the result 


" sS;; 


(32.7) 


for the eigenvalues of the total energy of the oscillator; this expression is 
obviously of the form [cf. equation (32.1)] 

Ev = (tJ + i)hco>e — (p + iyhcxojt^ (32.8) 


and so it follows that the constant a in equation (32.6) is given by 



(32.9) 


where ju is the reduced mass of the molecule. Further, it follows from a 
comparison of the coefficients of (o + J)* in equations (32.7) and (32.8) that 


giving as an alternative definition of a. 



h 


( 32 . 11 ) 


Finally, from equations (32.9) and (32.10), it is seen that 



( 32 . 12 ) 


The values of a and D requirejd for the Morse equation can thus be calculated 
if w, and x are known. Although several other potential functions have been 
proposed, the Morse equation is the most widely used, partly because of its 
satisfactory agreement with experiment, and partly on account of its 
simplicity. 

32c. Electronic Transitions : The Franck-Condon Prin ciple . — Every elec- 
tronic state oT a^molecule has its own potential energy curve; the forms of 
these curves are usually completely unrelated, although certain general con- 
siderations regarding their nature will be developed in later sections. Two 
curves, for a lower electronic state y/ and an upper electronic state B are 
shown in Fig. 23; the nuclear separations at equilibrium, i.e., at the minima 
of the curves, are different in the two cases, and so also are the heats of dis- 
sociation. The vertical distance between the minima of the curves js equal 
to the difference in the electronic energy of the two 'states; this is the quan- 
tity represented by the symbol £„ and is equivalent to hcv, in Section 30a 
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The probability of the transition from a given vibrational level in the 
lower state to any level in the upper state, when radiation is absorbed or of 
the reverse process when radiation is emitted, is determined by a rS first 
stated by Franck and later developed quantum mechanically'^y Condon • 
The rule is consequently known as the Franck-Condon principle. According 
to this principle, transitions from one state to another are most probabl! 

when the nuclei are in thejr extreme prooaDie 


positions, e.g., at L and N for the 
level LN\n Fig. 22, for it is there, 
when the vibrational kinetic energy 
is zero, that they spend the longest 
time. In other words, it is near 
the extreme positions of the nuclei 
where the square of the vibrational 
eigenfunction is greatest. Further, 
since the time required for an elec- 
tronic transition is very small com- 
pared with the time necessary for 
the nuclei to oscillate, the internu- 
clear distance will remain virtually 
constant during the course of an 
electronic change. This means that 
electronic transitions will be repre- 
sented by vertical lines, and the 
most probable transitions will be 
those commencing from the ex- 
treme positions of the nuclei for 
any given vibrational level; one 
transition of this kind is shown 
in Fig. 23.^ Since these are the 



Intemuclear Distance 

Fic. 23. Potential energy curves of lower {A) 
and upper (.5) < lectronic states 


most probable, the corresponding vibrational bands in the electronic spec- 
trum will be the most intense. The particular vibrational transitions pro- 
ducing these bands will, of course, depend on the relationship between the 
upper and lower potential energy curves. It is easy to understand, therefore, 
why it is not possible to state a simple selection rule for vi))rational changes 
accompanying electronic transitions. 


As already mentioned in Section 29b, the absorption bands starting from 
the P == 0 level in the ground state must always be the most intense, at least 
at ordinary or low temperatures. In emission, however, the molecules in 
the excited state will occupy several of the Vibrational levels, and a variety 


* Franck, Trans. Faraday Soc.y 21, 536 (1926); Z.phys. Chem.y 120, 144 (1926). 

• Condon, Phys. Rev.y 28 , 1182 (1926); 32 , 858 (1928). 

’The quantum mechanical treatment indicates that for the lowest (o = 0) vibrational 
level, the square of the eigenfunction has a single maximum at a position corresponding to the 
midpoint of the classical vibration. The electronic transition from this level should thus take 
place from a central point rather than from the extreme positions of the nuclei (cf. Pauling and 
Wilson, “ Introduction to Quantum Mechanics,” page 74). 
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of transition the gro -ul state, all governed by the Franck-Condon 

principle, will ^ssiblc The relative intensities of the bands correspond- 

ing to various vibiational uansitions have been satisfactorily explained in 
this manner. It should be remembered that the transitions represented by 
vertical lines on the potential energy diagram and starting from the ex- 
treme positions of the nuclei will be the most probable, but other transitions 
will also occur; since the latter are less probable, however, the corresponding 
bands will be less intense. 

32d. Dissociation in Electronic Transitions. — In the electronic transi- 
tion depicted in Fig. 23, the molecule has a definite amount of vibrational 
energy in both upper and lower states; the spectrum corresponding to such 

transitions exhibits definite vibra- 
tional bands. If the potential 
energy curves of the two electronic 
states are related somewhat in the 
manner depicted in Fig. 24, how- 
ever, certain transitions, such as the 
one shown, will be accompanied by 
dissociation. The vibrational en- 
ergy in the upper state is so high 
that the internuclear distance be- 
comes infinite in the course of a 
vibration. When this type of tran- 
sition is possible, the electronic ab- 
sorption spectrum may consist of a 
number of bands, corresponding to ' 
transitions from the ground state 
to definite vibrational levels in the 
upper state, but these bands will 
converge and eventually pass into a 
continuous region showing no band 
structure. In this continuous re- 
gion, or continuum^ there is no 
Fic. 24. Dissociation in an electronic transition complete vibration of the molecule, 

because the vibrational energy in 
the upper state is sufficient to bring about dissociation. Absorption spectra 
of this type, in which a series of vibrational bands, complete with rotational 
fine structure, converge and eventually become a continuum, have been 
observed with iodine and other halogen molecules, and also in certain 
electronic spectra of molecular hydrogen and oxygen. 

If the absorption spectrum is obtained at ordinary temperatures, then 
the energy corresponding to the convergence limit frequency is the minimum 
amount which must be supplied to the lowest vibrational level (v = 0) in 
the ground state in order to bring about dissociation in the upper electronic 
state. For example, by means of a short extrapolation of the rapidly con- 
verging vibrational bands in the absorption spectrum of molecular iodine,^ 
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the convergence limit, where the continuous spectrum ■ r 

to occur at a wave length of 4995 A. The corresponHlna 
to the quantum theory, is 57,200 cal. per mole. 

r *11 fl* ' of gaseous iodine in the ground st t ^ 

before it will dissociate into iodine atoms Af-rpnfir.^ . u ^ 

point to the fact that the products are n;t necessarily iodineltoms in‘tha'r 
ground states. The question of the nature of the products nf h;/ 

■wiU be treated later (Chapter VI), but in the meantime it may be'suied 
that there are many good reasons for believing that dissociation of an S ne 
molecule m the upper electronic state leads to the formation of at lea t one 
excited atom. The excitation energy of this atom is represented hv F 
Fip 24, on the assumption that dissociation in the ground state of the m^le 
cde leads to two normal atoms. When dissociation of iodine occuTs at 
4995 A, the products are probably one normal and one excited ( 

iodine atom. From the spectrum of atomic iodine the energy difference 

£ ) of these two states is known to be 21,720 cal. per g. atom, and so it 
follows that Do for the reaction 


L = 2ICP,„) 

is 57,200 - 21,720, i.e., 35,480 cal. per mole. This result has been verified 
by observations on the convergence limit of a weak band system of molecular 
iodine m the red portion of the spectrum; the products of dissociation are 
then two normal ( /'a/z) iodine atoms. The agreement of the heat of 
dissociation with that just calculated is very satisfactory. 

By determining the position of the convergence limit, where the discrete 
band spectrum passes over into a continuum, it is consequently possible to 
ascertain the heat of dissociation of molecular iodine. Determinations 
similar to those described above, have been made of the Do values of chlorine 
bromine, hydrogen and oxygen. The products are usually a normal and an 
excited atom, and the accuracy of the result depends not only on a precise 
knowledge of the convergence limit, but the energy of excitation of the atom 
must also be known accurately. Nevertheless, it is possible to determine the 
heats of dissociation of such molecules as hydrogen and oxygen with an 
accuracy that is greater than by direct thermochemical methods. 

In some cases the electronic absorption spectrum shows no banded struc- 
ture, but is continuous throughout. This occurs when the potential energy 
curve in the upper electronic state is of the type shown in Fig. 24 at B'; that 
is to say, the potential curve has no minimum. In this event, every possible 
transition from lower to upper state is accompanied by dissociation, and 
consequently there can be no vibrational structure. The molecule in the 
upper electronic state is incapable of performing a complete oscillation, for it 
must undergo dissociation in the process. In the state represented by B' 
the molecule is unstable (cf. Fig. 9), but electronic states of this type are 
frequently involved in electronic transitions. Completely continuous spec- 
tra, with no vibrational bands, are also observed in emission when the upper 
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State has a potential energy curve with a minimum, but the lower state is 
unstable This would be similar to the A — > B' transition with the positions 
of the curves reversed. 

32e. Calculation of Heat of Dissociation. — For many molecules the vi- 
brational bands cannot be followed, generally because of their faintness, 
right up to the convergence limit; in such cases an approximate estimate of 
the heat of dissociation can be made by using an analytical extrapolation 
procedure.® If a diatomic molecule were a truly harmonic oscillator, the 
energy (or frequency) separation of successive bands would be constant, and 
no convergence limit, or dissociation, would occur (cf. dashed curve in 
Fig. 22). For an anharmonic oscillator, however, the energy (or frequency) 
separations of the origins of successive bands in a given progression steadily 
diminish, and eventually become zero at the convergence point. It may be 
seen from equation (32.1) that the energy difference between the origins 
of two adjacent vibrational bands is given by 

= hc(j3t — 2(v + (32.13) 

It is evident from this expression that AEv will decrease regularly as v in- 
creases, and the condition that AE^ shall be zero gives the vibrational 
quantum number Vc at the dissociation (convergence) limit; thus 

hC(AJe — 2(Vc + ^)/lCXa)e ~ 0, 

I — X 

Vc = . (32.14) 


If this is substituted in equation (32.1), the vibrational energy at the con- 
vergence limit, which is equal to the heat of dissociation D for the given 
state (cf. Fig. 22) is then seen to be 



(32.15) 


[It is of interest to note that this result is identical with equation (32.12) 
derived from the treatment of the Morse equation.] The value of Do, 
which is the ordinary heat of dissociation for 0° K., with all the molecules 
assumed to be in the lowest vibrational (v = 0) and rotational (/ = 0) 
levels, is then obtained from D by subtracting the zero-point energy [cf. 
equation (32.3)]; thus, taking the latter as [cf. equation (32.2)], 



(32.16) 


Insertion of the known values of oi# and x will give the heat of dissociation 
Do per single molecule; multiplication by the Avogadro number then yields^ 

* Birgc and Sponer, Phys. 28, 259 (1926). 


applications of potfntiai ^ 

^-otential energy curves 


lo/ 

the value per mole. If a;, and a irp rh i /■ 

molecule, then Do will refer, of course state of the 

may, or may not, be the normal atoms’ Tf o' this state, which 

electronically excited state, the necessary allo"^ 

must be made in calculating the heat^,f j excitation energy 

as products. ® dissociation with normal atoms 

From a study of the electronic spectra of m .,1 i l , 

found that in the ground state, u is 440S ^ ^emilar hydrogen, it has been 
hence a is 0.028447, and 's 125.32 cm.-'; 

Do = 6.624 X 10“27 X 3 X 10*° x 4405 ( - ^ n c \ 

inAAK I , \0.1138 per molecule 

= 104.4 kcal. per mole. '' 

This result may be compared with the value of 107-^20 i . • 

Beutler (1934), by accurate graphical extranoUfi ’ ^ ‘ 

The products of dissociation are evidently twe^ ^ range. 

A.othe, pcibiCy i. „s. .. .nd“ e^L"r,1f I?',’" 
for a higher electronic state of the molecule- tL n tletermmed 

(32.16) is then equal to Z)o*, the heat of disLciatmn'in ^hf 'T’ 

In order to determine Do in the ground state it is npr ^ '-■ettronic state, 
ance for the electronic energy and the exc'it-t' to make allow- 

ducts. It is seen from Fig. 24 that ' of the pro- 

D = D* + E.~ 

where £>* refers to the upper state. Since Z)„ is equal to D ~ f 

above, and D* is equal to D* — anH nprri«^«.- ^ l ^ 

E- j V* -i./ II ^ r neglecting the difference hpfu.- 

£o and £o) it follows, as a first approximation, that 


0 , as seen 
een 


Do — DS + £« — Ea. 


(32.17) 


As seen previously, £. is equal to hc.„ and .. may be determined from 
spectroscopic data, as shown in Section 30a. The calculation nil Te 
Illustrated by reference to the Schumann-Runge bands for oxvgen which 
give the following values: = 49,052 cm.->, a.. = 710.14' cm.- and 

""“rs- S’ data give 169,000 cal. per mole for the sum of D* 

and Ee. The products of dissociation are probably one normal (>P) atom 
and o^exc. ted CD) atom, the excitation energy of the latter being 1.97 eT 

123,000 cal., which luay be compared with the value obtained from an 
accurate estimate of the convergence limit, viz., 117,200 cal., per mole. 

■ K source of error ® m the use of equation (32.16) for calculat- 

mg heats of dissociation lies in the fact that the determination of tiy by equa- 

functSnit rh (^2. 13), according to which AF„ should be a linear 

function of the vibrational quantum number v. An examination of actual 

■Birge, Trans. Faraday Soc., 25, 707 (1939). 
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Spectra shows that is in many cases a linear function of v for small 
values of the latter, but for higher vibrational quantum numbers successive 
values of AEv decrease more rapidly than would be expected from equation 
(32.13). The reason for this discrepancy is the neglect of terms involving 
(f -f* z)^ {v + iYy etc., in the complete expression for the energy of an 
anharmonic oscillator. If these were included, with appropriate values for 
the anharrnonicity constants y, 2 , etc., AE„ would no longer be expected to 
vary in a linear manner with the vibrational quantum number. For small 
values of v the difference is negligible, but for high values, such as are con- 
cerned in the extrapolation, the errors introduced by the neglect of the higher 
terms are significant. The true value of [?«, the vibrational quantum number 
at the convergence limit, is almost invariably less than that given by equa- 
tion (32.14), and so the heats of dissociation from equation (32.16) are 
generally too high, as seen above. The calculation could be improved by 
introducing the higher powers of t; -f but this would require a knowledge 
of the anharrnonicity constants. A better procedure is to plot the experi- 
mental results for AE^y derived from the band spectrum, against v, from 
V = 0 to the highest available value, and then to extrapolate the resulting 
curve graphically until it cuts the v axis. At this point AEv is zero, and the 
corresponding value of v is equal to Vc. The area enclosed by the curve and 
the two axes is then the sum of all the AEv terms from v = Otov = Vc; this is 
clearly equal to Do, the heat of dissociation in the given electronic state. 

^cdiss ociatioD.: In certain cases an electronic spectrum has been 
^ observed in which there are a number of vibrational bands with the expected 
fine (rotational) structure; from a certain band onwards, however, the rota- 
tional lines are replaced by a diffuse structure. These diffuse bands are 
referred to as predissociation spectral The fact that the band structure 
is still evident suggests that the molecule has definite vibrational energy 
levels in upper and lower electronic states, but for some reason the rotational 
energy is not quantized. In some cases the predissociation spectrum is 
followed by a region of continuous absorption but, in other instances, bands 

With fine structure are found on both long and short wave sides of the 
predissociation bands. 

It is probable that there are several types of predissociation, but in 
general the production of the diffuse spectra can be accounted for by sup- 
posing that the molecule is first raised from one electronic level to another, 
and at the same time there are a number of vibrational transitions. The 
vibrational bands thus appear clearly in the electronic band system. If the 
energy acquired by a molecule in this transition is greater than is necessary 
in another excited electronic state, this energy may redistribute itself so as 
to cause the molecule to dissociate. If the time elapsing between acquisition 
of the necessary energy and its redistribution is small compared with a period 
o rotation, the molecule will dissociate before a complete rotation can occur. 



Henri, Compt. rend.. 179, 1156 (1924)- 
Physiky 61, 604 (1930). 


Trans. Faraday Soc.y 25, 765 (1929); Herzbcrg, 
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The rotation will thus not be quantized i p 

be absent, and the vibrational band will ’not'kow fine Ttructu" e 
The situation may be considered mnrp i u 

energy curves. It is probable that in many^ if noVall ^c^s^r^f Potential 

tion, three different electronic energy Jevefs are concerned^ 

the curves y/ and representing the lower and iinnpr i ’ addition to 

p.,, i„ the prim.,. the r ; .*fhiX, 

energy curve crosses B (Fig. 25) Potential 

mV II 1* ^ 


w ^ / • 

Normally, direct transitions from 
^to Cdo not occur, hnt^ radiation- 
less transition^ involving no energy 
change, from 5 to C is possible, 
provided the potential energy is in 
the vicinity of the point P where 
the curves B and C cross. As a re- 
sult of the transition A-^ repre- 
sented by the line I, the molecule 
in state B will vibrate normally, and 
a vibration band with fine structure 
will appear. For a transition such 
as II, however, as the nuclei re- 
cede in state 5, the energy passes 
through the point P and a transi- 
tion to C can take place. The en- 
ergy of the system, although not 
great enough to dissociate the state 
By is now greater than is required 
to bring about dissociation of C, 
and so this occurs. The vibration 
in state B is still quantized, but for 
transitions like II, and beyond, the 



Fig. 2S. Potential energy curves 
for predissociation 


• ws 

molecule dissociates, after passing into state C, in less time than a period 
of rotation, and so the rotational fine structure ceases. If the transition 
{lotti A to B is one which leads to a relatively high energy in state By then 
the vibrational kinetic energy of the molecule as it passes through the point 
P may be so large that the transition to state C does not occur. In this 

case, the predissociation region will be followed by bands showing discrete 
rotational structure. 

The radiationless transition from one state in which the energy is quan- 
tized to another in which it is not, is frequently referred to as the Auger 
effect. It was first observed with X-rays, and it was later shown to occur in 
connection with atomic spectra. In general, when a series of quantized 
levels, in one particular state of an atom or molecule, overlap the con- 
tinuum of another state, a radiationless transition, i.e., without change in 
elKtronic, vibrational or rotational energy, is possible from one state to the 
other, provided the selection rules concerning an electronic transition are not 
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Violated. This overlap occurs with the states B and C in Fig. 25, since the 
dissociation limit of C lies below that of B\ when the two curves cross at the 

point P, the radiationless transition can occur in accordance with the 
Franck-Condon principle. 

A consideration of the curves in Fig. 25 shows that the energy correspond- 

to frequency of the predissociation limit, that is, the point at which 
the vibrational bands become diffuse, is equal to the energy that must be 
supplied to the lower state A in order to bring about dissociation in the 
state C. Actually, because of the shapes of the curves, it is probably safer 
to say that the predissociation limit gives a maximum for this dissociation 
energy. The approximate values of the heats of dissociation of a number of 
compounds have thus been calculated from predissociation spectra. Apart 
from its quantitative aspects, the occurrence of predissociation in certain 
spectral regions is important in the investigation of photochemical reactions 
for it shows that the absorption of radiation in these regions is accompanied 
by dissociation of the molecule. 


The Raman Effect “ 

33a. Scattering of Light. — In the normal scattering of light by a solid 
liquid or gas, the frequency of the radiation is unchanged; that is to say’ 
the incident light and the scattered light have the same frequency. Scatter- 
ing of this type is known as Rayleigh scattermg. Further examination of 
scattered light has shown that in addition to Rayleigh scattering there 
exists, to a very much smaller extent, a form of scattering in which the 
frequency of the light undergoes a definite change. This new form of 
scattering, predicted theoretically by Smekal in 1923, and observed and 
studied m 1928 by Raman, is called Raman scattering. The Raman effect 
has been observed with all forms of matter, and its essential nature is inde- 
pendent of the frequency of the incident light. The scattered Raman radia- 
tion contains frequencies that are both larger and smaller than that of the 
incident light, assuming the latter to be monochromatic. The differences 
however, are characteristic of the substance producing the scattering, and 
do not depend on the frequency of the light employed. If v, is the frequency 
of the incident radiation, and v. is that of the light scattered by a given 
molecular species, then the Reiman shift defined by 


Ai- = y. - r., (33.1) 

IS characteristic of the particular species. When Ak is positive, that is, 

scattered radiation is less than that of the incident 
ught, the Raman spectrum is said to consist of Stokes lines; if, however, v. 
IS greater than k,, so that Ay is negative, the Raman lines are referred to as 

IS nfa94Tv HlbbCn^-‘Trn^ ^od. Phys., 
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anti-Stokes lines. For reasons which will be explained cK i . 
lines are frequently much more intense than the^anti S, 

The Raman frequency shifts Av generallv ^ 

cm.-> to 3000 cm.-*; such frequencies correspond to'ridnP^ ' 
far and near infra-red regions of the spectr^um resn'err 7'" 
probable, therefore, that the changes in energy of the sci'rV ' ’i 7, 

Lman effect correspond to the energy change" a c con, 7 

and vibrational transitions in a molecule It will h ' rotational 

i,, i„ he,, an almoa. exact cor,.sp„„de„ce be»l.„ 

dte observed or calculated vibrational and r„,a”„,",| ‘'"f" 

3'3b. Classical Theory of the Raman Effect —Thr. c.; i , ■ , 

of scattering may be employed to give an interpretation ^ 

If an atom or molecule is placed in an electric field the electrr!fir'''"! *■ 
are displaced in such a manner as to induce a dinnle n ■ nuclei 

„„lecl If f it the sttength of the "reel *ct|i T 

of the induced moment, then ^ niagnitude 

“ " (33.2) 

where a is the polarizabilhy of the molecule. .According to the electro 
magnetic theory of light, the variation with time t of the elerrrlr fill ) f 
sttength F. accompanying radiation of f,e.,„eocy r is g;„r by ,h“ SSi:! 


F = F,i sin lirvt, 


(33.3) 


where F^, a constant, is the equilibrium value of the field strenirf h H 

by equation (33.2), the Sold F .ill induce a dipok .“.“T'liLh"' a' "; 
according to the expression 

M = aFo sin 27rF/. 

It follows, therefore, from this result that the light of frequency r will induce 

in the atom or molecule with which it interacts, a dipole which oscillates with 

the same frequency y. By classical theory, this oscillating dipole should 

radiation of the identical frequency v, and hence the result 

will be Rayleigh scattering, for which the incident and scattered radiations 
have the same frequency. 

In this argument no account has been taken of the oscillation or rotation 

of the molecule, but the accompanying movements will affect the induced 

dipole moment, and hence they will influence the scattering. Suppose the 

molecule is assumed, as heretofore in the present chapter, to be diatomic; 

as the two nuclei vibrate along the line joining them the polarizability of 

the molecule will vary. For small displacements from the equilibrium 

position, it is possible to represent the variation of polarizability a with the 
displacement by 

a = ofo -f (33.5) 

where ao is the equilibrium polarizability, ^ is the rate of variation of the 
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polarizability with displacement, and A is the vibration amplitude. If the 
oscillations of the molecule are simple harmonic, the variation of^ with time 
may be represented by 

X ~ A (33.6) 

in which is the vibration frequency of the molecule for small displacements. 
It follows, therefore, from equations (33.5) and (33.6) that 

a = ao P sin (33.7) 

and hence from equation (33.4), the variation of the induced dipole moment 
with time is given by 

^ = oLisF^ sin 27rp/ + sin sin 

= otoF^ sin 27rp/ + J/3i^olcos 27r(p — Vv)t — cos 27r(p + Pt?)/}. (33.8) 

According to this equation, the induced dipole moment oscillates not only 
with the frequency v of the incident light, but also with the frequencies 

V — and v + v^; these are smaller and larger, respectively, than that of the 
incident light by an amount equal to the vibration frequency of the 
diatomic molecule. The first of these frequencies of the oscillating dipole, 
i.e., p, gives rise to scattered radiation of the same frequency as the incident 
light, that is, to Rayleigh scattering. In the other two frequencies, viz., 

V — v„ and V + Pv, is to be found the origin of the Raman effect; the scattered 
radiations having these frequencies constitute the Stokes and anti-Stokes 
lines, respectively. The Raman shift, which is the difference in frequency 
between the incident and scattered radiation, should thus, according to the 
theory, be equal to the vibration frequency of the diatomic molecule. 

It will be evident from the preceding discussion that the change of fre- 
quency in the scattered radiation, i.e., the Raman effect, is due to the varia- 
tion of polarizability with time during the course of a vibration [equation 
(33.7)]. It will now be shown that it is also possible for rotation to be ac- 
companied by a change in polarizability, and hence it can also give rise to 
Raman scattering. During the course of a rotation the orientation of a 
molecule with respect to the electric field of the radiation is changing; hence, 
if the molecule has different polarizabilities in different directions, that is, 
if it is optically afiisotfopic, its polarization will vary with time. By analogy 
with equation (33,7), the variation of the polarizability in the course of a 
rotation may be represented by an equation of the form 

a = ao -f sin lTc{lvr)t, (33.9) 

where Pr reprpents the frequency of rotation. It will be noted that the 
quantity 2vr is used in this expression, in place of in equation (33.7). 
The reason for the introduction of the factor 2 is that rotation of the dia- 
tomic molecule through an angle of tt brings it into an orientation in which 
Its polarizability is the same as initially. The polarizability thus changes 
at a rate that is twice as great as the rotation, and this leads to the result 
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given in equation (33.9). Combination of the latter with equation (33 4) 
then gives for the time variation of the induced dipole moment. 

= aoFo sin 2irvt -f- fi'Fo sin Ittv^ sin i-irvrt 

= aoi^osin Iwpf + i^'Fofcos 2ir(p — 2vr)t — cos 2;r(v + 2vr)t], (33.10) 

According to this result the frequencies of the Raman lines should be . - 2. 
for the Stokes lines, and . + 2. for the anti-Stokes lines. The Raman shift 
should thus be equal to 2v,. Classically, all frequencies of rotation should 
exist in a gas at ordinary temperatures, and so the Raman spectrum should 
consist not of lines but of two continuous branches, one on each side of the 
incident radiation. However, the quantum theory indicates that only cer- 
tain rates of rotation are possible, and the spectrum actually consists of a 
number of lines. 

Apart from certain details, such as the one just mentioned, classical 
methods lead to a theory of the Raman effect which is in general agreement 
with experiment, as will be evident from the succeeding discussion. Before 
proceeding to a consideration of the conclusions to be drawn from the appli- 
cation of quantum mechanics, it is of interest to recall what is the funda- 
mental cause of the frequency change in the scattered radiation. The 
classical treatment indicates that the vibrational Raman effect results from 
changes in polarizability in the course of vibration of a molecule, whereas the 
rotational Raman effect will occur only if the molecule is anisotropic, i.e., 
has different polarizabilities in different directions. 

33c. Quantum Theory of the Raman Effect. — According to quantum 
theory, Rayleigh scattering is the result of the absorption of the incident 
radiation by the scattering molecules which are thereby raised to a higher 
energy state; on returning to their original state, radiation of the same 
frequency as that of the incident light is emitted. In the Raman effect, 
however, the molecules do not return to their original state, but to higher 
or lower vibrational or rotational levels; the frequency of the emitted 
(scattered) radiation is thus less or greater than that of the incident radiation 
by an amount equivalent to the difference in the vibrational or rotational 
energy states. The quantum theory of the Raman effect may thus be ex- 
pressed in the following manner. Suppose the energy of a molecule in its 
initial (lower) state is represented by and it is exposed to incident 
radiation of frequency v, cm.“‘; the molecule is thus raised to a level in which 
its energy is -T hcPi. It then emits (scatters) radiation having the ob- 
served Raman frequency v,, and hence loses energy hcve; in doing so it returns 
to a level of energy E' which lies above the E^' level; it follows, therefore, that 

E" -b hcpi - hcv, = E\ 

E - E" = hc{v, - O 

= hc^v. (33.11) 

The energy change corresponding to the Raman shift, i.e., hcAv^ is thus equal 
to the difference in energy of the two levels represented by E' and 
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respectively. If these are two different vibrational levels, then Av will 
clearly be approximately equal to, or a multiple of, the fundaifiental vibra- 
tion frequency of the molecule. It is possible, also that E' and may 
represent two rotational levels; in this case, /icAv will be related to the 
quantum of rotational energy. 

In deriving equation (33.11) it was assumed that the molecule was ini- 
tially in the state of lower energy, E'\ Under these conditions, Vi — v, 
is positive, and, as seen in Section 33a, the Stokes lines of the Raman spec- 
trum are produced. If, however, the molecule is in the upper state E' when 
it takes up the energy of the incident light, and then returns to the lower 
state E" after emission of the scattered Raman radiation, the energy changes 
may be represented by 

E' + hcPi — hcvt — E"y 

E’' — = hc{vi — V,) 

= hcAv. (33.12) 

In this case Av is negative, and so this condition gives rise to the anti-Stokes 
lines of the Raman spectrum 

The probability of the energy transitions involved in the Raman effect 
is determined by an expression of exactly the same form as equation (27.3). 
In the present case, however, represents the component of the induced 
dipole moment in the x direction; thus, utilizing equation (33.2), it is 
possible to write for the .r component of the matrix element which determines 
the transition probability, 

Pm.(x) = J* (33.13) 

where a„ is the polarizability in the x direction when the field acts in 
the same direction. Assuming to vary in the course of an oscillation, in 
a manner similar to that given by equation (33.5), viz., 

^xx “ Otxx “ 1 “ ^xx , 

it follows that 

^mn(r) = Fy^Ct^x^ Pzxj (33.14) 

The vibrational eigenfunctions are orthogonal, and hence the first term on 
the right-hand side of equation (33.14) is zero, except when m and n are 
equal; this term, therefore, gives rise to the radiation which does not involve 
a vibrational (or other) transition. That is to say, the first term represents 
the probability of the Rayleigh scattering. For Raman scattering, m and n 
will be different, and hence the first term in equation (33.14) is zero; the 
second term must, therefore, differ from zero if there are to be any Raman 
lines. It will be evident immediately that if is zero, the probability of 
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Raman scattering will also be zero; this means that rh^ i i- 

in ei.hnr the e, or t direction, mu.t chanoe in the c ' 'I 

otherrriM the trans.t.on probability will be zero and no Raman elbecTwiirb; 

SS? exten'i “ dSt'SSi " ?' rSbrn'R^ '' 

The coneln.i.n. of this and the precedi„,'‘pr,mS t"’i“e,u-Sr3 
those reached in the classical treatment. 

. * • of a molecule may be considered as made up of three 

components .ndmections at nght angles; these give the dimensions of the 
so-called polarization ellipsoid. Provided there is a change in the polanza! 
bility m any one direction or, in other words, if any of the three dimensions 
of the polarization ellipsoid is changed, during the course of a molecular 
vibration, that vibration will interact with radiation to give a Raman effect 
Similarly, provided the polarization ellipsoid is not spherical, i e if its three 
dimensions are not equal, then a rotational Raman effect will be possible 
For a diatomic molecule, whether homonuclear or not, the polarizability 
ellipsoid will not be spherical and it will also change its dimensions in the 
course of a vibration; hence all such molecules exhibit both rotational and 
vibrational Raman spectra. It is only when there is no change in any of 
the polarizability components, that is, in any of the dimensions of the polar- 
ization ellipsoid, that no vibrational Raman effect is observed; this is the 
case with certain vibrations of polyatomic molecules, as will be seen subse- 
quently. Similarly, spherically symmetrical molecules, such as methane 
and carbon tetrachloride, exhibit no rotational Raman effect. 

It is of interest to call attention here to an important difference between 
classical and quantum theories in relation to the change of polarizability 
accompanying the vibration of molecules in their lowest (v = 0) level. Ac - 
cording to classical theory, when the vibrational quantum number is zero, 
the molecule has no vibrational energy and hence does not oscillate. Mole- 
cules in their lowest levels should thus not be able to display vibrational 
Raman scattering. Experiment shows, however, that such molecules do 
actually exhibit the Raman effect, and the explanation of this fact is provided 
by quantum mechanics. According to the latter, molecules still possess a 
finite zero-point energy of vibration even in their lowest levels; the molecules 
can, effectively, never cease to vibrate. Raman scattering is thus possible 
for molecules, even when the vibrational quantum number is zero. 

33d. Vibrational Raman Spectra. — If in equation (33.14), or one or 
other of the corresponding quantities in the y and z directions, is not zero, 
there will be Raman scattering, provided the integral in the second term 
of the equation differs from zero. This condition determines the selection 
rules for the levels m and n which combine to give the Raman shift For a 
harmonic oscillator, it is found that the selection rule is the same as for 
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vibratioral spectra, viz., 

Ap = =t 1. 

A Raman vibrational transition will thus occur only from one level to the 
next upper (Stokes) or to the next lower (anti-Stokes) level. At ordinary 
temperatures, as already seen, most of the molecules are in their lowest 
vibrational state, i.e., o = 0; hence the majority of transitions will be of the 
type £J = 0top=l. A small proportion of the molecules will initially 
occupy the y = 1 level, and these can undergo the Stokes transition, i.e.,. 
y = 1 to y = 2, or the anti-Stokes transition, i.e., y = 1 to P = 0. In either 
case, the intensities of the resulting lines must be low because of the small 
number of molecules involved. The vibrational Raman spectrum at ordi- 
nary temperatures should thus consist of one strong Stokes line, correspond- 
ing to the p = 0 to y = 1 transition; this may be accompanied by perhaps a 
further Stokes line and an anti-Stokes line of low intensity. These anticipa- 
tions are in agreement with observation. At higher temperatures, the 
strength of the anti-Stokes line would be expected to increase, because of 
the increasing number of molecules that are initially in the higher vibrational 
levels. 

The vibrational energy of a diatomic molecule, acting as an anharmonic 
oscillator, is given, as a first approximation, by equation (29.12), that is 

Ev — {v \)kcc>>t — (y + ^Yhcxoit. 

For the strong line in the vibrational Raman spectrum, the quantum number 
y in the upper state is unity and in the lower state it is zero; using, as before, 
the symbols E* and £" for the energies of the two states, it follows that 

- £" = (1 - 2x)hc<s>,. (33.1S) 

Utilizing equation (33.11), the Raman shift for the strong Stokes line will 
then be given by 

= (1 - 2x)w,, (33.16) 

which is seen to be equal to the frequency of the center of the fundamental 
vibration band in the infra-red spectrum of the molecule [cf. equation 
(29.15)3. It is thus possible to verify the theory of the vibrational Raman 
effect by comparison of the frequencies of the infra-red bands with the 
Raman shifts. For an unsymmetrical diatomic molecule the vibration spec- 
trum and the Raman effect are both active and capable of direct measure- 
ment. If the molecule is symmetrical, and has no resultant dipole moment, 
there is no infra-red spectrum, but the value of (1 — 2x)iOt can be calculated 
from data derived from the electronic band spectrum. The Raman shift 
can be observed in any case, as the polarizability changes during vibration. 
A comparison of the Raman vibrational shifts with the calculated or ob- 
served values of (1 — 2jf)w«, for a number of symmetrical and unsymmetrical 
diatomic molecules, are given in Table XII; the agreement is seen to be 
very satisfactory. 


THE RAMAN EFFECT 


197 


The selection rule Ay = 1 is strictly applicable only to a harmonic 

oscillator; if the vibrations are anharmonic in character, overtones for which 
Ay is 2, 3, etc., become possible theoretically. Such overtones, if they are 
observed at all, will be very faint. Their frequencies will be given by equa- 

TABLE XII. COMPARISO.S OF RAMAN AND VIBRATIONAL EFFECTS 


Molecule 

Raman Shift 

V'ibration Frequency 

Hydrogen chloride 

2886 cm.“* 

2885.9 cm.-i 

Hydrogen bromide 

2558 

2559.3 

Hydrogen iodide 

2233 

2230 

Nitric oxide 

1877 

1879 

Carbon monoxide 

2145 

2144 

Hydrogen 

4156 

4154.6* 

Nitrogen 

2331 

2330.7* 

Oxygen 

1555 

1556.2* 


• Calculated Irom electronic spectra. 


tion (29.14), since the great majority of the molecules are initially in their 
lowest (y = 0) level. If the Raman frequency shift of the overtone, as well 
as that of the fundamental, could be determined it would be possible to 
calculate both oje and x for the given molecule. The frequency shift corre- 
sponding to the transition y = 0 to y = 1 gives (1 - 2x)co^, and from this 
alone it is not possible to evaluate separately the equilibrium vibration 
frequency and the anharmonicity constant. 

An isotope effect should be observed in vibrational Raman spectra, just 
as in other forms of vibrational spectra. If Avi, and Avz are the Raman 
displacements for two isotopic molecules, then by equation (33.16), 


and 


Ayi (1 — 2xi)coi 


Aj'2 = (1 “ 2x2)o)2. 


Making use of the relations given earlier, that 


(02 = p(oi and X 2 = pxif 

it follows that 

^ ^ / 1 - 2.V1 y 
Av2 \ 1 “ 2pX'i / P * 

Since .v is small, the quantity in the parentheses will not be appreciably 
different from unity; hence, 

Avi 1 / p2 

^ = ; = > ( 33 . 17 ) 

where m and in are the reduced masses of the isotopic molecules. 

The simplest case in which the isotope effect has been studied is that of 
the three isotopic molecules Hj, HD and Dj; the observed frequency shifts 
are 4156, 3631 and 2992 cm.-*, respectively, so that the ratios are 1.39 to 
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1.21 to 1.00. The corresponding ratios of the square roots of the reduced 

masses are 1.41 to 1.22 to 1.00. 

33e. Rotational Raman Spectra.— The selection rule for rotational 
Raman transitions differs from that for purely rotational changes; for the 
Raman effect it is 

A/ = 0, ± 2 

for diatomic molecules in 2 states, i.e., when A is zero.^ The fact that Ay 
can be equal to ±2 is equivalent to the classical result of Section 33b, that 
the frequency of the scattered light is changed by the amount 2pr- When 
A/ is zero, the scattered Raman radiation has the same frequency as the 
incident light, and so there is no Raman shift; the Raman line is then in- 
distinguishable from the spectral line due to the incident light or to Rayleigh 
scattering. The only Raman shifts that can be observed for S molecules 
are those corresponding to the transitions A/ = + 2 (Stokes lines) and 
A/ = — 2 (anti-Stokes lines). Since rotational quanta are relatively small, 
a considerable number of energy levels will be occupied by many molecules 
at ordinary temperatures. Hence, several rotational Raman transitions, 
with J initially equal to 0, 1, 2, etc., up to 10 or more, will be observed. 
Utilizing equation (28.1) for the energy of a rigid rotator 

it follows that for A/ = +2, the values of the rotational Raman shifts of 
tne Stokes lines will be given by 

A- = !(/ + 2)(y + 3) - /(/ + 1)1 

= 25(2/ + 3), (33.18) 

% 

where B is defined, as previously, as hl^nr^Ic. An exactly similar expression, 
but of opposite sign, may be derived for the frequency shifts of the anti- 
Stokes rotational lines, so that it is possible to write 

Ap = zfc 25(2/ + 3), where / = 0, 1, 2, • • (33,19) 

The numerical value of the frequency separation of successive lines in the 
Raman rotational spectrum is seen to be equal to 45, as compared with 25 
for other rotational spectra; this difference is, of course, due to the change 
of two units in the rotational quantum number in the Raman effect, as 
compared with unity in the infra-red and electronic spectra. For hydrogen 
chloride the separation of the rotational Raman lines is approximately 41,6 
cm.“S which may be compared with 20.7 cm.“^ for the infra-red and 21,2 

cm.“^ for electronic spectra, 

“ For diatomic molecules in other than 2) states, i.e., A is not zero, the theoredcal 
rule is A/ b 0, rb 1, =b 2. The only case in which this might arise is nitric made. 
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It should be noted that the displacement of the first lines (7 = 0) on 

exciting line is larger than the other frequency separations 
^ k equation (33.19) is put equal to zero, the Raman shift is seen 

to be tn. It follows, therefore, that the rotational Raman spectrum will 
thus consist of two senes of lines (Stokes and anti-Stokes), one set on each 
SI e o t e e^^ing line. The first line will, in each case, be displaced by a 

frequency of 65, the subsequent lines being separated by 45. Experimental 
results bear out these anticipations. 

, foregoing calculations have been based on the approximation that 
the diatomic molecule behaves as a rigid rotator. If the more complete 
form of the expression for the rotational energy [equation (28.9)] is em- 
ployed, the equation for the Raman shift becomes 

A*' = ±1(25 - 4D(J^ + 37 + 3)1(2/4- 3). (33.20) 

This reduces, of course, to equation (33.19) when D is negligibly small: in 

any event, D is of the order of 10~*5, and hence it may be ignored provided 
J IS not large. ^ 

are further restrictions in connection 
with the permitted Raman transitions, just as in the case of the rotational 

changes that accompany electronic transitions (Section 3 Id). Because of 

the great difficulty of reversing nuclear spins, symmetric rotational levels 

will combine with symmetric levels, and antisymmetric with antisymmetric 
levels. The selection rule 

s s and a 

therefore, applies equally to the Raman effect as to other changes involving 
rotational transitions. When the positive and negative character of the 
levels for 2 states is under consideration, however, the selection rule for 
Raman spectra is different from that applicable to rotational changes in 
electronic spectra. The proper rule can be readily derived from an examina- 
tion of thej component of the matrix element which determines the transi- 
tion pr^ability between two energy levels indicated by the letters m and w 
for the Raman effect this can be written in the form of equation (33.13), viz.* 

Pmn{x) = Fxj* 

If m and n refer to rotational levels and they are both positive, reflection 
at the origin (inversion) will not alter the signs of the eigenfunctions K and 
rpn; further, since the polarizability of the molecule is the same in the 
two directions, th^e sign of will also be unchanged. The integrand will 
thus remam unaffected by the inversion, and hence it can differ from zero 
If one of the rotational levels is positive while the other is negative, the sign 
of the integrand must change upon inversion, and since the value of a definite 
integral must be independent of any transformation of the coordinates, it 
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i..ust in this case be equal to zero (cf. Section 31d). It follows, therefore, 
that in the Raman effect the permitted transitions are 

And — 4— ^ j 

while the transitions between positive and negative rotational states are 

forbidden. i • i 

An examination of Table XI shows that these selection rules are in 

harmony with the rule that A/ is zero or ±2. Remembering that the 

resultant rotational transitions in the Raman effect occur within the same 

electronic state, it is seen that for molecules with S terms, at least, a change 

in the value of J by zero or by two units, must lead to the combinations 

j j and a, and +<->+ and . No other transitions can occur 

if A/ is restricted in this manner. Similar results are obtained for molecules 

in electronic states other than S states, and so the rules are of general 

applicability. _ . - i • j 

Because of the restriction concerning transitions between symmetric and 

antisymmetric rotational levels, the Raman spectrum of homonuclear mole- 
cules should show the phenomenon of varying intensities of alternate rota- 
tional lines, just as in the electronic spectra of these substances. If the 
nuclear spin is zero, alternate lines should be missing; such is actually the 
case in the rotational Raman band of molecular oxygen If the even 

rotational levels, i.e., with / = 0, 2, 4, etc., are missing, the first observed 
rotational line is that for / = 1, and the frequency shift, as given by equa- 
tion (33.18), is equal to 105, as compared with 65 if there are no missing 
lines. The frequency separations of successive lines should be 85, if alter- 
nate lines are absent, compared with 45 if all the lines are present. On the 
other hand, if the odd lines, / = 1, 3, 5, etc., are missing, the frequency shift 
of the first observed line (/ = 0) will be 65, but the separation of successive 
lines will still be 85. The ratio of the frequency displacement of the first 
observed rotational Raman line to the frequency separation of successive 
lines, will thus be as follows: 

Ratio 

Even J values missing 5 : 4 

No missing levels 3 : 2 

Odd / values missing 3 : 4 

From a study of the Raman spectrum of molecular oxygen it is observed that 
the ratio is 5 : 4, and hence the rotational levels for which J has even values 
are missing. The same conclusion has been reached from an examination 
of the electronic spectra, as mentioned earlier. 

If the intrinsic angular momentum (spin) of the two nuclei is not zero, 
then alternate lines in the rotational Raman spectrum of a homonuclear 
diatomic molecule should not be absent entirely, but should exhibit an 
alternation of intensity. Such alternations have been clearly observed in 
the Raman spectra of symmetrical molecules of hydrogen, deuterium and 
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nitrogen With hydrogen deuteride, which does not have two identical 
nuclei, all rotational lines have equal intensities and none are missing. 

33f. Vibration-Rotation Raman Spectra.— It is theoretically possible for 

vibrational and rotational transitions to occur simultaneously in a Raman 

transition; the selection rules are identical with those for the separate 

transitions, VIZ., At; = ± 1 and A/ = 0, ±2. Since it is possible for A/ to 

be zero, a Raman line representing the Q branch should be observed. The 

frequency of this line, which will be referred to as Avo, is, of course, identical 

with that for the pure vibrational transition. Because of the difference in 

the rnoments of inertia in the two vibrational levels, the Q branch should 

actually consist of a number of closely spaced lines (Section 29e). However, 

only for hydrogen, which has a very small moment of inertia, has it been 

found possible to resolve the constituent lines of the Q branch. The fine 

structures undoubtedly exist in all other cases, but so far they have not been 

resolved. It should be noted that diatomic molecules, which do not normally 

possess Q branches in their vibration spectra, have Q branches in their 
Kaman spectra. 

If, as a first approximation, it is assumed that vibrational and rotational 
energies are additive, the frequencies of the vibration-rotation Raman lines 
can be readily derived from results already obtained. If Ai/o is the frequency 
shift for the purely vibrational transition {Q branch), the Raman displace- 
ments for the accompanying rotational transitions will be given by 

= + 2: Ai» = Avo + 25(2/ -f- 3), where / = 0, 1, 2, • • •, (33.21) 

and 

^ Aj' = Ai/o — 25(2/ + 3), where / = 0, 1, 2, • • (33.22) 

The central vibrational Raman lines (j? branch) will thus be accompanied by 
two wings or branches, each consisting of a set of fairly closely spaced rota- 
tional lines. Since the lines of the Q branch fall almost in the same position 
for all / values, whereas those in the two wings are separated, it is clear that 
the central line will be much more intense than the lines constituting the 
wings. The branch on the low frequency side for which A/ is —2 is known 
as the Ohranchy while that on the high frequency side for which A/ is +2 is 
wiled the branch. This nomenclature is employed so that the series O, 
Py Qy R and S branches refers to A/ values of -2, —1, 0, +1 and +2, 
respectively. Normally, the vibration-rotation Raman spectrum of a di- 
atomic molecule has 0, Q and *5* branches, but for electronic states other 
than 2 states, i.e., if A is not zero, P and R branches are also possible, since 
the transitions for which A/ is ± 1 are permitted. The only diatomic mole- 
cule for which this might be observed is nitric oxide, but the multiplicity of 
the lines makes the bands difficult to resolve. 

• , j . • — From the results of the preceding sec- 

tions, It is possible to derive a fairly complete picture of the Raman spectra. 

Since the frequency displacements for rotational transitions are small in- 
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tegral multiples of 5, while for vibrational transitions they arc of the order 
of the vibration frequency of the molecule, it is evident that rotational 
Raman shifts are much smaller than the vibrational shifts. It lollows, there- 
fore, that the Raman spectrum will consist, first, of a very intense line, repre- 
senting the incident light and that due to Rayleigh scattering. At each side 
of, and close to, this line will be found the Stokes and anti-Stokes lines, 
respectively, of almost equal intensity, corresponding to various rotational 
transitions. At a greater distance from the exciting line, on the low fre- 
quency side, there will be a relatively strong (Stokes) line for the Q branch 
= 0) of the vibrational transition y = 0 to o = 1; on each side of this 
line, and close to it, there may be observed fainter lines of the O and S 
branches for A J equal to -2 and +2, respectively. There is the possibility 
that an anti-Stokes Q branch will appear at an equal frequency distance on 
the high frequency side of the exciting line, but this wi 1 be very faint at 

ordinary temperatures. -i - » 

As already indicated, the data relating to molecular vibration and rota- 
tion obtained from Raman spectra are in satisfactory agreement with those 
derived from the infra-red and electronic bands. Since even symmetrical 
molecules exhibit Raman scattering, information can thus be obtained from 
the Raman effect, which otherwise could be determined only from electronic 
spectra. The values of vibration frequencies and moments of inertia calcu- 
lated from the latter are more accurate, and so Raman spectra of diatomic 
molecules are not of great practical importance. The results for such mole- 
cules, however, serve to confirm the fundamental theory of Raman scatter- 
ing. ’ For polyatomic molecules, on the other hand, the Raman effect plays 
an important part. The electronic spectra of such molecules are so complex, 
and often so badly defined, that little information can be obtained from th^ 
The Raman spectra of polyatomic molecules provide data, supplementing 
those derived from infra-red spectra, that have proved invaluable in many 
cases, as will be seen later. 
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Molecular Vibrations 

34a. Norm^ Coordinates. ^In view of the fact that little progress has 
been made in the analysis of the electronic spectra of polyatomic molecules 
treatment of such molecules will be restricted here to infra-red and 
Kaman spectra. From both of these, results of chemical interest have been 
obtained. An essential step in the study of the spectra of polyatomic mole 
cules IS the purely mechanical problem of vibrational modes, and this will 
be considered first. A molecule consisting of n atoms will, in general, have 

- 6 degrees of vibrational freedom,* and hence 3w - 6 coordinates are 
required to specify the vibrational state of the molecule. If the number 

- 6 IS represented by j, then there may be chosen a set of coordinates 

qu ^ 2 , • ; •, qi, • ; *, yo which give the displacements of the atoms from their 
equilibrium positions as a result of vibration. In other words, the g*s may 

be regarded as giving the coordinates of each atomic nucleus, referred to the 
equilibrium position of that nucleus as the origin. As seen in Section 29b, 
the potential energy may be expanded in the form of a Taylor series in 
terrns of these coordinates; for small vibrations, all terms beyond the 
quadratic may be neglected, so that equation (29.9) reduces to the form 


where hij is defined by 



(34.1) 


If equation (34.1) for the potential energy is written out in full, it becomes 
^ ~ 2 (^ 11^1 ^ 22^2 "!“*•■+ ^b\zq\qi 


+ 'Ihxzqxqz + • • • + Ib^zq^qz + * • •)• (34.2) 

1 Bh^avanum. “Scattering of Light and the Raman Effect”; Hibben, “The Raman Effect 
f "57-^ ■’ "^"5 Smekal-Raman Effekt,” and the “ErgSnzung^ 

Wh^rUnH ^-1 of Valency*'; Sponer, “Molekaispektren^ 

/inV/x Raman Spectra ; Ann. Reports Chem. Soc.. 32. S3 (1935)- 33 S3 

(1936 ; 35, 37 (1938); Thomson, ibid., 38, 46, 60 (1941); Wu,"Vibration.l’Spectra afd 
of Polyatomic Molecules. 

» Whittaker “Analytical Dynamics”; see also, Pauling and Wilson, “Introduction to Quan- 
turn Mechanics/’ p. 282 ct scq. ^ 

» Linear molecules have 3« - 5 degrees of vibrational freedom. If there is internal rotation 

m any molecule, the number of degrees of vibrational freedom is reduced by one for every degree 
of free internal rotation. j 
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The kinetic energy T can be expressed by means of a similar equation, 
T ~ i(anqi auql + • * * + 


= i E 

* t 

i; 


+ lanqiqs -f- • + 2^2j?2gi + • • •) (34,3) 

(34.4) 


where the terms are functions of the masses of the atoms constituting 
the polyatomic molecule. 

The Lagrange equation of motion is 

^ /dL\ dL ^ 

dt Vag* ) ayt ~ (34.S) 

where L is the Lagrangian function, or kinetic potential, equal toT — V, 
In the present case, the kinetic energy T is a function of the velocities 3 * only| 

whereas the potential energy V\%^ function of the coordinates only; hence 
equation (34.5) may be written as * 

d ( dT\ dF 

^ = 1, 2, 3, • . (34.6) 

Differentiation of equations (34.1) and (34.4) with respect to g* and g* 
respectively, and insertion of the results into equation ( 34 . 6 ) gives a series 
of s equations of the general form 

« 

E (ajkqk + = 0, (34,7) 

with k taking one of the values 1, 2, 3, • • • , j. For such equations, a general 
solution will be 

qjc = sin (V^ + a). ( 34 , 8 ) 

It will be noted that this equation is one that is characteristic of wave 

motion, with amplitude At and phase constant a; the frequency v is then 
related to the quantity X by 



( 34 . 9 ) 


If the value of y* given by equation (34.8) is substituted in (34.7), there wiU 
be obtained s equations of the type 


E (^}k “ =* 0. 

9 


( 34 . 10 ) 


This gives a set of r simultaneous, linear, homogeneous equations in the /fs. 
and if they are to have nontrivial solutions, i.e., the A’s are not all to be 
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zero, it follows that 


hi 

bii 

h%\ 


a2i\ 

anX 


bi2 

bit 

bzi 


i3l2X 

<J22X 


h> 

biz 

bii 


aisK 

^23X 


• • • 


• • • 


h. 

bit 

bzt 


auX 

^2tX 

a$tX 


• • 

hi - a.iX i.t - a. 2 \ i,., ~ a. 2 \ ■■■ b..- a..\ 


= 0 . ( 34 . 11 ) 


This secular determinant is an equation of the Jth degree, giving r values 

f ‘he Js ca’n®now\e deter! 
mined by the method described in Section 14c for the evaluation of the 

coefficients of the eigenfunctions in the variation procedure. 

Keturning to a consideration of the coordinates, namely the o’s, it is 

always possible to make a linear transformation of them, viz , ^ 




1-1 


( 34 . 12 ) 


»hich permits the elimination or all cross-product terms from the espret- 

““ <’*■*>' ""'“'“i "<* k-'* “4Si 

these may then be written as ^ 




( 34 . 13 ) 


and 


T^iLQf. 


( 34 . 14 ) 


The^Mronr;aV'r""“f^V^^"''^‘^ ^ ‘°ordinaU transformation. 

Ihe appropriate form of the Lagrange equation (34.6) is now 


AdQj 


1 ^ 
+ dQi ~ 


where / = 1, 2, 3, 


> 


argali unitv ^ the n's 

are all unity, the set of r equations corresponding to (34.7) now take the form 

9 


Qi + XiQi = 0 . 


The solution can be written as 

S>/ = 5, sin (Vx^/ 4- 13), (34.15) 

f ' amplitude referred to the normal coordinates. Since 

y* IS a linear combination of the j?,’s, it can be shown by a comparison of 

equations (34.15) and (34.8) that the X’s in the two equations are identical. 
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The ratio of the Bi*s with respect to one of them can be determined in the 
usual manner, as mentioned above in connection with the AkS* 

Further, in view of equation (34.12), it is possible to represent of 
equation (34.8) as a linear function of the jS/s, so that 

yifk — CkiBi, (34.16) 

i-i 

and since the AkS and the J9i’s, or rather their ratios with respect to one of 
them in each case, are known, it is possible to determine the ratio of the 
ri's for each k value. With this information concerning the coefficients in 
equation (34.12), it is possible to carry out the transformation from the 
arbitrary (y*) to the normal {Qi) coordinates. 

If the value of Qi given by equation (34.15) is inserted into equation 
(34.12), it is found that 

9 

qk = T. CkiBt sin (V^ + 0). (34.17) 


Suppose the molecule under consideration is made to vibrate in such a way 
that all the amplitudes 5/, except one, namely 5i, are zero; in other words, 
suppose all the terms in the summation, except that with / = 1, are zero, then 

qkm = sin (Vj^/ + ;8i) (34.18) 

with 

^ = 1, 2, 3, • • j. 

This result shows that all the nuclei of the molecule undergo simple har- 
monic motion with a frequency pi, which is related to Xi, by 

Xi = 4ir2p?, 

and that all the vibrations are in the same phase. In other words, it appears 
that the n nuclei constituting the molecule vibrate in such a manner that 
they all pass through their equilibrium positions simultaneously, and also 
attain their maximum amplitudes simultaneously. Although the vibration 
frequencies and phase constants for all the nuclei are the same, the ampli- 
tudes which are equal to Ck\B ly will depend on ky and hence will vary from 
one nucleus to another. A vibration of the type that satisfies the require- 
ments of equation (34,18), namely, that all the nuclei vibrate in phase and 
with the same frequency, is said to be a normal vibration of the molecule. 

It IS apparent that according to equation (34,17) the molecule will 
posses j, generally equal to 3w — 6, such normal (or fundamental) modes 
of vibration, for a result equivalent to equation (34.18) will be obtained by 
keeping ^1 the 5**8 equal to zero, with the exception of 5„ etc., in turn. 

There will thus be s values of the frequencies v of the normal vibrations, 
given by the general equation 
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where the X's are the s solutions of the determinantal equation (34.11). It 
follows, therefore, that if the kinetic and potential energies of a vibrating 
molecule are expressed in the forms of equations (34.2) and (34.3), so that 
the aijS and s are known, it is possible to evaluate the X's; hence the 
normal vibration frequencies of the molecule can be derived from equation 

in certain cases two or more normal vibra- 
tions will have the same frequency; such vibrational modes are said to be 
degenerate. In general, vibrational degeneracy is the result of molecular 
symmetry, although there is the phenomenon of accidental degeneracy due 
to other causes (Section 37). 

In the foregoing discussion the treatment has been simplified by taking 
all the El s except one to be zero; however, in the most general case the dis- 
placement qu is given by equation (34.17), and this obviously represents the 
summation of the displacements due to the separate normal vibrations. It 
is seen, therefore, that no matter how complex the actual vibrational motion 
of the molecule may be, it can be treated as equivalent to the superposition 
of the 3w - 6 separate, relatively simple, normal vibrations associated with 
that particular molecule. There are several important aspects of the subject 
of normal vibrations which have a bearing on the problems of molecular 
spectra, and some of these will be referred to below. 

34b. Normal Vibrations and Vibrational Energy.— The wave equation 
for the motion of the nuclei of a moletule can be put in the form 






. E -h (E - = 0, 


(34.20) 


where wz.- refers to the mass of the zth nucleus, and ^ is the nuclear wave 
function. If the Laplacian operator is expressed in terms of the coordinates 
qjk, it follows that equation (34.20) may be written as 

* 1 

■ = (34.21) 

and if the transformation is made to normal coordinates, as described in 
Section 34a, so that the potential and kinetic energies are given by equations 
(34.13) and (34.14), respectively, equation (34.21) becomes 

* dV' • 

If the nuclear wave function is expressed as a product of s eigenfunctions, 
each of which is a function of one of the viz., 

^ = MQi)M02)M63) • * ’ M6.), (34.23) 

then it is possible to separate equation (34.22) into s independent equations 
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of the form 

h?’ 9 

^ ~ (34.24) 

each being associated with one of the normal coordinates. It will be ob- 
served by comparison with equation (8.9) that this expression is identical 
in form with that for a one-dimensional harmonic oscillator; the eigenvalues 
of the vibrational energy Ej for the ^th normal coordinate are consequently 
given by 

Ej = (:v + i)hcPj, (34.25) 

where Vj- is the vibrational quantum number, equal to 0, 1, 2, etc., and Vj is 
the classical frequency, in wave numbers, of the jth normal vibration. The 
total vibrational energy of the molecule is equal to the sum of the energies 
Ej associated with the s separate normal coordinates; thus, 

E = Ej = Y. (t'y + h)hcvj 


E — (ui + \)hcvi + (t »2 + h)hcv 2 + • • • -b (y, + \)hcv,, (34.26) 

It is evident from this result that a polyatomic molecule can have many 
vibrational energy levels, and hence the vibration spectrum is likely to be 
complex. In the simplest case, however, when the value of Vj for a given 
normal vibration changes by unity, the frequency of the corresponding 
spectral line will be Vj, It follows, therefore, that if all the vibrational modes 
were spectroscopically active, the frequencies of the fundamental vibration 
bands, for which Ay; = 1, would be equal to the 3w — 6 classical normal 
vibration frequencies of the molecule. In practice the situation is compli- 
cated by the fact that not all the frequencies are active, by the presence of 
spectral lines due to overtones, i.e., when Ay; > 1, and by the formation of 
combination tones when changes occur simultaneously in two or more of 
the y;'s. In spite of these difficulties, the general nature of the conclusions 
to be drawn from the foregoing treatment is of great importance. No 
matter how involved may be the actual vibration of the nuclei in a given 
molecule, the frequencies of the fundamental lines in the vibration spectrum, 
disregarding overtones, combination tones and missing lines, will be equal 
to the normal vibration frequencies of that molecule. 

Although the arguments presented above were based on the approxima- 
tion of harmonic oscillation, involving the neglect of all terms beyond the 
quadratic in the Taylor series for the potential energy, the same general 
results can be derived for an anharmonic oscillator. The only essential 
difference is that the frequencies of the vibrational lines are not exactly 

L ^ the normal vibration frequencies of the molecule, just as is the case 
with diatomic molecules (cf. Section 29b). It is possible, however, in many 
instances to derive the correction terms involving the anharmonidty con- 
stATxtSy but the tresitment will not be given here# 
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34c. Nature of Normal Vibrations. — For the further consideration of the 

results of molecular spectra of polyatomic molecules, it is desirable to know 

something concerning the nature of the nuclear motions associated with each 

normal vibrational mode of a given molecule. In principle, the procedure 

that must be adopted to acquire this information is based on the discussion 

m Section 34a; the expressions for the potential and kinetic energies are 

writt^ out in terms of the displacements of the atomic nuclei from their 

equilibrium positions, with reference to a convenient system of coordinates. 

y solving the secular equation (34.11), and carrying out the subsequent 

calculations, as already described, it is possible to determine the coefficients 

^kh by means of which the arbitrarily chosen coordinates gk are transformed 

into the normal coordinates Qt [equation (34.12)]. It is then a relatively 

simple matter to perform the inverse transformation, so that the coefficients 
c of the relationship 

Qi = Zc[ig, (34.27) 

k 


can be evaluated. In this way it is possible to determine the forms of the 
displacements, in terms of the chosen coordi- 
nates, that correspond to the normal vibrations. 

The nature of the results may be illustrated 
by reference to the simple case of the symmet- 
rical triangular molecule YX 2 (Fig. 26). The 
displacements of the three atoms may be rep- 
resented by means of the coordinates a*, y and 
q; X is the relative displacement from the sym- 
metry axis of the atom Y, in the plane of the 
molecule; y is the relative displacement of Y 
with respect to the mass center of the two X 
atoms, and q is the relative displacement of 
the X atoms along the line joining them. By 
carrying out the normal coordinate treatment, the expressions giving the 
displacements J2i> and Qz, in the directions of the three normal coordi- 
nates, since 3« — 6 is now equal to three, are 



^ 

9 


I‘ic. 26 . Coordinates of 
YX2 molecule 


Q\ = aiy + ^iq 
Q2 — a^y “ 

Qz = cx. 

These results mean that in the first two normal vibrations, having fre- 
quencies vi and V 2 , there is no displacement of the atom Y in the a direction; 
in both cases, however, there are y and q displacements, but in one normal 
vibration the q displacement is in the opposite direction to that in the other. 
Finally, the third normal vibration, of frequency vg, is characterized by a 
displacement of the atom Y in the x direction alone; there is no resultant 
displacement in the q direction, so that the X atoms remain at a fixed distance 
apart in the course of their motion. These conditions are evidently satisfied 
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by thf '•ions represented in Fig. 27; the diagrams may be taken as giving 
an app*c:..iTiate picture of the nature of the normal vibrations of a sym- 
metrical triangular molecule, such as H2O, D2O, H2S, D2S, SO2, etc. The 
actual vibrational motion of the YX2 molecule will be complicated, but no 
matter how complex it is, it can be treated as equivalent to the superposition 
of the three types of oscillation shown in Fig. 27. It will be recalled that 


Y Y Y 



Fic. 27. Normal vibrations of YXj molecule 


in each of the normal vibrations the nuclei of the three atoms will be moving 
in phase, in the directions of the arrows, although the amplitudes of vibration 
may be different for the three nuclei. 

The normal coordinate treatment of an angular triatomic molecule in- 
volves the solution of a third order determinant. For a linear molecule 
containing three atoms, there are actually four normal vibrations, and the 
determinant will be of the fourth order, although two of the solutions arc 
identical, as will be explained shortly. When the molecule contains four or 
more atoms, the direct solution of the normal coordinate problem becomes 
almost impossibly difficult. Fortunately, however, a remarkable simplifica- 
tion has resulted from the ingenious application of the branch of mathe- 
matics known as group theory. By making use of the symmetry properties 
of the molecule, it is possible to choose the coordinates (symmetry coordi- 
nates) in such a manner that both the kinetic and potential energies can be 
separated into parts, there being no cross terms between coordinates in- 
volved in one part with those in any other part. The coordinates concerned 
in each part have the same symmetry characteristics, but different from 
those in the other parts. The result of this separation is that the secular 
equation from which the X*s are obtained is immediately factorized into a 
number of equations of lower degree; each of these equations involves one 
set only of the separated coordinates with the same symmetry. 

The symmetry of the molecule identifies the particular group, analogous 
to a crystallographic space group, to which the molecule belongs, and each 
such group is associated with a specific number of irreducible representations. 
Each of the latter represents a type of symmetry for the normal coordinates 
of the molecule of the particular group. Every one of the normal coordi- 
nate must, in fact, belong to a symmetry which is correlated with one of 
the irreducible representations of the given group. If there is more than 
one normal coordinate possessing the same symmetry, the corresponding 
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irreducible representation will appear the appropriate number of times in 

f representation of the group. The determinantal equation 
iJ4.ll) IS thus factorized into a number of determinants equal to the number 
of irreducible representations of the group; the order of each of these de- 
terminants is equal to the number of times the corresponding irreducible 
representation occurs in the complete representation. Consider, for ex- 
ample, a symmetrical pyramidal molecule YX3, such as NH,, PCI3, etc.; this 
belongs to the group C 3 ., with which are known to be associated two different 
irreducib e representations for the normal vibrations. Each of these two 
irrec^cible representations appears twice in the complete representation of 
the Cj. group, one of them being doubly degenerate; this means that there 
are effectively three irreducible representations, but two are identical. Since 
each of these representations appears twice in the complete group, it follows 
that the sixth order determinant which must be solved for the YX 3 molecule 
since there are six vibrational modes, is reduced, by the proper choice of the 

c^rdinates, to three quadratics, two of which are identical. The solution 
of the problem is thus enormously simplified. 

The methods of group theory have been applied to molecules of various 
tpes of symmetry, and from the tabulated results it is possible to obtain 
the information which permits the immediate classification of the normal 
vibrations of most molecules that are not too complex. With the informa- 
tion so obtained, the nature of the vibrational modes can be determined 
without the necessity of carrying through the detailed dynamical treatment.* 

34d. Method of Extreme Fields.-It is true that complete calculations 
will give precise information concerning the nature of the normal vibrations 
of a molecule, and even of the amplitudes of vibration of the nuclei, but for 
many purposes a general indication, such as is depicted in Fig. 27 for the 
iXi molecule, is adequate. This may be obtained by applying the method 
of extreme fields, proposed by Dennison.* The general character of a normal 
vibration depends essentially on the symmetry properties of the molecule, 
as indicated in the preceding section, and not on the exact nature of the 
particular forces operative between the nuclei that determine the potential 
energy of the molecule. By postulating extreme fields, a relatively complex 
molecule may be regarded as effectively split up into simple units, for which 
the normal vibrational modes are known. The actual vibrations may then 

be taken as being intermediate between those that would result from the 
application of extreme fields. 

The procedure may be explained very simply by reference to the sym- 
metrmal triangular molecule YX^. Suppose the forces acting between the 
two X atoms is very much larger than that operating between the Y atom 
and tl^ X atoms; the system YX2 may then be regarded as made up of the 
atom Y and the diatomic molecule Xa. Bearing in mind that there must 


(1933); Rosenthal and Murphy, Rev. Mod. Phys., 8, 317 
ri94?^ H ' /• Chtm. Phys., 2. 432 (1934); 7, 1047 (1939); 9, 76 

(1941); Howard and Wilson, 2 , 630 (1934), v /t > 

* Dennison, Rev. Mod. Phys., 3, 280 (1931). 
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6e no change in the linear and angular momenta of the molecule as a whole, 
that is to say, the molecule must not rotate or move bodily through space, 
as a result of the vibrational motion, it is evident that three vibrations, of 
the type shown in Fig. 28, I, wiU be possible. In the first case (vi) the 
system X 2 , acting as a rigid bar, and the atom Y vibrate relative to one 
another; in the second type of vibration {v^) the atom Y is stationary and 
the two X atoms vibrate with respect to each other; and in the third case 





Fio. 28. Method of extreme fields 


(j/j) the X 2 again behaves as a bar, undergoing a rocking or tipping motion 
about its center of gravity, while the atom Y vibrates at right angles to the 
axis of symmetry and in the plane of the molecule. 

The other type of extreme field would be that in which the Y atom was 
strongly bound to each of the X atoms, while the X atoms were weakly 
attracted to one another. The system is then virtually one consisting of two 
XY molecules. 'The three resulting vibrations are shown in Fig. 28, II. In 
the first case the X and Y atoms of each XY vibrate toward each oth^, giving 
the resultant shown; in the second case the two XY's rock about their centos 
of gravity* while in the third type of vibration each X atom oscillates relative 
to the Y atom in such a way that one of the former moves toward the latter 
while the other is moving away, and vice versa. The actual vibrational 
modes shown in the center of Fig. 28 represent states intermediate between 
the two extremes; the results are seen to be identical with the normal 
vibrations depicted in Fig. 27. 

34e. Classification of Normal ^brations. — ^Various methods of classify- 
ing the normal vibrational modes have been proposed; these arc useful for 
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a number of purposes. One method of classification for molecules possessing 
an axis of symmetry depends on the direction of change of the electric dipole 
moment of the molecule that accompanies the vibration. This classification 

because it will be evident from what has been said in Section 
d that the results provide information on whether the particular frequency 
wi I be active or inactive in the infra-red (vibration) spectrum of the mole- 
cu e. It there is no change in the dipole moment accompanying the vibra- 
non then that particular vibration will be inactive in the infra-red spectrum. 
On the other hand, if the dipole moment does alter, the change may be in 
directions parallel or perpendicular to the symmetry axis; in the former case 
the vibration is szid to parallel, and in the latter event it is referred to as 
^perpendtcura^v\hr^X.\Qn. Both perpendicular and parallel vibrations will 
be active in the infra-red, but it will be seen later that the fine (rotational) 
structure of the vibration bands is characteristic of each type of vibration. 
Ihis fact IS of great value in the identification of the bands in the infra-red 
spectra wi^ the vanous^vibrational modes. In the case of the symmetrical 
angular YXz molecule, already considered, it is evident that all three vibra- 
tions are a^ompanied by changes in the electric dipole moment of the 
niolecule. The vibrations associated with the frequencies I'l and change 
the moment in a direction parallel to the axis of symmetry, which in this 
case IS the line bisecting the XYX angle; these are consequently parallel 

will have similar struc- 

tures. The third vibration frequency however, results in an alteration 

of the dipole moment in a direction perpendicular to the symmetry axis, 

and hence this is called a perpendicular vibration. The question of whether 

a particular vibration is perpendicular or parallel is obviously determined bv 

the symmetry characteristics of the vibration; it will thus be apparent that 

the necessary information, in difficult cases, can be obtained by the methods 
of group theory. 

purpose of identifying various types of normal vibrations, Mecke 

^ L- u L classifying them as valence (stretching) vibrations, for 

which the symbol v is employed, and deformation (bending) vibrations, 
indicated by the symbol 6. Of the 3« — 6 vibrational modes of a molecule 
^containing » atoms, w — 1 are valence vibrations an3 2« — 5 are deforma- 
..jjn vibrations. It should be mentioned that this classification depends on 
the assurnption of the so-called valence force field, to which reference will 
be made later (Section 38c). The v vibrations essentially involve motions 
m the direction of the valence bonds, whereas those of the 5 type are ac- 
companied by movements at right angles to these bonds. The parallel or 
perpendicular nature of the vibrations can be indicated by the use of the 
symbols tt and.<r, respectively,** so that vM would represent a parallel valence 
vibration, 5((^) would be a perpendicular deformation vibration, and so on. 
Referring again to the YX 2 molecule, the motion of the X atoms in the vibra- 
tions of frequencies and 1*3 are in the direction of the X— Y bonds, and 
ence these are regarded as valence vibrations; the former is parallel and 

• From the German words paralkl and senkrecht, respectively. 
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the latter perpendicular, so that these are v(t) and p(<r), respectively. In 
the Vi vibration the X atoms vibrate at right angles to the X — Y bonds, and 
the general form of the vibration is seen to consist of a bending of the mole- 
cule as a whole; this is to be regarded as a deformation vibration, and since 
it has already been shown to be parallel, it may be symbolized by 5(x). 
The results of the conventional and Mecke notations for the XYj molecules 
may be summarized in the manner indicated below. 

Angular YXi Molecule 

Conventional symbol Pi P 2 Vi 

Mecke symbol v{ir) 5(ir) v{a) 

An additional, or alternative, classification of normal vibrations is some- 
times convenient when the molecule possesses a center of symmetry. If the 
vibration does not alter any of the symmetry properties of the molecule, 
it is said to be a symmetric vibration; on the other hand, if the vibration is 
such that reflection of the molecule in any plane of symmetry results in a 
change of sign of the displacement, it is referred to as an antisymmetric 
vibration. Sometimes a normal vibration is antisymmetric with respect to 
one symmetry operation, and perhaps symmetric with respect to all others; 
nevertheless it is still called an antisymmetric vibration. For a completely 
symmetric vibration there must be no change with respect to all the elements 
of symmetry of the system. If a molecule possesses a center of symmetry 
its dipole moment will be zero, and since a symmetric vibration does not 
produce any change in the dipole moment, it follows that for such molecules 
symmetric vibrations will be inactive in the infra-red spectrum. 

A scheme for classifying normal vibrations by utilizing the results of 
group theory is of particular value for relatively complex molecules when 
the foregoing schemes are of little practical use. The letters A and B are 
employed to represent nondegenerate vibrations; those in class A are sym- 
metric, i.e., their sign is unchanged, for rotation by 2^ln about the principal 
w-fold axis, while those in class B are antisymmetric for this operation. A 
numerical subscript gives the value of n in each case, e.g., Ai, A 2 , Bu Bty 
Bt, etc. Two-fold degenerate vibrations are indicated by the letter E, 
while for three-fold degeneracy, the symbol F is employed. If the molecule 
has a center of symmetry, the letters g and u are used as subscripts to indi- 
cate that the vibrations are symmetric and antisymmetric, respectively, with 
respect to inversion at the center of symmetry. In some cases a single 
prime (0 is employed to indicate that the vibration is symmetric upon 
reflection in a^plane perpendicular to the principal axis; a double prime (") 
refers to a vibration that is antisymmetric for this operation. 

34f. Vibrational Raman Spectra. — It was seen in Section 33c that the 
vibrational Raman effect is observed only when the polarizability of the 
molecule changes in the course of a vibration; this criterion can be applied 
without difficulty to simple types of normad vibrations. For the sym 



angular YXj molecule 


215 




I 




Fic. 29. Vibrations of symmetrical 
linear YXi molecule 


metrical linear YXj molecule, it can be seen that the symmetric k 
V ibration is accompanied bv a chanry^ 4.u ymmetnc Pi (Fig. 29) 

ellipsoid, and hence this frequency will be pre™ntTn"thfR^ 

On the other hanri wii-k «.k ^ ^ the Raman spectrum. 

the polarization ellipsoid is un^ffe^ted '"Ind^henL^^th*^^^^^ 

observed in the Raman efFerr T. r ^ frequencies are not 

YX, molecule, those vibrations that 
inactive in the Raman effect are active 
m the infra-red spectrum, and vice versa. 

The vibration vi is not accompanied by 
any change in the zero dipole moment 
of the symmetrical molecule, but in the 
vibrations V 2 and P 3 the molecule develops 
an electric moment. In the case of P 2 , 
for example, the molecule acquires an 
angular configuration in the course of the 
vibration, while in 1^3 the particular sym- 

rtent^n''l"’^ n responsible for the zero moment, is destroyed 

fte fbr vibration v, is doubly degeLr- 

in tw^planes It 1 ^ 1,1 T the same frequency, 

m two planes at right angles to each other. ^ 

An unsymmetrical linear triatomic molecule, XYZ has a nerman^nf 

in^F’^ t^ree vibrations corresponding to p^i pz and 

in Fig. 29 will all be active in the infra-red. Further the fhree vihraril 

are accompanied by changes in the dimensions of the polarizability ellipsoid^ 

and so they are all active in the Raman effect. Similar condulions that 

dl three vibrations are active in both infra-red and Raman specIrT rlav be 

drawn from a consideration of the angular YX^ molecule (Fig 27)’ ^ 

■/«P.°/‘""tP'-ope«y of Raman lines is that known as th! depLrizalion 

i ff ^ scattered in the Raman effect is polarized to different 
polarized in a direction parallel to the incident radiation, to ^hat polarifed 

has been shown theoretically that if the incident light in unpolarized the 
maximum vabe of p is f, i.e., 0.86, and its minimum value isLo. In the 

irthflarr radiation is said to be completely depolarized, while 

0 8? rip r" " polarized; for values of p lying beLeen ze o and 

0.86, the Raman lines are said to be polarized. When a normal vibration 

produces merely a rocking or twisting motion in the polarization ellipsoid 

the corresponding Raman lines will be depolarized. It appears thL in 

general, vibrations that are antisymmetric with respect to one or more of 

stronirT^'^ elements of the molecule give rise to Raman lines that are 
wrongly depolarized. Rotational lines are always completely depolarized 

tion or r P°lanzation ellipsoid undergoes a periodic deforma- 
tion or pulsation for a particular normal vibration, the corresponding Raman 
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lii.es will be polarized. Completely symmetrical vibrations invariably pro- 
duce depolarized lines. Polarized lines are usually sharp and intense, while 
depolarized lines are diffuse and of low intensity. In the triangular YXj 
molecule, for example, the frequencies vi and P 2 (Fig* 27) are polarized and 
the corresponding Raman lines are strong; the third frequency P 3 gives rise 
to a relatively weak, depolarized line. It will be noted, incidentally, in 
agreement with expectation, that the vs frequency is completely unsym- 
metrical. The polarization properties of the Raman lines are thus seen to 
provide useful information concerning the particular vibrations responsible 
for those lines. 

34g, Review of Normal Vibrations. — The normal modes of vibration of 
some simple molecules are depicted on pages 217 and 218; a dotted circle 
means that the motion is isotropic, i.e., not restricted to one direction, in the 
plane of the circle. The activity or inactivity of the various vibrations in 
the infra-red and Raman spectra, together with various characteristics of the 
vibrations are indicated in each case. It will be recalled that the letters 
and B refer to nondegenerate vibrations, while E and are used for doubly 
and triply degenerate vibrations. The letters p and d refer to polarized 
and depolarized Raman lines, respectively. 

Vibration-Rotation Spectra^ 

35a. Rotational Structure, — The most important spectra of polyatomic 
molecules are those appearing in the near infra-red region of the spectrum, 
and hence these merit treatment in some detail. As already seen, the elec- 
tronic spectra are generally too complicated to be of great value, and the 
pure rotation spectra in the far infra-red are of limited usefulness because 
of experimental difficulties. Just as with diatomic molecules, the rotational^ 
changes that accompany vibrational transitions give rise to the fine structure 
of the vibration bands. Because of the possibility that a polyatomic mole- 
cule may have three different moments of inertia, the rotational structure is 
liable to be complicated. Further, since the values of these moments of 
inertia may be high, for relatively large molecules, the spacing between suc- 
cessive rotational lines is often so small that complete resolution is not 
possible. Nevertheless, useful information can be obtained, as will be ex- 
plained shortly, from the general appearance of the band. In spite of its 
complexity, therefore, the study of the rotational structure of the vibration 
bands of polyatomic molecules is important, for it facilitates the often diffi- 
cult task of correlating the observed bands with the normal vibrational 
modes of the molecule. The consideration of the influence of rotation on 
the vibration spectrum is most conveniently pursued by classifying molecules 
into four groups in accordance with certain relationships of the moments of 
inertia. In the first group are the linear molecules; these have two equal 
moments of inertia while the third is zero, and so they behave like diatomic 
molecules. The second and third groups consist of molecules having either 

’ DennUoa, ref. 5; Rn. Mod. PAyj., 12, 17S (1940). 
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two equal moments of inertia and the third different from zero (symmetrical 
top molecules), or those with all three moments of inertia equal (spherical 
molecules). In the fourth group are the asymmetrical top molecules which 
have three different moments of inertia, 

35b. Line^ Molecules. The expression for the energy of a linear rotator 
IS identical with that already given in Section 28a for a diatomic molecule, 
viz., 

= +^), (3S.1) 

where, as before, J is the rotational quantum number, which may be zero 

or integral, and I is the moment of inertia of the molecule. As indicated 

above, a linear molecule really has two moments of inertia that differ from 

zero, but they are identical; it is justifiable, therefore, to refer to the one 

moment of inertia of the molecule. The vibrational energy for a particular 

normal vibration of frequency v cm.'^ may be represented by the general 
equation 

£. = (» + a)hcv, (35.2) 

where the vibrational quantum number v may be zero or an integer; a is 
equal to | for a linear oscillator, but it is unity for a two-dimensional oscil- 
lator, e.g., the V 2 vibration of the linear YXj molecule (Fig. 29). If, as a 

first approximation, the rotational and vibrational energies are taken as 
being strictly additive, then 

= {v-\- d)hcv + ^7(7 + 1). ‘ (35.3) 

In order to derive an expression for the frequency of the spectral lines re- 
sulting from vibration-rotation transitions, it is necessary to have some in- 
formation concerning the selection rules applicable to this particular case. 
As far as the vibrational transition is concerned, the rule that has been given 
previously for diatomic molecules is applicable, namely Ap = 1. The selec- 
tion rules for the rotational transitions associated with a particular vibra- 
tional change depend on whether the vibrational mode is of the parallel 
or perpendicular type (Section 34e). It will be convenient therefore to 
consider these two cases separately. 

Parallel Bands: The selection rule for a rotational change associated with 
a parallel vibration of a linear molecule has been shown by the methods of 
quantum mechanics to be the same as for a normal diatomic molecule, viz., 
A7 = ± 1. If the rotational transition is 7“*7 “* 1> so that A/ is —1, 
then the fine structure lines of the negative or P branch of the vibration- 
rotation band are obtained; thus, taking Ap as -f-1 and A/ as -1, it follows 
from equation (35.3), by the method used in Section 29c, that 


7 -- 7 - 1 : 


.(/■) - - Jj, /, 


(35.4) 
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the suffix T being introduced into to show that this equation refers^to 
paraUcl vibrations. Similarly, for the positive or R hranch, when A/ is + 1, 

it is found that 




v{R) = Vw + 



(3S.S) 


The rotational structure of the infra-red band for a parallel vibration of a 
linear polyatomic molecule, will thus be of exactly the same type as for a 
diatomic molecule. The frequency separation between successive lines in 
either the P or the R branch is the central line (!? branch), for which 

A/ is zero, is missing, as with a diatomic molecule, and so the spacing of the 
gap at the center of the band will be h/lTr^Ic. The foregoing results are, of 
course, based on the assumption that the mol'‘cule is a rigid rotator. In 
actual fact the molecule will not be rigid, and co the spacings will be some- 
what different from those just derived (cf. Section 29e). _ 

Perpendicular Bands: With a perpendicular type of vibration, it is per- 
missible for a transition to occur for which A/ is zero, as well as ±1. This 
means that a Q branch is possible, in addition to the P and R branches. 
According to equation (35.1), the frequencies of the lines in the various bands 

are given by 


/-/- 1= 

J 

(35.6) 


11 

s 

(35.7) 


yiR) - J- 

(35.8) 


It would appear, at first sight, that the Q branch consists of a single line; 
however, owing to the interaction of the energies of vibration and rotation,; 

it is actually a relatively broad diffuse band. 

It is the presence of a fairly intense Q branch in the center of a perpen- 
dicular vibration band that distinguishes it. clearly from parallel bands of a 
linear polyatomic molecule. As far as other characteristics are concerned, 
the two types of bands are very similar; the separation of successive lines in 
both P and R branches should be equal to kl^lcy apart from nonrigidity 


corrections, in each case. 

35c. Symmetrical Top Molecules. — symmetrical top molecule has two 
moments of inertia (y/ and B) that are equal, while the third (C) is difiPerent; 
examples of this type are the pyramidal YXi molecules, such as NHs, PC1», 
etc., and the tetrahedral ZYXs molecules, such as CHCli, CHbCI, etc. The 
rotational energy for a symmetrical top molecule is found by wave mechanics 
to be given by the equation 





(3S.9) 
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where J is the quantum number for the total angular momentum of the 
molecule, and K is the quantum number for the angular momentum about 
the symmetry axis (cf. Section 30e). By convention, C is taken as the 
moment of inertia of the molecule about its symmetry axis, while A is the 
other moment of inertia. The possible values of / are 0, 1,2, • • •, whereas 
K may be 0, ±1, ±2, • • •, ±7, that is, / ^\K\ \ there are thus 2/ + 1 
values of K for each J value. If the energies of vibration and rotation are 
assumed to be additive, the total vibrational-rotational energy may be ob- 
tained by adding equations (35.2) and (35.9). The frequencies of the rota- 
tion lines in the vibration band may then be derived in the usual manner if 
the selection rules are known; as in the previous case. Ay is 1, but the values 
of A/ and AiC depend on whether the vibration is of the parallel or perpen- 
dicular type. 

Parallel Bands: For a parallel vibration of a symmetrical top molecule, 
A/ is zero or ±1, while AA' is zero. It is evident that P, Q and R V^i^ch^s 
will be found in the vibration band, the frequencies of the respectiVe lines 

being given by 


~ 1 : 

7 - 1 - 7 : 





7 




Air^Ac 


7 . 


(35.10) 

(35.11) 

(35.12) 


These are seen to be analogous to equations (35.6), (35.7) and (35.8) for the 
frequencies of the corresponding bands in the perpendicular vibrations of a 
linear molecule. As in other cases, the Q branch is actually a fairly broad 
diffuse band, instead of a single line, because of interaction between the 
rotational and vibrational energies. It will be immediately apparent that 
the rotational structure of a parallel band of a symmetrical top molecule 
will be very similar to that of a perpendicular band of a linear molecule. 
The separation of the rotational lines in the P and R branches is equal to 
hj^iPAcy where A is the moment of inertia of the molecule about an axis 
perpendicular to the symmetry axis; there are, of course, two such directions, 
but for a symmetrical top molecule the moments about these directions are 

the same, as noted above. 

Perpendicular Bands: In the case of a perpendicular vibration of a sym- 
metrical top molecule, the selection rules permit a change of dzl in the 
quantum number iC, simultaneously with changes in ]\ thus, the allowed 
rotational transitions are A7 = Oj drl, and LK = ± 1. For each change 
in K there will thus be a band with P, Q and R branches, and the complete 
perpendicular vibration band, for Ay = 1, will be made up by the super- 
position of a number of separate bands, each corresponding to a permitted 
chance in the value of K. If UK is - 1, e.g., the transition is /C A: - 1, 


222 


MOLECULAR SPECTRA: POLYATOMIC MOLECULES 


then the frequencies of the various lines are given by 

/ = AT, a: + 1, • • • (3S.13) 

kZk-\ 

/ = a: + i,a: + 2,.-. (3S.1S) 

where j9 is determined by the two moments of inertia> and is defined by 

i8 = ^ - 1. (3S.16) 

For each value of K these equations represent a vibration-rotation band 
similar to that for a parallel vibration, as given by equations (35.10), (35.11) 
and (35.12); it will be noted, however, that for the perpendicular vibration 
the rotation lines are displaced bodily to the low frequency side by an 
amount — ^)hl^Ac. As K increases, therefore, the center of the 
band, represented by the position of the Q branch, moves towards regions of 
lower frequency. There is a somewhat unusual feature of the perpendicular 
bands for a symmetrical top to which attention may be called. It will be 
seen from an examination of the possible J values that the first line to appear 
in the P branch will be the one having a J value equal to Ky whereas for the 
first line of the R branch, J will be equal to K + I, It follows, therefore, 
that the first K lines of the P branch and the first K + I lines of the R 
branch at the center of the band will be missing. Thus when K is 1, none 
of the P lines will be absent, but the first R line will be missing; for if = 2, 
there will be one P line and two R lines absent from the vicinity of the center 
of the band. In every case, however, there will be a strong Q branch in this 
position. It will be remembered that equations (35.13), (35.14) and (35.15), 

and the foregoing discussion, refer to a change of if to if — 1, that is, for 
AK = — 1; the resulting bands for the various values of if are consequently 
called negative subsidiary hands. When if is 1, the band is referred to as the 
first negative subsidiary band; when if is 2 it is called the second negative 
subsidiary band, and so on. 

When the value of K increases in a vibration-rotation transition, i.e., 
Aif is +1, there results the series of positive subsidiary hands. The fre- 
quencies of the lines in the P, Q and R branches are now given by the 


following expressions: 


vibration-rotation spectra 
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/->/ 
1 a: 


1-/ 
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) 

} 


K0 = 


v{R) = 


i)l, 

/ = ^ + 1, ^ + 2, 


• (35.17) 

(35.18) 


negative senes; their centers are now, hJwe^er di^p d ‘o the 

quency side to the extent o( 0{K - to the high (re- 
band has a strong Q branch at the center subsidiary 

In any subsidiary band, positive o1 negat'^ band. 

the band where some lines may be aTsent iln l’ ‘^e center of 

IS readily obtained from a consideration of the^v * ' *° This result 

frequencies of the lines in the P and R branches equations giving the 

the frequencies of the Q branches, on the other hanT ^’‘P''^^^‘°ns for 
frequency separation between the 0 branch^ it is seen that the 

sidiary bands should be In view of tL°H ®“c«ssive sub- 

(35.16), this separation is ® by equation 


Avq = 




\c a) • 


(35.20) 


It follows, therefore, that in principle, at lease eh» ^ 

A and C, may be determined from the freouenev moments of inertia, 

lines, which gives and from Te se^aSion ^f thT O h l! 

knowing A, the value of C may be derived In nracH ^ “^bes from which, 

of the perpendicular bands are so close larpelv h ^ bnes 

of .ho v.riou, .ob.idi”y S„i Thf, r."“ °l '"l' 

.v.l„.,i„g ^ in ,hi, manner. Hot’ ver ,h, naraS.r h" a' '’”“'.‘’''''1' 
molecule are relatively simple’, as showTL I ‘be same 

and the moment of inertial c^n mSst readilX 1"'- 

tion of successive rotational lines in the P and R branch'^ I™"! the separa- 

as seen above, this frequency separation is aLl/t^^ lT ^ sm'al "'r 

able in this manner, C can then be ob^a^nAr^ u ■ y ^is made avail- 

from the frequency separation between successive^^brLrh^^^^^ k" (35,20) 

.h. r . h.„oH. of .ht ::“r‘jttyo" t::r,rji?rb2 Ssrbt 
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so strong as to obscure the Q branches, in spite of the relatively high intensity 

E^in^hen the positions of the Q branches can be identified in the perpen- 
dicular bands, it is sometimes found that the spacing vanes markedly from 
one subsidiary band to another. This result is, of course, contrary to the 
theory given above, and the anomalous behavior is most probably due to 
interaction between rotational and vibrational motions. It has been sug- 
gested that as a result of the rotation of the symmetrical top molecule atout 
its symmetry axis, a force is developed in the perpendicular vibrations which 
gives rise to an additional (internal) angular momentum. This naturally 
affects the rotational energy of the molecule, and consequently the separa- 
tion of the Q branches. Instead of the normal spacing between Q branches, 
given by equation (35.20), it appears that the actual frequency separation 

should be represented by 


A /I - ^ \ 

^’'« = 4;vV c 


( 35 . 21 ) 


where ? gives the number of A/2ir units of internal angular momentum result- 
ing from the interaction just described. If there were no such interaction, 
{ would be zero and equation (35.21) would reduce to (35.20). The valw 
of ^ is different for different perpendicular bands hence the difference in 
the Q branch spacings— and is a complicated function of the masses of the 
atoms and of the force constants involved in the expression for the potential 
energy of the molecule. There are, however, certain relatively simple sum 
rules, which are independent of the potential function, but are determined 
by the form of the molecule only. If represents the sum of the m«n 

Q branch spacings in the perpendicular bands of a particular syminetrical 
top molecule, then if the latter is of the pyramidal YX, type, which has 
two perpendicular bands. 


while if it is of the tetrahedral ZYX, type, with three perpendicular bands, 



It is seen, therefore, that if the moment of inertia A is determined from the 
separation of the rotational lines in a parallel band, it is possible to evaluate 
the other moment of inertia C, provided the Q branch spacings in all the 
perpendicular bands of the molecule are known, 

35d. Band Envelopes of Sjnnmetrical Top Molecules. — Because of the 
complexity of the perpendicular bands of many polyatomic molecules, it is 
not practicable, with the means at present available, to resolve the separate 
rotational lines. It is possible, nevertheless, to obtain some useful informs^ 
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tion from the external contour (or envelope) of the complete band. In the 
previous section the general principles upon which a perpendicular band is 
constructed have been developed; if, in addition, something were known 
concerning the relative intensities of the various lines, it should be possible 
to derive from theory the general shape of the envelope of the band. (The 
envelope is the curve representing the variation of intensity throughout a 
band as a function of the frequency, the fine structure being ignored.) 
Expressions have been derived, from quantum theory and the Maxwell- 
Boltzmann distribution law, which give the intensities of rotational lines as 
a summation involving the rotational quantum numbers, the moments of 
inertia, and other factors. By assuming that the moment of inertia A is 
not too small, the summation may be replaced by integration, and the in- 
tensities can then be calculated. Working in this manner, the shapes of 
the envelopes for a series of values of the moment of inertia factor /3 have 
been derived. These envelopes were found to vary considerably with the 
magnitude of j9; hence the shape of the envelope can be used both to identify 
a perpendicular band, since a parallel band gives an entirely different type 
of envelope, and to give some indication of the value of /3. Since the latter 
depends on the ratio of the moments of inertia, it will provide helpful infor- 
mation concerning the shape of the molecule. 

35e. Spherical Molecules. — The rotational structure of the vibrational 
bands of a spherically symmetrical molecule, such as CH 4 and CCb, is rela- 
tively simple, at least in principle. The three moments of inertia of such 
a molecule are equal {A = B — C), and in this case, since C = y/, it is 
evident from equation (35.9) that the rotational energy is given by an 
equation similar in form for that of a diatomic molecule, viz., 

t-sSj/V+D- 

The only vibrations that are active in the infra-red are those that are anti- 
symmetric with respect to the center of symmetry of the molecule, and for 
these the selection rule for rotational transitions is A/ = 0, dbl. Since Ao 
is, as before, limited to unity, the vibration bands should consist of simple 
Py Q and R branches; the equations giving the frequencies of the rotational 
lines will be 


/- 

-^/+ 1: 


(35.22) 

/- 


K0 = 

(35.23) 

/-I- 


- ’ + ^A. 

(35.24) 


According to these equations, not only should the Q branch consist of 
a single line, but the separation of successive rotational lines in the P and R 
branches should be constant, and equal to hj^iPAcy in all the bands. Ac- 
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tually, as may be anticipated, neither of these expectations is fulfilled in 
practice: the Q branches consist of a number of closely spaced lines, and the 
rotational separations in the P and R branches vary from one band to 
another. One reason for this is, of course, the nonrigidity of the molecule, 
but another reason for the lack of constancy in the separation of successive 
lines in different bands is the type of interaction between rotation and vibra- 
tion described above for symmetrical top molecules. If Ap now represents 
the frequency separation of the rotational lines, then 

where, as before, f is the quantum number for the internal angular mo- 
mentum resulting from the interaction. Again $ is a complicated quantity, 
but the sum of the rotational spacings for the two infra-red bands of a 
spherical molecule, which is given by 

VA 

does not involve It is thus possible to calculate the moment of inertia A 
if the rotational separations in the two infra-red active bands are measured. 
It should be mentioned, incidentally, that the spacing of the rotational lines 
in the fundamental vibration bands of symmetrical molecules provides a clue 
to the association of these bands with particular normal vibrational modes. 

35f. As 3 mimetrical Top Molecules. — When the three moments of inertia 
of a molecule about axes at right angles are all different, the molecule is 
referred to as an asymmetrical top. As is to be expected, the rotational fine 
structure of the vibration bands of such molecules is very complicated. The 
complexity arises because of a situation that is somewhat analogous to that 
occurring in the perpendicular bands of symmetrical top molecules. The 
angular momentum of the molecule, and hence the rotational energy, is 
determined by two quantum numbers / and Ky there being, as before 
2/ + 1 values of K for each J value. Although the rotational transitions 
are restricted to A/ = 0, ±1, there are many possibilities for changes in K 
which lead to a multiplicity of rotational lines. For example, in the case 
of an asymmetrical top whose electrical dipole moment lies parallel to the 
direction of the axis with the middle moment of inertia, there should be 
sixteen lines for the rotational transition / = 3 to / = 4. This may be 
compared with the corresponding seven lines for the perpendicular band of 
a symmetrical top molecule. With increasing values of /, the number of 
rotational lines in the vibration band of an asymmetrical top molecule 
increases rapidly, and so the vibration-rotation spectrum becomes very 
complex. 

Although there is no simple expression for the energies of the rotational 
levels, it is nevertheless possible, as a result of lengthy calculations, to evalu- 
ate these energies if the three moments of inertia of the asymmetrical top 


VIBRATION-ROTATION 


SPECTRA 


227 


are known. If information conr#»pniM/» j i 

were available from other sources thp m shape of the molecule 

calculated and compared wXtLse H ”"’^'/ be 

m which sufficient precise fnformatmn is av^^^ 7 

have any value. calculation to 

When the asymmetrical top molecule 1^ nlan^r « 

SJ that the sum of two of the moments of inertia is eq^aTto'tL thir"!"'’ 
^ + B = C, the vibration bands have certain rhara^i-^.- 

^nsiderable value for identification purposes The bands haveteen shown 
to be of three types, according as the change of the dipole moment n T 
course of a vibration i^s along the axis of the (i) smallest moment of inertia 
( 1 .) middle moment of inertia, or (iii) largest moment of inertia. ’ 

(i) If the change of dipole moment is along the axis giving the smallest 
moment o inertia, the band is said to be a ryj>e A band. ®In such bands the 
rotational lines near the center are very closely spaced so that the Q branch 
appears to be very strong. The smaller the value of the ratio of the Lmen ts 
of inertia AfE, the more intense are the lines in the center of the band As 

the ratio approaches unity, the molecule approximates more clo^ly to 
a symmetrical top with ^ = 5 = |C; the type iband under thLe Xcum 
stances resembles the perpendicular band of a symmetrical rotator' 

(ii) For type B bands the change of electric moment is along the axis 
having the middle moment of inertia; the rotational lines in these Lnds 

th! ^ gap in the center, especially when 

the ratio of the moments of inertia AjE is small. As the ratio AIB ap- 
proaches unity, the difference between type A and type B bands will obvi 

ously, become less marked, and both resemble the perpendicular bands of 
symmetrical top molecules. 

the£L!i*'r ‘be direction of the axis having 

the largest moment of inertia, the resulting bands are called type C bandl 

here again the lines accumulate near the center of the band giving the appear- 

ance of a strong Q branch As the moments of inertia A and B approximate 

tyDr£nd^o7a'" *be appearance of the parallel 

type band ot a symmetrical rotator. ^ 

The fine structure of the vibration bands cannot be resolved unless the 
moments of inertia are small, and this is only the case for such simple mole- 
cu es as water and hydrogen sulfide. In other cases it is possible to obtain 
only the envelopes of the bands, but a knowledge of these is of value. Calcu- 

the xf, B and C type bands of asymmetrical top molecules for various values 
of two parameters which are functions of the three moments of inertia 
Sn restricted to flat molecules, and are useful for identifica- 

vibration Sf X ZSe " ' «' 

rJrlu Raman Spectra.~Very few cases of the theo- 

retically possible rotational structure associated with vibrational Raman 
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lines have been observed. With improvements in technique it is possible 
that many Raman spectra could be resolved so as to permit the rotational 
lines to be studied. The selection rules differ somewhat from those which 
are applicable to vibration hands in the infra-red spectrum. Thus, for 
linear molecules, A/ is 0, ±2 for parallel bands, and ±1, ±2 for the per- 
pendicular bands; a Q branch should thus be present in the former but not 
in the latter. For symmetrical top molecules, AiC = 0 and A/ = 0, ±1, 
±2 for vibrations parallel to the symmetry axis of the molecule, whereas 
for vibrations perpendicular to this axis AiC — db 1, ±2 and A/ = 0, ±1, 
±2. Interaction between rotations should lead to abnormal spacings in the 
perpendicular bands, just as with the infra-red spectra. The only type of 
Raman band of a spherical molecule which can exhibit a rotational structure 
is that due to a vibration that is not totally symmetrical. For such a band 
the selection rule is A/ = 0, ±1, ±2. A similar rule is applicable to the 
Raman bands of asymmetrical top molecules. It is evident that in view 
of the large number of permitted rotational transitions, the structures of 
Raman vibration bands of polyatomic molecules are likely to be complicated. 
If they could be resolved, however, they would provide information con- 
cerning the moments of inertia of the molecule which would supplement that 
derived from the infra-red spectra. 

36a. Pur© Rotation Spectra, — As in the case of diatomic molecules, the 
study of pure rotation spectra of polyatomic molecules in the far infra-red 
region is restricted by experimental difficulties. Since the moments of 
inertia are relatively high, the pure rotation bands of polyatomic molecules 
appear at very small frequencies, i.e., at very long wave lengths. Because 
of the complexity of vibration-rotation bands, especially when two or more 
bands overlap, there would be many advantages associated with the experi- 
mental study of pure rotation spectra in the far infra-red if a satisfactory 
technique could be developed. The work done so far has been restricted to 
comparatively light molecules, such as water, ammonia and phosphine; the 
bands for these substances are found in the nearer parts of the far infra-red 
region of the spectrum. 

There is relatively little that can be said about the structures of the pure 
rotation bands; as with the vibration-rotation bands, the subject will be 
considered in relation to the moments of inertia of the molecule. For a 
linear molecule, a pure rotation band is possible only when the substance 
possesses a permanent dipole moment (cf. Section 27d). The rotational 
energy levels are given by equation (35.1), and since the selection rule is 
A/ = dz 1, the frequencies of the pure rotation lines will be 

^ ^ ^ 2 , 3 , • • ( 36 . 1 ) 

The frequency separation of successive lines is thus and the general 

nature of the rotation band should be the same as for a diatomic molecule. 
It will be observed that as the moment of inertia I increases, so the frequency 
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of the rotational lines, for a given / value, decreases. For relatively heavy 
far fnfra-Ted^''" spectrum will thus appear in the very 

dicukr "Jo ’^heTv "’°lecules, it is only rotation about an axis perpen- 
dicular to the symmetry axis that can produce a changing dipole moment 

are^ eilen" t "n of 'the® rotational level 
are g.ven by equation (3S.9), and since the selection rules require that 

W wUI be renf ^ u ‘bat the frequencies of the rotational 

lines will be represented by the expression 


V, = 


4,r2^c 


L 


(36.2) 


£ svmmetrv a^r Tr u“‘ perpendicular to 

of sucnne7in th ^ apparent, therefore, that the frequency separation 
ol such lines m the pure rotation spectrum is and hence deuends 

rnformaf- ^ inertia A. The pure rotation band thus provides no 

r/mmetry axt"""'"" ^^out th^ 

Dermanpn77‘'°r “ ®Pbencally symmetrical molecule, which will have no 
permanent dipole moment, cannot be accompanied by a changing moment 

and so molecules of this type are never active in the far infra-fed'spectrum’ 

ban7.Tf molecules, on the other hand, give rise to pure rotation 

thnc “ “”’.Plm‘ character. The general considerations are similar to 
those discussed m Section 3Sf for the vibration-rotation bands; the selection 

the^ mo7r ‘be permanent dipole moment of 

Sln^rS ^ moment 

36b. l^e Rotation Raman Spectra.-The pure rotation Raman spectra 

^fficult7 of 1 ‘beir value is limited b^th^ 

rotational lines; when this resolution can be 

achieved, the results are of great interest becan^^^ nf »- i r • 

of the spectra i;., i '"cerest Decause of the relative simplicity 

or tne spectra, hor linear polyatomic molecules the selection rulec ar^ 
identical with those for diatomic molecules, as given in Sion 33e anH 

niX': * 

the rotation about this aai. produces „o change in eheVokSS'," 

molecule and hence IS inactive The tne 

(3S.9) and the selection rule is that A/ . 0, =t I, "?Ind Tk"JI Z'tl 

Raman rotation band Will thus contain five branches viz O P n 

(cf. Section 33f). Since rotation of a molecule that is’ spherically sym 
metrical cannot possibly be accompanied by any change in polarizabdity 

1 * T f m an spectrum. According 

theory, the selection rule for an asymmetrical top molecule is 4 / = 0 -t- l 

±2; however, only those rotations that are associated with a change in the 

polarizability of the molecule are active in producing Raman lines For 
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example, the rotation of the water molecule about its axis of symmetry 
will be inactive. Calculation of the frequency separations of the Raman 
lines for an asymmetrical top molecule are very difficult, for the same reasons 
as were given in Section 35f. 

37. Special Effects in Vibration-Rotation Spectra. — In the discussion of 
the previous sections, the molecule has been assumed to behave more or less 
ideally, but in actual practice a number of special effects arise to which 
brief reference will be made. 

Overtones and Combination Bands: If the oscillations of a polyatomic 
molecule were strictly harmonic in character, vibrational transitions would 
be limited to Ay = 1 for one particular mode at a time, with the Ay values 
for all other modes equal to zero. Because of anharmonicity, however, not 
only are such transitions as Ay = 2, 3, etc., permitted in certain cases,* but 
in addition it is possible for simultaneous changes to occur in the quantum 
numbers of two or more vibrational modes. The former type of transition 
yields the overtones, and the latter gives rise to combination hands whose 
frequencies may be expressed, very approximately, by an equation of 
ffie form 

V = n\v\ H- n^vi -f W 3 P 3 + ' * - , ( 37 . 1 ) 

where pi, p 2, P3, etc., represent the frequencies of the various normal modes 
of vibration and Wi, W2, W3, etc., are small integers or zero. Correction terms 
for anharmonicity and interaction effects should be included in equation 
(37.1), but these may be disregarded here. Symmetry and other consider- 
ations limit the possibilities concerning overtone and combination bands; 
hence, the situation, although often complicated enough, is not as complex 
as it might otherwise have been. For example, if a molecule possesses a 
center of symmetry, totally symmetric vibrations do not give overtones, 
whereas for antisymmetric vibrations the first, third, etc., overtones are 
forbidden. Further, in the formation of combination tones, the possible 
values of «i, «2> etc., in equation (37.1) depend on the symmetry class of 
the molecule and on the direction of change of the electric dipole moment 
for the particular vibrations. 

Isotope Effects: As is the case with diatomic molecules, isotopic changes 
are accompanied by changes in the normal vibrations. It will be evident 
from Section 34a that the frequencies of these vibrations are determined 
largely by the masses of the atoms, which give the a^ terms, and by- the 
force constants, which are related to the bij terms. The latter are probably 
unaltered by an isotopic substitution, but the former must be affected; the 
exact nature of the change in the normal vibration frequency is evidently not 
expressible in such a simple form as was possible for diatomic molecules 
(Section 29h). Further reference to the importance of isotopes in the study 
of polyatomic molecules will be made in Section 38c. 

Accidental Resonance Degeneracy : ® In addition to the type of degeneracy 
which occurs when a molecule has two vibrations with identical frequencies. 

•Fermi, 2. Physik^ 71, 250 (1931); Dennison, Phys, 41, 304 (1932). 



VIBRATION-ROTATION SPECTR*A 


231 


there is another type resulting from the accidental fact that one normal 
vibration frequency happens to be almost exactly a simple multiple of 
another. For example, if the first overtone frequency of one vibrational 
mode, i.e,, 2 ^ 2 , happens to coincide with the fundamental vibration frequency 
of another mode, i.e., vi, then if the symmetry properties of the two vibra- 
tions are the same, resonance will occur, with the result that the two modes 
become indistinguishable. The wave functions of the two states corre- 
sponding to the frequencies vi and 2 v 2 are shared, and two new wave func- 
tions are obtained. The spectrum will then not correspond to that for one 
fundamental and one overtone, but will approximate to that expected for 
two fundamentals. The best known case of accidental resonance degeneracy y 
as this behavior is called, is found in the Raman spectrum of carbon dioxide. 
The frequency of the Raman active parallel vibration frequency ( 1 * 1 ) is 
estimated to be 1322 cm.“^; in addition there is an inactive (infra-red active) 
perpendicular vibration (^ 2 ) of frequency 668 cm.“S so that Pi is approxi- 
mately equal to 2»'2. The Raman spectrum of carbon dioxide actually shows 
two strong lines at 1286 and 1388 cm.~^, which cannot be accounted for 
satisfactorily in any other way than by postulating accidental resonance. 

Resonance due to Double Potential Minima: * Another type of resonance 
interaction has been brought to light by the study of the infra-red spectra of 
the ammonia molecule; the lines of the vibration-rotation bands for the 
parallel vibrations and those of the pure rotation spectrum exhibit a doublet 
structure. This phenomenon is attributed to the fact that the ammonia 
molecule, which has a pyramidal configuration with the nitrogen atom at 
the apex, can exist in two forms of identical energy; one in which the nitrogen 
is above the plane of the hydrogen atoms, and the other in which it is below 
this plane. The two forms are physically indistinguishable, and since they 
have the same energy, resonance occurs between them. In a physical sense 
this may be regarded as an oscillation of the nitrogen atom between two 
similar positions, one above and one below the plane of the hydrogen atoms. 
The potential energy curve for a system of this type consists of two identical 
parabola-like curves joined by a relatively low barrier. There are thus two 
identical potential minima, and hence the problem is frequently referred to 
as the double-minimum problem. 

Wave mechanical calculations show that as a result of the resonance be- 
tween the two levels of the same energy, one in each part of the double 
curve, each energy level of the molecule is split into two levels; the wave 
function of one is symmetric with respect to reflection in the base of the 
pyramid, while the other is antisymmetric for this operation. Transitions 
between symmetric and between antisymmetric levels are forbidden in the 
infra-red, and only those between a symmetric state in one level with an 
antisymmetric state in another are permitted. The result of the resonance 
is consequently a doubling of the lines in the spectrum. Similar effects have 
been observed in the Raman spectrum; the selection rule is, however, dif^er- 

• Dennison and Uhlcnbeck, PAyj. Rn.y 41, 313 (1932); Manning, /. Chem. Phys., 3, 36 
(1935); Wall and GlocUcr, ibid.y 5, 314 (1937). 
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ent in this case. Transitions between similar states only are permitted, 
wh' eas those between symmetric and antisymmetric levels are prohibited. 

By making certain assumptions concerning the shape of the double- 
minimum potential energy curve, it is possible to calculate the height of the 
pyramid, i.e., the vertical distance between the nitrogen atom and the plane 
of the hydrogen atoms in the ammonia molecule, from the observed fre- 
quency separation of the rotation doublets. This frequency separation 
should decrease rapidly with increasing height of the pyramid, and it is of 
interest to note that the doublet separation has not been observed in the 
rotation-vibration or other bands of phosphine and arsine. These molecules 
are evidently much taller pyramids than is the ammonia molecule, and this 
conclusion is supported by the bond angles which are largest in the latter case. 

Nuclear Spin Effects: Symmetrical linear polyatomic molecules exhibit 
alternating intensities of rotational lines, just as do diatomic molecules. 
For a triatomic linear molecule yX 2 , the relative intensities of the lines are 
determined by the spins of the X nuclei; in other words, it behaves in this 
respect like an X 2 molecule. If the X nucleus has a spin quantum number of 
zero, e.g., oxygen, alternate rotational lines will be missing; this is the case 
for carbon dioxide, which is a linear symmetrical molecule. If the linear 
molecule contains two pairs of identical atoms, e.g., acetylene, with nuclear 
spins 1*1 and h, the ratio of the intensities of alternate lines is equal to 
(2/1/2 + ix + h + 1)/(2/i/2 + ix + /a). In acetylene, the spin of the carbon 
atom (/i) is zero, while that of the hydrogen atom (/ 2 ) is i, so that the ratio 
of the intensities is 3 to 1, as in the case of the hydrogen molecule. 

Applications of Molecular Spectra 

38a. Assignment of Frequencies. — ^The first problem, frequently a diffi- 
cult one, in the application of the spectra of polyatomic molecules is to make 
use of the infra-red and Raman spectra to assign frequencies to the various 
normal modes of vibration of the molecule. An obvious necessity is, of 
course, that the structure of the molecule should be known or postulated. 
Since a proper assignment will not be possible if the chosen structure is 
incorrect, the spectra may be regarded, in a sense, as providing evidence for 
or against a particular structure. From the observed lines in both infra-red 
and Raman spectra, it is necessary to choose those which represent the funda- 
mental frequencies, as distinct from the overtones and combination tones, 
and then to associate each one of them with a particular vibrational mode. 

This task is facilitated by making use of a number of theoretical and 
empirical rules. Such facts as the intensities of the lines, the type of 
rotational structure or envelope, the presence or absence of a given line 
in both Raman and infra-red spectra, the degree of depolarization of 
Raman lines, the selection rules, and numerical relationships between the 
frequencies of various vibration bands can all be utilized. Further, in a 
polyatomic molecule no frequency over about 3700 cm.“^ can correspond to 
a fundamental band, while if there is no C — H bond the upper limit is about 
2S00 cm."'. As will be seen in Section 38d, certain groups may dominate a 
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particular mode of vibration of the molecule, so that the presence of the 
corresponding lines indicates the vibrations involving those groups. The 
distinction, which can sometimes be made, between valence and deformation 
vibrations is often helpful; as a general rule, the vibrations involving the 
stretching of valence bonds have higher frequencies than those in which the 
bending of such bonds is concerned. In certain rare cases a fundamental 
vibration frequency may be inactive in both infra-red and Raman spec- 
tra; in this case its value is generally estimated from the frequencies of 
combination bands. 

An additional source of information, which is often important, is based 
on the use of isotopic molecules. If one of the atoms of a symmetrical mole- 
cule is replaced by its isotope, the symmetry disappears, and many vibra- 
tions which were previously inactive now become active in the infra-red and 
Raman spectra. Further, vibrations which were previously degenerate may 
become nondegenerate, as will be seen shortly. 

38b. Intemuclear Distances.^® — When an analysis of vibration-rotation 
or rotation bands can be made, so that the separation of successive lines 
can be evaluated, it is possible to determine the moments of inertia, as 
already shown. From them, the shape and dimensions of the molecule can 
be calculated in many cases; some of these may be examined here. Con- 
sider, for example, the molecule of carbon dioxide; the spectra correspond to 
those to be expected for a symmetrical linear molecule OCO, The moment 
of inertia derived from the frequency separation of the vibrational lines, 
after allowing for the fact that alternate lines are missing, is 70.8 X 10“'“^ 
g. cm.* Since the molecule is linear, this gives a value of 1.15 A for the 
C — O bond distance. Another linear triatomic molecule which is, however, 
not symmetrical, is hydrogen cyanide; the moment of inertia has been found 
to be 18.7 X 10^® g. cm.*, and this gives the C — H intemuclear distance as 
1.06 A, while the C — N distance is 1. 15 A. 

The spectra, as well as other properties of the water molecule, indi- 
cate an angular structure; the molecule is an asymmetrical top, and the 
three moments of inertia, estimated for the hypothetical vibrationless 
state of the molecule, are A = 1.0229 X 10-^^ B = 1.9207 X 10"^" and 
C = 2.9436 X 10“^® g. cm.* Since the water molecule is flat, the moment 
of inertia C is equal to the sum of A and B. The observed moments of 
inertia are found to be compatible with a bond angle of 104° 3T and an 
O — H bond distance of 0.958 A.“ 

As already indicated, the molecule of ammonia is pyramidal in shape, 
the three hydrogen atoms lying in a plane with the nitrogen atom above (or 
below) it. The moment of inertia about the axis perpendicular to the 
symmetry axis is 2.78 X 10^° g. cm.*, and this result, taken in conjunction 
with 0.39 A for the height derived from the doublet separation referred to 
in Section* 37a, leads to the following dimensions: N — H distance 1.01 A, 
H — H distance 1.61 A, bond angle 108°. 

For summaries, see Kohlrausch, ref, 1; Sutherland, ref. 1; Wu, ref. 1. 

“ Dennison and Darling, Phys. Reo., 57, 128 (1940). 
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Ip some cases, where several internuclear distances are involved, it is 
not possible to derive the interatomic dimensions uniquely from the mo- 
ments of inertia obtained from the spectra. A case in point is that of ethyl- 
ene; the three moments of inertia are A = 5.70 X 10^®, B = 2.75 X 
and € = 33.2 X 10“^° g. cm.^, but the C — H and C — C (double bond) dis- 
tances, and the bond angles cannot be derived from them without making an 
assumption. If the C — H distance is taken to be 1.08 A, which lies between 

the values found in acetylene (1.06 A) and methane (1.09 A), the C C 

distance in ethylene is found to be 1.33 A; the H — C — H bond angle is 
then 118°. 

38c. Force Constants.^^ — One of the most interesting applications of the 
spectra of polyatomic molecules, from the viewpoint of the chemist, is the 
evaluation of the restoring force constants associated with various bonds. 
Such calculations have been described in Section 29g for diatomic molecules 
but they are naturally much more complicated for polyatomic molecules. 
The results are usually approximate, for they are based on certain assump- 
tions concerning the type of force held operative in the molecule. With a 
diatomic molecule there is one vibration, and since the potential energy can 
be expressed in terms of a single force constant, the latter can be derived 
if the frequency is known; the only approximation necessary is that the 
oscillations must be taken as harmonic. The potential energy for a poly- 
atomic molecule involves a number of force constants; thus, equation (34.2) 
may be put in the form 

V — +/2y2 + • • • 4- 2fi2q\q2 + %f2zq%qz + • • •)* (38.1) 

where the force constants etc., and the interaction constants /i 2 >/ 23 , 
etc., are used in place of the bij terms; the yi, ^ 2 , etc., represent the displace- 
ments of the various atoms in the course of a vibration. The vibrational 
kinetic energy can be written in terms of an equation analogous to (38,1)' 
thus, if a sufficient number of normal vibration frequencies of the molecule 
were available, from a study of its spectra, it should be possible to solve the 
secular determinantal equation (34.11) in order to derive the that is, 
the force constants. The difficulty in this calculation arises from the fact 
that a molecule has only 3« — 6 vibrational modes; hence, this is the max- 
imum number of frequencies that can be known, whereas equation (38,1) 
may contain many more unknown force constants. The solution of the 
secular determinant is thus not possible without some simplification. 

One method is to postulate a particular type of force field, so that the 
potential function involves a smaller number of force constants. Two such 

Howard, ibid., 3, 207 (1935); Bonner, 
ibid., 5 293 (1937); Wall and Glocklcr, ibid,y 5, 813 (1937); Wu and Kiang, ibid.. 7, 178 (1939); 

binnett, ibid.^ 8, 91 (1940); Crawford and Brinkley, ibid.^ 9, 69 (1941); 
Wells and Wilson, ibid., 9, 314, 319 (1941); Rosenthal, Phys. Ren., 46, 730 (1934); Sutherland and 
Dennison, Proc. Roy. Soc., A, 148, 250 (1935); Penney and Sutherland, ibid., 156, 654 (1936); 

Thompson and Linnett, /. Chtm. Soc., 1291, 1376, 
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have been proposed: one is the central force fields according to 
which the restoring force acting on an atom displaced from its equilibrium 
position depends only on the magnitude of the displacement, and not on its 
direction. The second type of force field, the valence force fields is, at least 
as a first approximation, in harmony with what may be expected from 
chemic^ considerations; it postulates two kinds of restoring force, namely, 
those which tend to prevent stretching of the valence bonds and those which 

operate against the bending of such bonds. The potential function for the 
valence force field thus becomes 

V = |{^i(A^i)2 + 4- • • . + -f + • • • 1 (38.2) 

where A^/i, A^ 2 , etc., are the displacements of the nuclei in the directions of 
the valence bonds, and A 0 i, A 02 , etc., are the changes in the bond angles; 

A 2 , etc., and etc., are the respective force constants. In this way 

the number of unknowns is generally reduced below the number of known 
vibration frequencies, and so the secular equation can be solved to give the 
force constants. The test of the validity of the latter is that they may be 
used to reproduce with sufficient accuracy a larger number of vibration 
freqiaencies than the derived force constants. If the agreement is not 
satisfactory, additional terms (cross terms), which are completely absent 
from equation (38.2), may be added to the potential function; in this manner 
better values of the force constants can be calculated. 

rtix 7n, 

0 - 5 ; ©-?, 

Fig. 30. Vibrating unsymmetrical linear XYZ molecule 

The procedure may be illustrated by reference to some simple cases. 
Consider the linear unsymmetrical molecule XYZ, as shown in Fig. 30; let 
wi, m 2 and be the masses of the three atoms, and let ^i, X 2 and ^3 be their 
respective displacements in the course of vibration. The complete potential 
function is then 

^ — sC/l-Vl f2x\ 4-/3A-3 + 2fi2X\X2 + 2f\2X\X2 + 2/23A-2A‘3), (38.3) 

in which there are six unknown, and different, force constants. The linear 
triatomic molecule has four vibrational modes, of which two are identical; 
there are thus available three frequencies only for the determination of six 
unknowns. The problem is simplified by assuming a valence force field to 
be operative; the potential function may then be written 

y = ilkiiAny + kiiAriy + k0{Ady], mA) 

where ki and ^2 are the force constants of the X — Y and Y — Z bonds, re- 
spectively, and Ari and Ar 2 represent the changes in the corresponding bond 
lengths; k$ is the force constant for the bending vibration and A$ is the change 
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in angle X — Y — Z. The potential energy given by equation (38.4) is 
obviously an approximation, but this is unfortunately inevitable, since it 
involves three unknowns, and this is the maximum number permitted. 

The vibrational kinetic energy of the system can be expressed as a func- 
tion of n, r 2 and and this can be divided into two parts with no cross 
terms between them; one part refers to the parallel vibrations vi and pj, 
and the other to the doubly degenerate perpendicular vibration P2. Simi- 
larly, the potential function, equation (38.4), can be divided into two corre- 
sponding parts; the terms involving Arj and Ar2 are dependent on the parallel 
vibrations, while that with Ad is related to the perpendicular vibration. 
The third order secular determinant for this particular problem thus reduces 
to a quadratic, involving Xi and X3, and a linear equation in X2, where X is 
defined as [cf. equation (34.9)]]. 

For the parallel vibrations, equation (38.4) gives for the potential energy 

- Uh(Any -h HAnY], (38.5) 

and the expression for the corresponding kinetic energy can be shown to be 

~ ;w3)(Ari)2 + ImimsAfiArz -f mzimi -f- W2)(Af2)^), (38.6) 


where M is equal to mi -j- m 3 . The secular equation, corresponding 
to the determinantal equation (34.11), is now 


^11 — <2llX 

>^12 — <*12 X 


^12 — 

^22 <?22X 


- 0 , 


and in the present Case this becomes, after reversing signs. 


mi 
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(m 2 + m3)\ — ki 


m\m\ 
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m 3 
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mims ^ 

M ^ 

(mi + W72)X — kt 
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The solutions of this determinant are given by 
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(38.7) 


(38.8) 


(38.9) 


Pi and vt being the frequencies of the parallel normal vibrations of the XYZ 
molecule. If these frequencies are known from the infra-red or Ran^ 
spectra, the force constants ^1 and kt can be evaluated. 
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For the perpendicular (bending) vibration, the appropriate portion of 
equation (38.4) for the potential energy is 

K = (38.10) 

and the corresponding kinetic energy is 


7; = — • — (Ad)2, 


II 


M 


( 38 . 11 ) 


where I is the moment of inertia of the molecule, given by 


1 


~ ^ 3)^1 + 2mimsrir2 + m8(wi + m2)rl] 


The (linear) secular equation is now 


where 
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mim2mz 
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mifn2frJi 




(38.12) 


From equation (38.12), therefore, the deformation (bending) force constant 
ke can be determined, utilizing the known value of P 2 , the doubly degenerate 
perpendicular frequency. 

If the linear triatomic molecule is symmetrical, viz., XYX, then the 
valence force constants ki and ^2 are equal, and so also are the displacements 
Ari and Arz; in this event, therefore, the potential function, equation (38,4), 
becomes 

h{2ki(Ariy + ks{Aey], 

There are now two unknown force constants, 'but since there are still avail- 
able three frequencies, it is possible to improve the potential function by the 
inclusion of an additional term, namely the cross term kizAriArzj so that the 
potential energy may be written as 


y = §|2^i(Ari)2 + 2kvJ^iAr2 + h(Aey]. (38.13) 

If the treatment described above is applied to equation (38.13), the force 
constant for the bending vibr?tion is unchanged, except that mi and mz are 
equal; for the valence vibrations vi and P 3 , it is now found that 


and 
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where is the mass of each of the two identical end atoms, and otj is that 
of the central atom. 

In general, the procedure for evaluating force constants is similar to that 
described above; the potential function is written out and as many cross 
terms as are permitted by the known normal vibration frequencies are in- 
cluded. The expression for the vibrational kinetic energy is often compli- 
cated, but this is essentially a problem in mechanics. With the equations 
for the potential (fO arid kinetic (7^ energies available, the secular deter- 
minant may be set up, and solved for the X*s in terms of the ^*s, the force 
constants. The determinant of high order may be reduced to a number of 
simpler determinants by making use of the symmetry of the vibrations, as 
shown in the case of the examples given above. Before this can be done 
it is, of course, necessary to make a proper assignment of the observed 
spectral frequencies to the appropriate normal vibrations. For a molecule 
containing a fairly large number of atoms it is not always possible to do this 
with certainty. However, if the proper assignment has been made, and the 
frequencies are known, the force constants attributed to various valence 
bonds can then be evaluated. 

The spectra of isotopic molecules provide, at lecfst in principle, a method 
for calculating improved force constants; these are supposed to remain un- 
changed (cf. Section 29h) when one isotopic atom is replaced by another. 
The extra frequencies, derived from the spectra of the isotopic forms, pro- 
vide additional information for the solution of the secular equation. If the 
force constants calculated for one isotopic molecule are correct, they must 
be able to reproduce with reasonable accuracy the observed frequencies for 
the other isotopic form. Another advantage of isotopic exchange is that it 
often introduces new frequencies as a result of the alteration in the sym- 
metry characteristics of the molecule. Methane, CH4, for example, has 
only four different frequencies, three being degenerate; however, for the 
isotopic form C 2 H 2 D 2 there are nine nondegenerate vibrations. 

The force constants derived by the foregoing method cannot have a 
precise significance, as they are based on the assumption of a special type of 
relatively simple force field. The results are nevertheless of interest, since 
the valence force field cannot differ very greatly from that actually existing 
in a molecule in which the atoms are held together by valence forces. 

TABLE Xin. VALENCE BOND FORCE CONSTANTS IN DYNES PER CM. 


Bond 

Force Constant 

Bond 

Force Constant 

Bond 

Force Constant 

C— C 

4.6 X 10 

c— 0 

4.9 X 10“ 

C— N 

4.8 X 10» 

C=C 

9.5 

0=0 

12.3 

C=N 

12.1 

C^C 

15.8 


1S.6 

C=N 

I7.S 


From the study of a number of molecules, it appears that the force 
constant of a given valence bond is almost constant in different compounds, 
although, as may be anticipated, the remainder of the molecule exerts some 
perturbing effect. The existence of resonance, which alters the nature of 
the bond, has an important influence; hence, force constants may be utilized 
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to detect such resonance. Some mean, approximate, values for the force 
constants of single, double and triple bonds are recorded in Table XIII. 
The C— H force constant is 5.0 X 10^ dynes per cm. It is of interest to 
note that the force constants increase approximately in proportion to the 
multiplicity of the bond. 

The application of the results in Table XIII may be illustrated by refer- 
ence to one or two cases. In carbon dioxide, for example, the force constant 
of the carbon-oxygen bonds is found, from the spectrum of this gas, to be 
15.2 X 10® dynes per cm.; it is evident that in this substance these linkages 
have both double and triple bond character. Similar considerations apply 
to carbon suboxide, C3O2, in which the force constant of the carbon-carbon 
bond is 14.9 X 10% while that of the carbon-oxygen bond is 14.2 X 10® 
dynes per cm. In this substance there is evidently resonance between 
double bonded and triple bonded structures. 

38d. Characteristic Bond Frequencies. — Although the frequencies de- 
rived from infra-red and Raman spectra are for the normal vibrations of the 
molecule as a whole, it is often true that the force constants of certain 
linkages virtually control some of the vibrational modes. The presence of 
particular bonds may thus be associated with certain, approximately con- 
stant, frequencies even in different molecules. As a result it has become the 
practice to associate a characteristic frequency with each type of linkage; it 
must be emphasized that this is only an approximation, but it is one which 
has proved useful. Apart from bonds, such as C — H, N — H and O — H, 
which have characteristic frequencies of about 3000 cm.“% single bonded 
linkages, e.g., C — C, C — N and C — O, have frequencies in the vicinity of 
800 to 900 cm.“^ The characteristic frequency of a double bond is about 
1600 to 1700 cm.“^, while that of a triple bond is in the region of 2100 cm.“h 
For heavier atoms, the frequencies are somewhat less. 

The use of characteristic frequencies may be illustrated by reference to 
the isocyanide group; substances containing this grouping invariably give a 
spectral line of frequency approximately 2150 cm.-*. It follows, therefore, 
that the triple bonded — N = C grouping must make an important contribu- 
tion to the structure of isocyanide compounds. 



CHAPTER VI 


THE EL;5CTRONIC CONFIGURATIONS OF 

DIATOMIC MOLECULES ^ . 


Electronic States of Molecules and Atoms 

39a. Dissociation of Molecules. — When a molecule dissociates it mav 
give rise to normal atoms or to one or more excited atoms; the state of the 
product is dependent, to some extent, on the electronic state of the original 
molecule, and consideration will now be given to this and related subjects 
The results obtained are important in connection with the problems of 
molecular structure. Three lines of approach have proved of value in pro- 
viding information on the subjects of immediate interest. First, it may be 
supposed that two atoms in known electronic states are brought together 
until they form a molecule. Second, the nuclei of the atoms forming a 
diatomic molecule are assumed to be brought so close to each other that they 
fuse to form what is called a united atom, with the same number of electrons 
as the molecule; the united atom is then split up, hypothetically, until it 
forms the given molecule. Third, by adopting a procedure similar to that 
used in the elucidation of the electronic configuration of atoms, it is supposed 
that the electrons are added one by one to the system consisting of two 
fixed nuclei. 

39b. Combination of Separated Atoms to Form Diatomic Molecules. 

The possible molecular states that may arise from bringing together two 
atoms, have been derived theoretically from quantum mechanics. These 
states are not necessarily all observed, but at least all states that are theo- 
retically possible can be found for any particular pair of atoms. Suppose 
Zi, Si and L 2 , S 2 represent the orbital and spin angular momentum quantum 
numbers of two atoms which are brought up to one another. As the nuclei 
approach, an electric field is produced (cf. Section 2a) in the direction of the 
internuclear axis, and there is a space quantization of the angular momenta 
with reference to this direction. Suppose Ai and A 2 are the quantum num- 

bers corresponding to Li and L 2 , respectively, then according to equation 
(i.l) their possible values are given by 


and 


Ai Zj, Zi 1, Zi — 2, • * *, — Zi 

Z2 “ Z2, Z2 1 , Z2 — 2 , • ' *, — Z2. 


‘n Spectra and Molecular Structure: Diatomic Molecules”- Kronicr 
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The permitted values for the quantum number A for the resultant orbital 

angular momentum are then obtained by vector combination of Ai and 
A 2 ; thus 

A = I Ai + A2I 

= Li-\- U, Li-h L 2 - 1, Z.X -I- Z,2 - 2, . . IL, - Z,2|, (39.1) 

positive values only being permitted. As already mentioned (Sections 2a, 
30f), states for which A is not zero are doubly degenerate. 

Consider, for example, the combination of two atoms in P states; Li 
and Z ,2 are both unity, and so the possible values of A are 2, 1 and 0, corre- 
sponding to A, n and 2 states, respectively. The number of states of each 
type may be derived by vector addition, or by means of group theory. If 

of 2 states is even, then half of these will be positive (2''') and 
the Other half are negative (2“), in the sense defined in Sections 2e and 31a. 
If there are an odd number of 2 states, the distribution is found by the 
following rule. If the sum Z,i H- Z ,2 + SZA -f- is even, the number of 2+ 
states IS one larger than the number of 2" states, but if the sum is odd there 

isone more2 state. The and terms refer to the sum of the /values 

for all the electrons in the atoms represented by the subscripts 1 and 2, 
respe^ively. For the combination of a atom with another atom, 
both and 2-A are odd (cf. Section Ig), and since Li and L 2 are both unity. 
It follows that Z,i + Z ,2 + LA 4- LA is even, and the number of 2+ states will 
exceed the 2 states by unity. A similar result will clearly be obtained with 
two atoms in Pg states, but if one atom is Pu and the other Pg there will be 
one 2 state more than the number of 2+ states. 


TABLE XIV. 

MOLECULAR 

STATES FORMED BY UNLIKE ATOMS 

Separated Atoms 

Molecular States 

Sg + Sg 

or 

Su + Su 

2+ 


Sg + Su 


2- 

Sa + Pg 

or 

Su + Pu 

2- n 

Sg + Pu 

or 

Su-\-Pg 

2 + n 

Sg + Dg 

or 

Su + Du 

2 + n, A 

Sg + Du 

or 

Su + Dg 

2 “, n, A 

Pg+Pg 

or 

Pu+Pu 

2+(2),2- n(2), A 


P.^^Pu 


2 + 2-(2), n(2), A 

P,+ Dg 

or 

Pu-hDu 

2+ 2-(2), n(3), A(2), 4> 

Pg + Du 

or 

Pu-^Dg 

2^(2), 2- n(3), A(2),<i> 

Dg + Dg 

or 

Du + Du 

2+{3), 2-(2), n(4), A(3), <I>(2), r 


Dg + Du 


2+(2), 2-(3), n(4), A(3), ^2), T 


Although the results are the same in principle, whether the two nuclei 
of the atoms which together make up a molecule have equal charges or not, 
it is convenient to consider the two types separately, since in the former case 
g and u states of the molecule are possible. The molecular states resulting 
when two unlike separated atoms are brought together are recorded in 
Table XIV; in view of the large number of possibilities arising from atoms 
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in F states, these are omitted, especially as they occur only infrequentlv 
with normal atoms. The numbers in parentheses in Table XIV give the 
number of states of the particular type.^ 

The multiplicity of the different states can be derived by considering 
the resultant spin. If the type of coupling is that hitherto assumed for 
atoms {LS)y that is close coupling of the orbital angular momenta amone 
themselves, and similarly close coupling of the spin momenta (cf. Section 
le), the resultant spin of the molecule is obtained by vector addition of 
the separate resultant spins of the two atoms. If the latter are Si and 

then the possible values of the spin quantum number S of the diatomic’ 
molecule are 


+ S2y *S*i + <5*2 — 1, S\ Si — 2, 


(39.2) 


The multiplicity of each state, resulting from the splitting in the magnetic 
field due to the orbital motion of the electrons, is 26* + 1 , as shown in Section 
2b, and so every state given in Table XIV, as derivable from a given pair 
of atoms, will occur with a multiplicity of 2^ + 1 for every possible S valni* 
obtained from equation (39.2). 

The application of these rules may be illustrated by considering the 
approach of a normal carbon atom to a normal nitrogen atom to 
form the spectroscopically stable CN molecule. The electronic structure 
of the carbon atom is ^ 22 .^ 22 ^ 2 ^ and that of the ^S nitrogen atom ic 
Is^s^pK For the carbon atom Li is 1 and L/i is 2, since / is zero for s 
electrons and unity for p electrons; for the nitrogen atom L 2 is 0 and V /2 is 
3. Hence Li Li + £/i + is even, and the number of 2 + states must 
be one greater than the number of 2 “ states. Reference to Table XIV 
shows that the combination of an atom in an S state with one is a P state 
gives 2 and n as possible molecular states; in the case under consideration 
these must be 2+ and II. From the multiplicities of the atomic terms, it is 
evident that for carbon 6*1 is 1 , and for nitrogen S 2 is f ; hence the possible 
values of the resultant spin quantum number of the CN molecule are given 
by equation (39.2) as |, f and corresponding to multiplicities of 6 , 4 and 2 
re^ectiyely. It follows, therefore, that the possible molecular states of 

m 4 Tr ^ atom are « 2 + * 2 + 

2 , n, H and n;of these, 2S+ the ground state, and 2 n are known. Men- 

tion may be made of the fact that diatomic molecular states with multi- 
plicities greater than three are rarely observed. 

39c. Combination of Atoms with Equal Nuclear Charges.— When a mole- 
cule IS formed from two atoms with nuclei carrying equal charges it is 
necessary to distinguish between g and u states (Sections 2 e, 31b)f ’if the 

wi'/chlrlcte?’' T"’ have ^ Ld odheis 

character. The actual properties depend on the resultant spin, and 

« Wigner and Witmer, 2. PAysik, 51, 859 (1928); MuUikcn. ref. 1. 
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hence on the multiplicity, of the molecular state; the results for various 
simple cases, derived by means of group theory, are recorded in Table XV 
According to the tabulation, two nitrogen atoms in the ground state 
should be able to produce the molecular states *2+, ^2+ and ’2j ; as may 

be expected, the first two states only have been observed, the others having 
higher multiplicities than generally occur in practice.® 

TABLE XV. MOLECULAR STATES FORMED BY ATOMS WITH EQUAL NUCLEAR CHARGES 


Separated Atoms 

Molecular States 

+ 

*27 




*27, >2+ ‘27 


>27, *27, 627, ’27 

ip + ip 

'2^, -n,, >n., ‘i. 

tp^ip 

'2,+(2), >2^, »2+(2), >2j, ■•■n,, 'A., »A. 

ip-\.tp 

■•‘2^, »2J(2), ’2J. ■•nn,, .‘A,, «A„ 


■ 2 j-( 3 ), ■ 2 ^( 2 ), >n,( 2 ), ‘n„( 2 ), >A,(2), >A„, etc. 

*D + *Z) 

As for 'D + ‘D, and » 2 +( 3 ), *27(2), >n„( 2 ), «n,( 2 ), 
’Au( 2), ’Afl, etc. 

»D + »D 

. As for *Z) 4 - and *Z) + *D, and quintets corre- 

sponding to the singlets. 


If the two atoms of equal nuclear charge are in different electronic states, 
then a resonance occurs between the two forms of the system; in one form' 
the excitation energy is associated with one atom, and in the other form it 
is associated with the other atom. As a result of this resonance each mo- 
lecular state can appear twice, once as a term and once as a « term (cf. 
Section 31b). The possible molecular states are identical with those re- 
corded in Table XIV for unlike atoms, with the modification that each can 
occur with both g and u character. For example, in the combination of 
two atoms with equal nuclear charges, one being in an Sg state and the other 
in^a Du state, the following molecular states are theoretically possible: 27 , 

> Hfl) Hui Ap and Au. The permitted multiplicities of the various states 
are derived in the usual manner from the resultant spin of the molecule. 

39d. Splitting of the United Atom.— If the two nuclei in the spectro- 
scopically stable diatomic molecule CH were made to coalesce, the resulting 
united atom would be equivalent to a nitrogen atom. Useful information 
can be obtained by carrying through the purely imaginary process of splitting 
the nucleus of a nitrogen atom into the nuclei of carbon and hydrogen. For 
a small splitting, the effect on the orbital and spin angular momenta is the 
same as that of an electric field. The respective vectors L and .S’ of the 
united atom are thus space quantized with respect to the direction of the 
field, i.e., the^internuclear axis of the molecule. The possible values of the 
quantum number of the component of the orbital angular momentum in 

• Wigner and Witmer> ref, 2; Mulliken, ref. 1. 



244 


ELECTRONIC CONFIGURATIONS OF DIATOMIC MOLECULES 


this direction are then given by 

X = L,L- 1, Z, - 2, • • •, 2, 1, 0. (39,3) 

The states of the diatomic molecule that may arise from a particular united 
atom can thus be derived from a knowledge of the state of the latter. For 2 
states, the positive or negative character is determined by the value of 
L for the united atom; if this is even then the state is but if it is 

odd then a S" state should result. 

The spin vector of the united atom, represented by the quantum number 
Sy is already a component in the direction of an electric field; this remains un- 
changed when the nucleus is split to form a diatomic molecule. The multi- 
plicity of each state of the latter is thus the same as that of the united 

atom. 

The nitrogen atom in its ground state is a ^Su term, and there are 
and states with slightly higher energies. Consider first the state* 
since L for the united atom is zero (for an S state), the only possible value 
of A for the CH molecule produced by splitting the nitrogen nucleus is also 
zero. The multiplicity, as just stated, is unaffected and so the diatomic 
CH molecule should exist in a ^2 state. For the normal ^4^^ nitrogen atom, 
1]/ is odd, since it is a « state, and L is zero; it follows, therefore, that the 
molecular state must be negative, i.e., From the ^Du state of the nitro- 

gen atom, the possible forms of the CH molecule are ^A, and the 
negative symmetry character of the ^2 term follows from the fact that 

Z. 4- odd for the nitrogen atom. In the same way, it can be shown 

that the ^Pu nitrogen atom should give rise to ^II and ^2+ states of the CH 
molecule. 

From the foregoing discussion, therefore, it is evident that the following 
states of the physically stable, but chemically unstable, CH molecule should 
be theoretically possible: ^2“, ^A, 211(2), ^2- and =*2+; of these, ^A, “11(1), ^2- 
and 22+ have been observed in various spectra. As will be seen later, the 
second 211 state is probably unstable physically, and hence it is not readily 
detected. Since states of high multiplicity are uncommon among diatomic 
molecules, it is not surprising that the ^2“ state has not been observed. In 
any event ordinary (dipole) transitions from the *2 state to the other states 
are forbidden, because of the difference in multiplicity (cf. Section 3 If), 
and so the former would not normally be detected spectroscopically. 

If the nucleus of the united atom is split into two nuclei of equal charge, 

then the possible states of the molecule are the same as for unlike nuclei, 

with the g or u symmetry character added. The conclusion has been 

reached, by theoretical arguments, that the molecular states are all ^ or all «, 

according as the united atom is g or u. The sulfur atom, for example, has 

a ^Pg ground term; if this is treated as a united atom corresponding to the 

oxygen molecule, the possible states of the latter are found to be and 

2(, , utilizing the rules give above. The normal state of molecular oxygen is, 
in tact, *2^ . 
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Molecular Orbitals^ 

40a. Electron Orbitals in Molecules: The United Atom.— In order to 
facilitate the study of the development of the electronic structure of a mole- 
cule as the electrons are added to the nuclei, one by one, it is convenient to 
construct a system of quantum numbers that are applicable to the molecular 
case. When moving in a field of central symmetry, such as exists in an 
atom, the state of an electron, apart from its spin, may be described in 
terms of four quantum numbers, «, /, mi and as seen in Section 1. In a 
molecule, however, the resultant field due to the nuclei and the electrons, 
other than the one ui.der consideration, is no longer centrally symmetric; 
in these circumstances the quantum numbers n and I no longer have an exact 
significance. 

The quantum number mi of the electron, representing the component of 
the orbital angular momentum / in the direction of the applied electric field, 
i.e., along the direction of the internuclear axis of the molecule, remains 
strictly defined in the molecule as well as in the atom. In the treatment of 
molecules this quantum number is indicated by the symbol X, and the possible 
values are given by 

X = /, /- 1, /- 2, .••,2, 1, 0. (40.1) 

In the electric field, states with X = + / have the same energy as those with 
X = — /; hence, it is not necessary to treat +/ and — •/, and similarly for 
other cases, as separate quantum numbers, but it will be understood that 
all levels except the one with X = 0 are doubly degenerate. For purposes 
of representation, electrons (or orbitals) ® with X equal to 0, 1, 2, 3, etc., are 
indicated by the lower case Greek letters a, tt, 5, 0, etc. 

The electron spin is not influenced by an electric field, and hence the 
spin vector is not affected in molecule formation. The value of m^ in the 
molecule or united atom states is therefore the same as in the separated atom. 

In spite of the uncertainty involved, it is necessary that two quantum 
numbers be used in addition to X and the spin quantum number, in order to 
distinguish an electron orbital in a molecule. As stated above, the atomic 
quantum numbers n and I are really .np longer significant for a molecule; 
nevertheless, provided the two nuclei are close together, i.e., the state ap- 
proaches that of the united atom, the departure of the field from central 
symmetry is not considerable, and the quantum numbers n and I ascribed 
to the electron in the united atom may still be regarded as applicable in the 
molecule. The values of n and / for the molecular electron orbital are indi- 
cated in the same manner as for atomic electrons; an integer represents the 
value of w, and this is followed by one of the letters dyfy etc., for / 

* Hund, Z. Physiky 51 , 759 (1928); 63 , 719 (1930); MuUiken, Phys. Rev.y 32 , 186, 761 (1928); 
33 , 730 (1929); ref. 1; Lennard-Jones, Trans. Faraday Soc., 25 , 668 (1929); Herzbcrg, Z. Physiky 
57 , 601 (1929). 

* In the following treatment the terms “electron” and “orbital” are used more or less inter- 
changeably; as a rule no distinction is made between the orbital and the electron occupying 
the orbital. 
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values of 0, 1, 2, 3, etc., respectively. Thus, if » is 2 and / is 1 f 
tron in the united atom, it will be a 2p atomic electron; in the f 
the diatomic molecule whose nuclei are close together of 

a 2pa electron (X = 0) or a 2p. electron (X = 1) ThereTre nn "T" 
bihties, since X must be either 1 or 0 with / = 1. Because of th 
in the values of X, as stated in equation (40.1), and the ''^scnction 

value of 4 it follows that . atomic electron orbitals can Se r f T" 
orbitals in the diatomic molecule; p electrons yield *<r and t>v fl 
produce i/c, dw and db electrons in the molecule. ^ ^ ®^®ctrons 

The number of electrons of any particular tvDe that- rar, 
molecule is restricted by the Pauli principle (Section Ic) for f * 

trons can have the same four quantum numbers If the molecnU ° ■ 

mates to the united atom, then « and / may be regarded as beinv 
under these conditions, it follows that for a given « and / nn *■ ^ 

can have .he same value, of X u„le., their .gL are opp.U7 1? 
that » for V electron., the .pin component .hich is Lafeted 
cule formation as mentioned above, can thus be either +* or _ i p 

fixed « and I, therefore, there cannot be more than two <r electrons fT * 
trons having the same numerical values of «, / and X are said , 

a diatomic molecule therefore cannot have more ^ ^ 

e ectrons. In other words, the configuration"^ L e^am^re aTInlnV 

(2p<r)\ etc., represents a closed shell in a molecule P > s in (Ijij) , 

For X electrons, the value of X may be +1 or -1 the . 

-'”'r,hatTd™r'’'’ '“T* »• "c Ti “ 

molecular .hell; Simil.rli, for J elLfrons, ^ cL’ be +2 oV'-f Jht'"* 

- St: 

because the only permitted value of/ k S^oup is possible; this is 

» 2 in ,h. unired SZterlmay be it 2r "P’ ?,"■ 

orbitals, since / and X can now both 1 2/xr and four Ipn electron 

quantum number 2 are ( 2 j<r )2 (2i><r)^ anrTf? ’ principal 

atom, it can be readily seen tS the o f ^ 

atomic molecule with nuclei close toaeth"^^ ^ groups in the di- 

(3d^y and (3dby. In an atom tL 

i> Ic, 2-, 2p, 3,', 3p, at ‘Khe ott 1 binding of eleem,L 

the bmding will decrease ap’proam«5v iW molecule, 

l/'v, 3pn if electrons weri i™,T„ed L u ■ aa 1"’ ’"■ 

molecule then appro.eh.ng th. i't™.theTml“b'cX'i.J ! 
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can no longer be defined. In order to identify a molecular electron orbital 
under conditions, it is convenient to consider a molecule as being 

formed by bringing together the two constituent atoms. The Greek letter 
indicating the X value is now followed by the symbols for the n and / values 
the electr^ had in the separated atom system. If the two atoms are unlike, 
it is desirarole to specify further the particular atom from which the electron 
originated. For example, if in the formation of a molecule AB from two 
atoms A and B, a electron from atom A has a X value of zero in the mole- 
cule, it would be described as oUa; a 2p electron from the atom B might 
become either or irlp^ in the molecule, at large internuclear separations. 

According to the Pauli principle there can be two Ij electron orbitals on 
the separated atom A and two on the atom B, that is, two Ija and two Ijb 
orbitals are possible in the molecule; in each atom the spin vectors of the 
electrons occupying each pair of orbitals must be opposed to one another. 
Since each of the orbitals' can be associated with a a state in the molecule, 
it is considered that the closed shells ((tIja)^ and are possible, pro- 

vided the nuclei remain widely separated. The implication here, of course, 
is that (tIja and (tIjb represent two different orbitals in the molecule, so that 
each may be occupied by two electrons having opposite spins. In the same 
way, the 2s electrons in atoms A a.id B will give rise to the groups 
and ((r2jB)^ in the molecule. 

From the 2p atomic orbitals it is possible to derive both <T2p and 7r2^ 
orbitals; as usual, there will be two of the former (a-) type for each atom, 
making the closed shells (o'2^a)^ and (ff2/iB)^ and four of the Tr2p type, viz., 
(7r2^A)^ and (7r2pB)^. The argument is here identical with that employed 
in the case of the molecule produced from the united atom; for a. p electron, 
X may be +1 or —1, and hence each of the symbols ir2pA and ir2pB must 
represent two different orbitals. Since the spin component may have the 
quantum number +2 and — J in each case, it follows that there can be four 
t2pa and four 7r2/>B electrons in the molecule with large internuclear separa- 
tion. A similar argument shows that a closed shell will contain four 5 
electrons, e.g., (53 ^a)* and ( 53 ^/ 3 )^ 

If the nuclei of the atoms A and B have the same charge, the electrons 
will have the even (^) and odd (u) symmetry character, as described earlier. 
In the event that the molecule approximates the united atom, the g or u 
character is determined by its state in that atom; thus, if the I value of an 
electron in the united atom is even, i.e., for s and d electrons, it will have^ 
character in the molecule with identically charged nuclei, but if I is odd, i.e., 
for p and / electrons, the electron will have the u property. For a molecule 
approaching the condition of the separated atoms carrying the same nuclear 
charge, there will always be two electrons having the same mean energy. 
For example the energy of the als electron derived from an atom A will be 
identical with the <rlj electron from atom B, since the nuclei have equal 
charge; the <r\s state is consequently degenerate, at infinite nuclear separa- 
tion. As the distance between the nuclei is decreased to some extent, inter- 
action causes a removal of the degeneracy and two slightly different energy 
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States result. These can differ only in thej- and u character, and hence they 
are denoted by the symbols <Tg\s and <rulj, respectively. 

Since <jg\s and (TuIj represent different orbitals, the Pauli principle leads 
to the conclusion that closed shells will contain two electrons of each type, 
viz., {(TglsY and Similarly, electrons of principal quantum number 

equal to 2 in the separated atom will give rise to the closed shells 
{(julsY, {rglpY and (7r„2/))‘* in the molecule whose nuclei are vddely separated. 
The numbers of electrons in closed shells are the same as those derived for a 
molecule with unlike nuclei; the only difference in the representation arises 
from the fact that in the latter case the electrons do not have the g and u 
symmetry character, and so they are distinguished by the subscripts A and 
B. For simplicity this subscript is generally omitted, and the distinction 
between the orbitals associated with one atom or the other, when the nuclei 
do not have the same charge, is achieved by marking one with an asterisk, 
thus (t\s and 

Wave mechanical calculations indicate that a <t electron in a ^ state is 
more firmly bound than one with the same quantum numbers but with u 
symmetry; the reverse is true for a tt electron, which is more firmly bound 
in the u state. The order of decreasing binding in a molecule with nuclei of 
equal charge is thus, in general, <r^lj, Cgls^ 7r„2/), iTglp^ <^xXp; 

it will be noted that all the i^lp electrons are more firmly bound than are 
those in the (r„2^ orbital. If the nuclei do not carry the same charge, 
analogous electrons are usually more firmly bound on one atom than on the 
other; those with the less firm binding are marked with the asterisk, so that 
the order of binding of the first twenty electrons is approximately clj, a*lsy 

0-2s, (r*2sy <^^p> 7r2/), <r*2py Tr*2p, 

It is of interest to compare the orbitals of the first ten electrons in a 
molecule at small internuclear distances, as derived from the united atom, 
with those for the same number of electrons when the nuclei are far apart, 
as deduced from the quantum numbers in the separated atoms. In the first 
case the orbitals are represented by (2j<r)2, {2p<Pp and (2p7r)^, while 

in the latter they are (<^2.^)2, {<r*2sY and {it2pY. It is evident 

that as the nuclei are drawn apart there must be changes in one or more of 
the quantum numbers. As will be seen later, there is, in most cases, a 
definite correlation between the electronic orbitals as the nucleus of the 
united atom is split up into two nuclei and the distance between them is 
steadily increased. This correlation is of considerable importance in 
throwing light on the problems of molecular stability. 

41a. Molecular Terms and Electron Orbitals. — By making the usual as- 
sumption that the orbital angular momenta of the electrons are strongly 
coupled among themselves, and that the spins are also strongly coupled 
together, it is not a difficult matter to evaluate the resultant quantum 
number for the molecule, provided its electronic configuration is known. 
It is at this point that the connection between the latter and the term 
symbol becomes apparent. A knowledge of molecular states, derived from 
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a study of band spectra, can be used to confirm or to deny a proposed 
electronic structure. 

The quantum number A for the component of the resultant orbital 
angular momentum in the direction of the internuclear axis is obtained by 
summing the quantum numbers X for the separate electrons. Algebraic 
summation is employed since the X’s are already components along the inter- 
nuclear axis, but in determining the possible values of A it must be re- 
membered that X can be positive or negative. The process of summation 
is simplified by taking into consideration the fact that for a closed shell the 
X sum is zero, since there are equal numbers of electrons with positive and 
negative values. It is sufficient, therefore, to restrict attention to the elec- 
trons lying outside closed shells. If a molecule has only a single <7 or a single 
TT electron of this type, A can be only 0 or 1, respectively; the molecule must 
then be in a 2 or a n state, respectively. A quantum mechanical treatment 
shows that the 2 state arising in this manner must have positive symmetry, 
i.e., it is a 2+ state. When the molecule contains one o', i.e., X = 0, and 
one TT, i.e., X = 1, electron outside closed shells, the only possible value of 
A is 1 ; hence a IT state is the result. In the case of one tt and one 5 electron, 
the X values are 1 and 2, respectively; hence A can be either 3, i.e., 2+1, 
or 1, i.e., 2—1, and the possible molecular states are IT and 4>. 

The multiplicities of the various states are equal, as usual, to 2A + 1, 
where S is the resultant spin quantum number; this is obtained by adding 
the w* values for the individual electrons, w th due allowance as to the sign. 
Since is either +i or -+ the resulta- t spin A for the molecule will be 
integral if it contains an even number ot electrons, and half-integral if the 
number of electrons is odd. The term multiplicity 2S + 1 is therefore odd 
or even, according as the number of electrons in the molecule is even or odd, 
respectively. Because every closed shell must contain equal numbers of 
electrons with opposite spins, such shells contribute nothing to the resultant 
spin. In the evaluation of S it is consequently necessary to consider only 
electrons outside closed shells. If the molecule consists entirely of closed 
shells, both A and S are zero; these are the characteristics of a *2 state. It 
is because most stable diatomic molecules have this type of electronic con- 
figuration that they have '2 ground states, as was tacitly assumed in Chapter 
IV. For a single electron outside closed shells, whether it be <r, tt or 5, the 
resultant spin is h, and hence 2 A + 1 is equal to 2 ; the states corresponding 
to such electrons are consequently ^ 2 +, and respectively. For one <7 
and one tt- electron, S may be 1, i.e., + 5 + or 0, i.e., + 2 2 > so that 

th-'’ multiplicity can be 3 and 1. The two states m and m are thus theo- 
retically possible. It is obvious that two electrons of any kind outside 
closed shells will give rise to multiplicities of 3 and 1. 

41b. Equivalent and Nonequivalent Electrons. — By following the direc- 
tions given, it is a relatively simple matter to derive the possible molecular 
term symbols for any reasonable number of electrons outside closed shells. 
The positive or negative symmetry character of 2 terms is, however, ob- 
tained from quantum mechanics. The results, as regards multiplicity and 
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symmetry character, vary according as the electrons are equivalent or non- 
equivalent. In the cases already considered it was tacitly assumed that 
they were nonequivalent, so that there was no restriction concerning the 
sign of the spin quantum number wz, for electrons outside closed shells. If 
the electrons are equivalent, however, the possible electronic spins, and 
hence the resultant S, are restricted. This restriction may be illustrated 
by means of an example. Suppose that, apart from closed shells, the mole- 
cule has two TT electrons which are not equivalent; A may be 2, i.e., 1 + 1 
or 0, i.e., 1 — 1, and S can be 1 or 0, so that the possible molecular state* 


TABLE XVI. ELECTRON ORBITALS AND MOLECULAR 1 \MS 

Nonequivalent Electrons Equivalen Electrons 


ac 

»2+, ’2+ 

<7* 

v+ 

(TTC 

% m 



<rS 

lA, »A 



ww 

>2+, *2+, »2- >2- lA. »A 


>2+, «2- lA 

irS 

*n, ’n, *«!», *4* 



S$ 

* 2 +, » 2 +, 12 - 32“ ir, »r 

5* 

*2+, «2“, ip- 

<T<T(r 

32+(2), ^2+ 



aair 

m(2), <n 



cirx 

^2+(2), •<S+(2), ’2-(2), <2-, »A(2), ‘A 



irirw 

'n(6), <n(3), M.(2), *4. 


*n 


Combination of Equivalent and Nonequivalent Electrons 

*n(3), ^n. ^ 

*2+ *2- *A(2), »r 
>n(3), «n(4), «n, ^ 

>2+(3), 12“ »2+, »2-(2), ^2+ 1A(2), *A(2), ip 

in, 

12+ 12- «2+, »2-, lA, »A 

in,»n, i^,M> 

*n(3), -n, 

>2+, >2- *2+, *2- lA, *A. 


jr*<r 

ir*ir<r 


are % 'A and ®A. The S states occur with both positive a'.id negative 
symmetry, so that six states are possible. If the two tt electrons are equiva- 
lent and X is +1 or —1 for both, then the spins must be opposed (anti- 
parallel) in accordance with the requirements of the Pauli principle. Hence, 
when A is 2, A must be zero, so that is the only permitted state of this 
type; the ^A state consequently does not occur. If X is + 1 for one electron 
for the other, so that A is zero, i e., for X states, the spins may be’ 
either parallel or antiparallel without contravention of the Pauli principle, 
I.e., S may be 1 or 0. Such states can therefore occur with multiplicities 
k although quantum mechanics restricts the former to positive and 

the latter to negative states, i.e., ^2+ and As a result of the equivalence 

o the T electrons, the number of possible molecular terms is reduced from 
SIX to three. 
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If the molecule contains both equivalent and nonequivalent electrons, 
the restriction as to the values of applies to the former but not to t e 
latter. The possible values of A and S are then found in the manner already 
described; the positive and negative characters of 2 states are obtained irom 
quantum mechanics. The results derived for a number of simpler cases are 
given in Table XVI; an exponent is employed to represent equivalent elec- 
trons, e.g., cr2, TT*, etc., whereas the symbols aa, ttttx, etc., imply nonequjvalent 
electrons. A combination of nonequivalent and equivalent electrons is indi- 
cated by a symbol such as or the latter refers to two equivalent and 
one nonequivalent tt electrons. As mentioned above, single <r, tt and d 
electrons outside closed shells give ^2+ m and states, respectively; closed 
shells, i.e., tt* and 5*, always yield *2+ states. These simple cases are 

not included in the tabulation.® 

If the two nuclei constituting the molecule have equal charges, the states 
will have the ^ or w symmetry property. All terms corresponding to a 
particular electronic configuration will be represented by the same 
function and hence they will all have the same g or u character. If the 
number of u electrons, e.g., etc., in the molecule is even, the states 

are gy but if the number is odd then they are all u states. 

Electronic Configurations: Hydrogen Compounds^ 

42a. The Hydrogen Molecule. — The results of the preceding sections 
may be elaborated by means of a few simple illustrations. The hydrogen 
atom in its normal (ground) state contains a single Is electron, and the term 
symbol can be shown to be ^S^,. Suppose two such atoms are brought to- 
gether to form a hydrogen molecule: what is the electronic configuration of 
the molecule, and in what state may it be expected to exist? The three 
lines of approach that have been described may be utilized in an attempt 

to answer these questions. 

First, reference to Table XV shows that two identical atoms can give 
rise to ^2^ and ^2^ terms; one of these probably represents the state of the 
normal hydrogen molecule. Second, if the two hydrogen atoms were 
brought so close that they coalesced, the resulting united atom would be 
the helium atom, the lowest state of which has a ^Sg term. The nucleus of 
the helium atom is now imagined to be split into two hydrogen nuclei of 
equal charge; the value of A for the resulting molecule can only be zero, 
since L for the helium atom is zero. The spin and g and u symmetry proper- 
ties remain unchanged, and so a molecular ^2^ state is obtained. The sum 
of Z. + for the helium atom is zero, and hence the hydrogen molecule 
must probably be represented by '2^", this being one of the possible cases 
predicted by the first method. Third, two electrons may be supposed to be 

» Hund, Z. Physiky 63, 719 (1930); Mulliken, ref. 1. 

^It “Would be noted that the configurations given in the following sections are often an 
approximPtion, because it may not be possible to represent the actual electronic arrangement in 

terms of a single structure. 
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added to a system consisting of two fixed hydrogen nuclei. If the nuclei 
are far apart, the lowest orbitals may be described by the symbols 
and if both electrons enter this orbital, the spins must be antiparallel; the 
resulting configuration will then be If the nuclei are close together 

a better representation for the two electrons would be in either case 

two (T electrons constitute a closed shell and so give a *2+ state. Since both 
electrons have g symmetry, the number of u electrons is zero; as this is an 
even number, the state of the hydrogen molecule must be ^2^, in agreement 
with the conclusion reached from the hypothetical splitting of the helium 
nucleus. 

It may be regarded as established, therefore, that the formation of a 
normal hydrogen molecule from two normal hydrogen atoms may then be 
written as follows: 

2H(1/, ^2+]. 

The dissociation of the normal hydrogen molecule into hydrogen atoms 
would be indicated by reversing the representation given above. 

There still remains to be considered the ®2j state that may be obtained 
from two ^Sg hydrogen atoms. If one of the electrons enters the lowest 
orbital, i.e., Cglsy while the other goes into the slightly higher <ruls orbital, 
the resulting hydrogen molecule, for widely separated nuclei, would be 
(<rfllj)(ffulj)> which would become (lj‘<r)(2.fa') as the nuclei came closer to- 
gether. These configurations both represent two nonequivalent <r electrons, 
and the resulting states, according to Table XVI, should be ^2^ and *2^*; 
the u symmetry is derived from the fact that the number of u electrons is 
odd. The ^2^ state of the hydrogen molecule may thus be derived from 
two normal hydrogen atoms in the following manner: 

2H(lj, ^Sg) {<rglsK<ruls) ^ H2C(lj<r)(2j<r), »2+]. 

For reasons to be explained later, a configuration of this type should be 
unstable with respect to normal hydrogen atoms; it corresponds, in fact, to 
the unstable form of molecular hydrogen, with the antisymmetric orbital 
eigenfunction (parallel spins), foretold theoretically by means of quantum 
mechanics in Chapter III. 

The theoretically possible ^2^ term for the hydrogen molecule, which 
may arise from the combination of two nonequivalent <r electrons, evidently 
cannot be derived from two normal atoms, since these give the *2^ state. It 
is probable that the ^2^" term is formed from one normal (Ij, ^Sg) and one 
excited hydrogen atom; the latter atom is likely to be the 2^, state. 
It can be seen from Table XIV that combination of an Sg with a Pu atom 
can give rise to a 2"** state; since the two nuclei have equal charges, this may 
have either^ or u symmetry. If the spins of the two electrons are opposed 
(antiparallel) then the resultant spin will be zero and the multiplicity of the 
molecular state will be unity. Hence, the postulated state of mole<?ular 
hydrogen could be produced by the combination of a and a 2p(r electron. 


ELECTRONIC CONFIGURATIONS: HVDROGEN COMPOUNDS 


253 


derived from the ^Sg (normal) and (excited) atoms, respectively; thus, 

H(l/, ^Sg) + H{2p, _ H^liXscKlpa), 12+]. 

Other excited states of the hydrogen molecule can be obtained from the same 

combination of atoms, but these need not be discussed here. It is of interest 

to call attention to the fact that the excited \s2py state of helium, acting 

as a united atom, can give rise, theoretically, to a molecular state of 

hydrogen, which is probably the same as the one under consideration, as 
well as to a ^Uu state. 

Further discussion of the subject of molecular hydrogen will be deferred 
until later, when some general rules will be developed which permit an 
estimate to be made of the relative stabilities of the various molecular states. 

Hydrides.— The diatomic hydrides, such as BH, CH, NH 
and OH, as well as LiH, NaH, CaH and AlH, and the more familiar chem- 
ically stable HF, HCl, HBr and HI, are of special interest because, apart 
from molecular hydrogen itself, they are probably the only group of molecules 
that approach the united atom in structure; this is to be expected from the 
small size of the hydrogen atom. The CH radical, about which much is 
known spectroscopically, will be chosen to illustrate the methods used in 
the study of electronic structures and states of the diatomic hydrides. The 
united atom corresponding to CH is the nitrogen atom; this has a ground 
state, with ^Du and ^Pu states having slightly higher energies. As seen in 
Section 39c, hypothetical division of the nitrogen nucleus should give rise 
to the following states of the CH molecule: 

*Su -> ^2- 

22- 2n, 2^ 

^Pu 22 +, m. 

In considering the arrangement of the electrons in the CH molecule, and 
in other similar hydrides in which the two nuclei are close together, it is 
simpler to start with the electronic configuration in the united atom. The 
three lowest states, i.e., and ^Put of the nitrogen atom may be repre- 

sented by the scheme \s^2s^2p^y and as the atomic electron orbitals pass over 
into the molecular orbitals of CH, the most stable arrangement would 
probably be {\s<y)\2s<Ty{2pc)npw. The order of filling up the shells is in 
accordance with the scheme given previously; the Ua group is most firmly 
bound, then comes the 2stx group, followed by the 2pa and then the 2pTr 
group. It will be remembered, of course, that there can be no more than 
two <r electrons in each shell. In the proposed configuration there is only 
one TT electron outside closed shells, and so the scheme represents a 2n state. 

Another possibility, which could lead to states of higher energy, would 
be for one of the 2p<x electrons to become a 2p7r electron, leading to the con- 
figuration (lj<r)2(2j'ff)2(2^<7)(2p3r)2. There are one a electron and two equiva- 
lent TT electrons outside closed shells; this is the arrangement represented by 
the symbol (or iP<r) in Table XVI, and according to that table the corre- 


254 


ELECTRONIC CONFIGURATIONS OF DIATOMIC MOLECULES 


Spending molecular terms are ^2“, **2“ and ^A, A third possibility to 
be considered is that the second 2p(j electron is raised to the 2^7r level, giving 
(lj-o-)2(2j<r)2(2/>7r)^ for the CH molecule. This would mean that there are 
three equivalent tt electrons outside closed shells, and hence the molecule 
would be in a state (Table XVI). A consideration of the reasonable elec- 
tronic configurations has thus led to the possibility of six states for the CH 
molecule which are, in fact, identical with the six derived from the hypo- 
thetical splitting of the nucleus of the nitrogen atom. In four of the six 
cases an exact correlation between the initial state of the nitrogen atom, 
and the electronic arrangement and state of the CH molecule can be made 
at once; thus, 

CH Molecule 

{Uay(2s<Ty{2p,r){2pwy, *2- 

r iisayi 2 san 2 p<T)i 2 pny, ^ 2 - 
1 ? 
i(,is<7y(2s(Ty{2pa){2pTry, 

j asay{2say{2pa)(2pwy, ^2+ 

1 ? 'n 

The only doubt is concerned with the assignment of the two states; it is 
uncertain to which of these states, arising from the ^Du and the states of 
the nitrogen atom, the alternative configurations (\s(ry{ 2 stT)^{ 2 pff)^ 2 p‘ 7 r and 
{lsa-y{2p<Ty{2piry should be attributed Since ^Du represents a lower energy 
state of the nitrogen atom than does it is probable that this would give 
rise to the lower energy state of the molecule CH, and this is undoubtedly 
the former of the two electronic configurations just given. The correlations 
are thus: 

Nitrogen Atom CH Molecule 

ls^2s^2p^y ^Du (lj<7)^(2j<r)2(2^<r)^2^7r, *II 

hnsnp\ {is<ry{2s<ryi2pwyy m 

The latter of these two states would probably be unstable with respect to 
normal carbon and hydrogen atoms, while the other should be, spectro- 
scopically at least, a stable form. It is significant that the experimentally 
observed *11 state is a regular doublet, that is to say, the level with the 
smallest value of the quantum number ft has the lowest energy. This is 
what is to be expected, according to wave mechanical calculations, for a 
molecule with one tt electron outside closed shells. If there were three 
such electrons, as in the alternative *11 state, the doublet should theoretically 
be an inverted one. 

The third mode of attack on the problem of the electronic states of the 
CH molecule, starting from the separated atoms, may now be considered. 
The most stable electronic configuration of the carbon atom is \s^lPlp\ 
which gives rise to the *P(, ground state, as well as to ^Dg and ^Sg states with 
somewhat higher energies. Each of these may be brought, in turn, gradually 
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cWer to a normal hydrogen atom; the possible states of the resulting 
CH molecule are then found by Table XIV to be as follows: 

CeP„) + CH^Z- -2- ^n, <n) 

C(‘D„) + -» CH(22+ m, *A) 

C(‘>y„) + -» CH(22+). 

The three states ^2-, ■‘2- and may be identified unequivocally with 
three of the electronic states given previously, but in addition to the uncer- 
tainty that existed before in connection with the -states, there is now 
another doubt because there are two possible ^2+ states. Further, a <n 
state has made ip appearance. The state arising from the carbon 

probably represent a lower energy state than that obtained from 

identified with the configuration 
(Ira) (2ra) (2jOa)22^T, and the latter with (lra)2(2ra)“(2/)x)^ Similarly, the 

M carbon atom is probably to be represented by 

(U(j)-(2j( 7) (2/)(r)(2/>7r)2, while the ^ 2 + state from the higher energy state 
of the carbon atom will probably be less stable. A possible configuration for 
this state of the CH molecule would be {ls<ry(2s<ry{2piry3sa with the elec- 
trons ttV outside closed shells; such an arrangement would yield a ^2+ state 
among others (Table XVI). * 

state of CH which may arise from the lowest 
state ( P) of the carbon atom; the most reasonable structure is {\say(2s<Ty- 
(2p(r){2p7r)3s<r, with ffira electrons outside closed shells. Such a configura- 
tion would represent an unstable molecule which could be in a m state (see 
(raw in Table XV^. The complete correlation scheme for the CH molecule 
developed above is summarized below. The states marked with an asterisk 
are expected to be unstable states. 


Nitrogen Atom CH Molecule 

Is^s^p^ {Uay(2say{2pa)(2pw)\ ^2" 

lsnsnp\ (l.fa-)2(2ja)2(2/.a)22/>7r, m 

I (lja)^(2.fa)^(2/>a)(2^5r)’*, ^A 
lP2snp^, (.fs(ry(2s,T)^(2p<r)(2pTry,‘^+ 

l*(h<ry(2say(2p^y, m 
Excited State-. *(lja)2(2ja)2(2pa)(2/i^)3ja, 
Excited State-. *(h<ry{2sffyi2pvyis<T,‘X+ 


C atom 

Xsnsnp-^yp, -y 
\snsnp\^p, -y 

\snsnp\^p, -I- 

\snsnp\^D„ -t- 
\snsnp\'D, + 
\s'‘2snp\'D, -b 

\snsnp\^p„ -f- 

\snsnp\^s, + 


H atom 

1^, 

Is, 

Xs,^S, 

Xs, 

Xs,^S, 
l-.t, ^ 

ij, 

Xs, 


42c. Potential Energy Curves. — With the information obtained in Sec- 
tion 42b, it is possible to interpret the potential energy diagram of the CH 
molecule depicted in Fig. 31; the full curves are for spectroscopically ob- 
served states, whereas the dashed curves represent postulated states. The 
m state with the electronic configuration, (lsay(2say{2pay2pwy dissociating 
to give a normal {^P) carbon atom, is undoubtedly the most stable form of 
CH; it should have, as the diagram shows, the deepest potential energy 

curve- Of the states corresponding to the next stable configuration, 

1 
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(lj«y)2(2j<r)2(2p(r)(2/>ir)2, the should be the lowest; first, because it has 
the largest multiplicity and, second, because it is correlated with' the lowest 
energy state of the united atom, nitrogen. The state also dissociates 
to give a normal carbon atom, and hence its potential energy curve may be 



expected to be as shown by the lowest dashed line. Of the other three states 
of the CH molecule corresponding to the same electronic configuration, the 
and ^2“ are both correlated with the same (^Z)) state of the nitrogen atom; 
hence the potential energies at the equilibrium distances will not be very 
different, although the state would perhaps be the lower of the two because 
of the greater A value. The^2~ state, as shown in the summary given above, 
dissociates to yield a normal (®P) carbon atom, while the ^A state produces 
a carbon atom. The fourth (^2+) state for the same configuration also 
yields a carbon atom, but as the state of the CH molecule is correlated 
with a higher energy {^P) state of the united (nitrogen) atom, its potential 
energy curve will be less deep than that of the ^A and =2- states. 

There still remain the three postulated states, viz., 

(bff)2(2.f<7)2(2/>(r)(2/)7r)3j<r, (lj<r)*(2j(r)2(2/>7r)23j<r, *2+; 

and (lj<r)*(2jff)®(2p7r)*, *11; 

in view of the raising of electrons to higher energy levels, none of these states 
would, be expected to have any appreciable stability. However, since the 
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'iith ^ dissociation is correlated 

enerav"ctrvr‘^ Th portion of the postulated potential 

energy curve. The other two states, ‘n and =2+ can be correlated only with 

mfv "‘fogen atom; these forms of the CH mokcule 

may thus be expected to be repulsive at all internuclear distances. 

cule^cf; f ® Halides.-The treatment applied to the CH mole- 

cule can be adapted to the consideration of other hydrides, although there 

rund,"nf T- Since the halogen hydrides are com- 
p “"ds of special interest, the structure of hydrogen fluoride will be dis- 

The^n?t‘^i?^r hydrides are quite analogous. 

Sf thelnert niT, to hydrogen fluoride is neon, and thisflike 

hvdro^en ‘"T’ if nuclei of 

foTrelat'^d with th'°"'" '^°t:ld be 

of hvd ^ ® arrangement, i.e., (lrv)H2r<r)»(2p<r)2(2*x)*, 

of hydrogen fluoride; the latter is made up of closed shells only, and L 

and a ‘p (norLn r' ' '"I together a hydrogen atom 

and a P^ fluorine atom, the resulting molecular states, from Table 

dfied ^^th l’ ^1 ’ ’ r immediately iden- 

Itom Z ^ the molecule of hydrogen fluoride derived from the normal united 

tom neon, and having the configuration represented above. The m and 

normal hydrogen and fluorine atoms, evidently 

electrons has been raised to the 3r<r level. “Reference 
sLies >n alJ 4°'^' " yields just these 

The configuration of the »2+ state is not known definitely, but it miaht 
well be (lj‘o')'(2j-(7-)2(2pa-)(2p7r)^3j(r, since two nonequivalent <r electrons could 
giye rise to such a state. In yiew of the fact that this differs from the most 
stable state by a 2j0o- electron being raised to a 3r<r leyel, it would probably 

?enr?sent“H correlations for hydrogen fluoride may^^thus be 

represented by the following scheme: 


Neon Atom 

isnsnp^, 


HF Molecule 

(lj<r)2(2j(r)2(2/>(r)2(2y)7r)^ *2+ 
'‘(l/<T)2(2jCT)2(2/)ff)2(2/)7r)33jff, *n 
(lj(r)2(2j<r)2(2;>(r)2(2/)7r)»3j<r, »n 
'(lj(r)2(2j-(r)2(2/>(r)(2/>7r)^3ja, *2+ 

* Probably unstable. 


H atom 


F atom 


Excited states 


+ IPlsHp^ !P„ 
l.r, ^S, + \snsnp\ 2P„ 
ir, ^s, + \snsnp\ ^p, 
1^, “.y, + \sn3np<‘, 


of the other halogen hydrides would be quite similar the 
essential difference lying in the additional completed shells and the changes 

M tochers; thus, the normal ('2+) state of hydroeen 

chloride would be .j-he efectrfns 
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in the shells with principal quantum number 1 and i.e., the K. and Z. shells, 
are firmly bound and play little or no part in the formation of the hydrogen 
chloride molecule. The representation of the electronic configuration is 
therefore simplified by writing KL(3scY{3p<TYOpT^Yi instead of that given 
above. Similarly, the ‘2+ ground state of hydrogen bromide would be 
]CLM{^S(rY[^p<TY{^p‘7rY. 

It is of interest to note that the electronic spectra of the hydrogen halides 
are continuous, showing no vibrational or rotational structure. This means 
that the upper combining state is an unstable, repulsive state at all inter- 
nuclear distances. Since the normal ^2 state would probably combine with 
the state (cf. Section 310> it follows that the latter is unstable, as would 
be expected. The ^II state might be somewhat more stable, but the *2 state 
would evidently be very unstable. 

Electronic Configurations: Diatomic Molecules ® 

43a. Symbols for Electron Orbitals. — For diatomic molecules other than 
hydrides, the nuclei are too far apart for the electronic configurations to 
approximate to that of the united atom. At the same time, the internuclear 
distance is not sufficiently great for the condition to approach that of the 
separated atoms, except perhaps for the most firmly bound electrons, namely 
and (ffuD)2, or and for molecules with equally charged 

or unequally charged nuclei, respectively. Under these conditions the 
quantum numbers n and / of the separated atoms, as represented by such 
symbols as 2 j, Ipy 3j, 3^, 3dy etc., frequently do not have any definite sig- 
nificance in the molecule, while those of the united atom have not been 
attained. For cases of this kind the use of the letters z, y, Xy w, a, • ■ *, 
has been proposed; these precede the symbols <r, tt, 5, •••, to distinguish 
between different kinds of o-, tt, 5, — , electrons. Although the letters have 
no precise theoretical significance, they may be regarded as being equivalent 
to the two quantum numbers which are described by n and / in the atom. 
The greater the binding energy of the electrons the closer is the letter to the 
end of the alphabet; thus a z electron would, in general, be more firmly 
bound than a y electron, and a y would be more firmly bound than an x 
electron, and so on. 

From a study of the excitation energies of a number of simple molecules, 
it appears that various <r and tt orbitals may be arranged in order of increas- 
ing binding, at equilibrium values of the internuclear separation, as follows: 

2<r, yVy X<Ty WTy VTTy Uffy Ot Z<Xy y<Ty WWy XO^y VTy U<T . 

The order is approximate and may show slight variations from one molecule 
to another. Since each letter, 2 , y, Xy etc., is equivalent to two quantum 
numbers, the restrictions already derived, concerning the numbers of <r, ir, 
5, etc., electrons in complete shells, still hold. Two o* electrons of the same 

• Mulliken, ref. 1. 
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kind, e.g., ( 20 -)% constitute a closed shell, and so also do four 

equivalent tt electrons, e.g,, iwirY, (vt)*. 

It may be noted that as a general rule, with the exception of hydrogen 
and helium, the quantum numbers w and / retain their significance in com- 
pounds for electrons in the first quantum (n — 1) level, i.e., in the K shell. 
The electrons generally play no part in molecule formation, and so are often 
referred to as nonbonding electrons (cf. Section 45b). The two \s electrons 
associated with each atom behave in the molecule, for all practical purposes, 
as if they were unchanged Is electrons, or K electrons, of the respective 
atoms. For this reason these four firmly bound electrons are generally 
represented by the symbol KK. It should be remembered that this refers 
to four electrons, viz., or each atom having two 

\s (nonbonding) electrons, with antiparallel spins. With elements of high 
atomic number, it is probable that in addition to the Is electrons, the two 

and six 2p electrons are firmly bound to each atom; the group of non- 
bonding electrons would then be represented by the letters KKLL. It 
must be emphasized, again, that these considerations do not apply for 
molecules containing hydrogen atoms. 

43b. Electronic Configuration of Diatomic Molecules. — In the treatment 
of diatomic molecules involving atoms other than hydrogen and helium, the 
most useful mode of attack is to imagine the electrons added one by one to 
the system of fixed nuclei. Consider, for example, the nitrogen molecule, 
which has fourteen electrons. This molecule will, most probably, approach 
the separated atoms in behavior, although the nuclei may perhaps be too 
far apart for quantum numbers such as 2s, 2p, etc., to have any significance. 
The first four electrons will probably enter the K shells (w = 1) of the two 
nitrogen atoms, and the remaining ten electrons will fill successively the 
z<T, y<j, x<T and wtt levels, in the order given. The electronic configuration of 
the nitrogen molecule in its ground state might thus be 

KK{z<Ty{yay{x(Ty{w7ry or KK{zay{y<Ty{w7ry{xay. 

It will be shown from a consideration of the ion that the latter of these 
alternatives is expected to be the correct one; the xa- electrons are probably 
less firmly bound in this case than are the wtt electrons. Since all the elec- 
tron shells are filled and the nitrogen molecule consists of two nuclei with 
equal charges, it should be in a state, in either case. This has actually 
been found spectroscopically to be the state of the normal nitrogen molecule. 

The electronic configuration proposed is undoubtedly the most stable 
possible for the fourteen electrons, and hence the dissociation of the ^2^ 
molecule should lead to two normal f^^*) nitrogen atoms. This suggestion 
cannot be proved definitely by theoretical reasoning, but some support for 
it is to be found in Table XV, which shows that two identical atoms can 
yield a ^2^ state, among others. It is thus possible to write for the dissocia 
tion of the normal nitrogen molecule, 

No[/r/f(2a)2(_y<r)2(u>7r)H^ff)V-?*] ^ N(\snsnp\ ^s) H- N{\snsnp\ *s). 
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It may be mentioned that no useful information is obtained by carrying 
out a hypothetical scission of the united atom> which in this case is the silicon 
atom; the ground term of the latter is and so it should give rise to a 
nitrogen molecule in a triplet state. In view of the fact that there are many 
more orbitals, corresponding to a given value of the principal quantum 
number, available in a molecule whose nuclei are relatively far apart, there 
is not necessarily a direct correlation between the molecule and the united 
atom in their respective ground states. A correlation between the molecule 
and the separated atoms is much more likely to exist, and this has been 
found to be so in the case under discussion. 

Although the za andyo- electrons are probably firmly bound in the nitro- 
gen molecule, those in the xtr and tVTr orbitals are less strongly held, and ex- 
cited states of the molecule would result from the transfer of an electron 
from these shells to the vt or u<r shells. The states of such excited molecules 
could be worked out, if required, and correlated, as far as possible, with two 
nitrogen atoms in their normal or excited states. However, the information 
on the subject is so confusing that consideration of excited states may better 
be left to other cases to be treated shortly. 

43c. The Structures of Isosteres. — The similarity in physical properties 
between molecular nitrogen and carbon monoxide is implied in the use of the 
term isosteres to indicate analogous electronic structures based on the elec- 
tron octet theory of valence. The resemblance between these molecules 
estends to their spectra, the ground term of carbon monoxide being the 
g and u symmetry property does not apply here, of course, since the nuclei 
have different charges. Like the molecule of nitrogen, that of carbon 
monoxide contains fourteen electrons; hence the electronic structure of the 
ground state should be identical with that given above for the nitrogen 
molecule. This similarity between the nitrogen and carbon monoxide 
molecules is all the more striking because the former results from two iden- 
tical ^*5* atoms, while the latter, if it dissociates into normal carbon and oxy- 
gen atoms, which is probable, arises from two atoms carrying different 
nuclear charges. However, ^2*** is only one of the many states that can 
arise from the combination of two unlike atoms (cf. Table XIV). The 
correlation between carbon monoxide and its dissociation products may thus 
be written 

coiKK{z<Ty{y<ryiwwy{x<T)\ ^ c{isnsnp\ ^p) + 0{isnsnp^, ^p). 

The similarity of the ground terms of nitrogen and carbon monoxide, in 
spite of the difference in the states of the atoms from which they originate, 
or into which they dissociate, indicates that the essential factor in deter- 
mining the structure of the ground state of tKe molecule is the total number 
of available electrons. That this is true, at least for diatomic molecules with 

atoms that are not very dissimilar, will be seen shortly when other cases 
are considered. 
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The lowest known state of the singly charged nitrogen molecule-ion N^, 
which contains one electron less than the nitrogen molecule, is ^2^, and this 
is probably the ground state. The observed term can be accounted 
for by the presence of a single <t electron outside closed shells. In the forma- 
tion of the ^2^ ground state of from the ^2^ ground state of Nj, the least 
firmly bound electron of the latter is presumably removed; this must evi- 
dently be a (T electron, so as to leave one such electron remaining outside 
closed shells. It is for this reason that the x<t electrons in molecular nitrogen 
are considered to be less firmly bound than those in the wir shell. If the 
reverse were true, the formation of the ion would probably result from 
the loss of a wtt electron, leaving outside closed shells; three equivalent 
TT electrons, however, cannot give rise to a 2 state (cf. Table XVI). 

The diatomic systems BO, CO*^ and CN, like N^, have thirteen electrons 
and their ground states are also ^2*^, there being, of course, no g character 
since the nuclei carry different charges. It appears, therefore, that the 
electronic structures of the known lowest states of the isoelectronic systems 
BO, CO"'’, CN and Nf are identical; thus, 

KK{Z(T)~{y(r)~{wTyx<Ty ^2'''. 

For BO, CO+ and CN, but not for N^*, the second lowest state is ^IT; 
this can be accounted for by three equivalent tt electrons, in addition to 
the closed shells. A reasonable structure for this state is then 

KK{z<r)-(ya)-(wTry(x(Tyy 

In this case an electron has presumably been removed from the somewhat 
more firmly bound wtt group, rather than from the less strongly held x<t 
shell, thus leading to a higher energy state. It is somewhat unexpected to 
find that no state has been observed for N^. It is surmised that this 
state does exist, but it has not been detected because its energy is very close 
to that of the slightly lower ^2^ state. This would mean that in the nitrogen 
molecule the wtt and x<t electrons are almost equally firmly bound, as might 
have been expected. It is of interest to record that at their equilibrium 
distances the energies of the and ^2 states become closer in the order 
BO, CO"^, CN, so that they might well be almost identical for N^. 

All the members of the group under consideration, i.e., BO, CO+, CN 
and N^ exhibit a still higher ^2+ state; for the ion N 2 '> with two identical 
nuclei, this is a state. As in the ground state, this could arise from a 
single <T electron, apart from closed shells; however, this electron is obviously 
in different groups in the two ^Z states, and the most probable structure for 
the higher of these states, which is the second known excited state, is 

KK{z<Ty{y<r)(wTry(xffy, ^n, 

with the single a electron in the ya shell. In the case of N^, this particular 
excited state would be formed from the nitrogen molecule by the removal of 
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a relatively firmly held electron. That .t cornes from the^a rather than 
from the I group is supported by the fact that the state .s ^2+ which means 
that a « electron has been removed from the ‘2^ nitrogen mojecule; of the 
two types of fr electrons, the less firmly bound, i.e., y<r> wou e e on y 

ones with the u property. 


T^t c cnr«T A TTfiN PRODUCTS 


44a. Dissociation of Diatomic Molecules.— It will be apparent from 
what has been said in connection with the dissociation of N 2 ( 2 ;j) into 
Ne.y) + N(^O'), and of CO('2+) into C(»P) + 0{^P), that in spite of the 
similarities in the various states of isoelectronic molecul^, the correlation 
between the molecular and atomic states may be very difrerent. This fact 
is brought out clearly by a comparison of the dissociation of N 2 and CN, 
The nitrogen atom, with the configuration has, as seen previously, 

three low-lying energy states, viz., ^Du and corresponding to these 
there will be three states for the nitrogen atom-ion, i.e., whose 

term symbols are and analogous to the three states of the carbon 

atom with the same electronic configuration. The number of possible mo- 
lecular states of the nitrogen molecule-ion Nt" formed by the combination of 
these atomic states is very large. It is probable, however, that the lower 
energy states of Nt will be derived from the lowest atomic states which are 
theoretically capable of yielding molecular states having the appropriate 
characteristics. Combination of the lowest atomic nitrogen state (*^„) with 
the lowest state of the nitrogen atom-ion {^Pg) can give twelve molecular 
states, namely ®II, ^11 and ^n, each in both g and u states, 

since the nuclei of Nt are equally charged. It is evident, therefore, that 
the two observed states of the nitrogen molecule-ion, viz., and ^2+, as 
well as the predicted lying between them, can be derived theoretically, 
and probably are derived, in fact, from a normal nitrogen atom and a normal 
nitrogen atom-ion, in their lowest energy states. This conclusion may be 
represented by the following scheme: 


Nt^KK{z<Tnyay(wirYx<ry 
NtLKK{z<Ty-(ycry{wTry{x<r)\ 
NtLKK{zay{yaKwwy{x<r)\ ^Zj] 


N(ij22j22ps ^Su)+N-^{Xsnsnp\ »p,). 


* Unknown state. 


Turning now to CN, there are three analogous states; these are in order of 
' increasing energy ^11 and From the lowest state of the carbon atom, 
viz., ls^2s^2p\ ^Pgy and the lowest state of the nitrogen atom, 1P2P2;)®, 
six molecular states can be obtained. One of these is a *Z+ and another is 
a state, which may in all probability be correlated with the two lowest 
observed states of the CN molecule. However, whereas with Nt, two ®Z’*' 
states are possible, one g and one «, there is only one such state for CN, 
since the two nuclei do not carry equal charges. The upper *Z+ state of 
CN cannot, therefore, be correlated with two atoms in their ground states, 
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and hence one of these must be in a somewhat higher energy state. There 
are two possibilities in this connection; either the carbon atom remains in 
the state and the nitrogen atom is raised to ^Du, or the carbon atom is 
excited to ^Su while the nitrogen remains in the *Su state. Either of these 
combinations can give rise to a molecular state, but it is difficult to make 
an exact decision between the two possibilities. Utilizing the configuration 
of the upper ^2"^ state derived above, the two alternative correlations may 
be written out in the following form: 

C{isnjnp\ -f- ^{is^2snp\ ^Du) CN\:KK(z<Ty{ya){w7ry(xa)\ 2 -+] 

or 


C{\jns2p\ + N(\sUsnp\ -> CN\:KK{zcy{y<T){wiry{xay, =2+]. 


Q 

u 


a 

5 

o 



CN 


C + N(^Z)«) 


In the first case there are four 2s electrons in the separated atoms which are 
correlated with the three electrons {zay{y<s) in the molecule; in the second 
case, however, there are only three 2s 
electrons to be correlated with the 
three <r electrons in the CN molecule. 

From this point of view the second al- 
ternative is to be preferred; neverthe- 
less, the argument is not convincing, 
for at relatively large internuclear dis- 
tances the difference in binding energy 
of x<r and y<r electrons is not great. It 
is not impossible, therefore, that as 
the carbon and nitrogen atoms ap- 
proach, one of the 2s atomic electrons 
goes over into a x<t orbital. The es- 
sential point to be noted, at the mo- 
ment, is that whereas the ^2^, (^IIu) 
and ^2^" states of the nitrogen mole- 
cule-ion N^* may probably, all three, 
be correlated with the same normal 
atomic states, this is not true for the 
isoelectronic molecule CN; for the 
latter, the two lower states are cor- 
related with the same atomic state, 
but the upper *2+ state must be connected with one normal and one ex- 
cited atom. The potential energy curves for N^ and CN, which summarize 
the foregoing discussion, are given in Fig. 32. 

Like CN and N^, the isoelectronic systems NO and Oi" possess analogous 
electronic states, but exhibit differences in the correlations with the respec- 
tive atomic states on dissociation. As in the case just considered, the two 
nuclei of are identical, and so combination of a normal oxygen atom with 
a normal oxygen atom-ion can give two molecular ^II states of O^, one with 



C + N(<S„) 


1 


1 2 3 A 

Internuclear Distance 

Fig. 32. Potential energy curves 
for Nj"*" and CN 
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g and the other with u symmetry. The combination of normal oxygen and 
normal nitrogen atoms, however, can give only one ^11 state, since the nuclei 
are now different. The upper observed state of nitric oxide must there- 
fore dissociate into one normal atom and one in a somewhat higher energy 
state; the latter is probably the nitrogen atom, for NQD) and 0(*P) 
represent the lowest pair of atoms capable of giving a second state of 
nitric oxide. 

44b. The Oxygen Molecule. — The oxygen molecule has two electrons 
more than the nitrogen molecule, and these will presumably enter the next 
shell, i.e., i/tt, so that plausible structures of the molecule would be 

KK(z(Ty(y(Ty(x(Ty(wTry{v7ry or KK{z(ry(y(Ty{wTry{x<Ty{vTry, 

The only difference between these alternatives is in the interchange of the 
relative positions of the wir and x<t groups; in contradistinction to what was 
observed with the nitrogen molecule, i-t appears that for the oxygen molecule 
the former configuration is to be preferred. In either case, the electronic 
state of the oxygen molecule would be determined by two equivalent Dir 
electrons, all the others being in closed shells. According to Table XVI, 
two such electrons should give rise to the states and since the 

proposed configuration would involve an even number of u electrons, these 
states should all have g symmetry. The choice between the three possibili- 
ties is facilitated by two considerations; first, the state of highest multiplicity, 
i.e., is probably the lowest energy state and hence represents normal 
molecular oxygen. In the second place, the fact that the normal oxygen 
molecule is paramagnetic means that the resultant spin vector of the whole 
molecule is not zero. The closed groups cannot contribute to the spin, and 
so it is at once evident that the two vir electrons must have parallel spins; 
the resultant spin quantum number is thus unity, i.e., + J + i, and the 
multiplicity of the normal state of the oxygen molecule must be three. It 
follows, therefore, that the proposed configurations lead to a ground 
state for molecular oxygen, and this is actuajly the case. The other two 
states, and arising from the same electronic configuration, are also 

known; they occur in the order given, with energies slightly above that of 
the state. 

In addition to the three low-lying states just mentioned, there is a much 

higher excited state of the oxygen molecule. A reasonable structure for 
a level of this type would be 

one of the wir electrons being raised to the dt level. Five other states could 
arise from this same configuration, i.e., outside closed shells, but most 
of these are probably unstable states, with the possible exception of a 
state to which reference will be made below. 

Two normal oxygen atoms, Uns^p^ are capable of yielding eighteen 
molecular states (cf. Table XV), among them being *2^, ^A, and ^2^, which 
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are the three lowest states of the normal oxygen molecule, and also the^Sj 

excited state, mentioned at the end of the preceding paragraph. It is 

probable, therefore, that all these molecular states give normal ^Pg atoms on 
dissociation; thus, 


02[_KK{z<rY{y<jy{xay{wTY(vTryy ^ 2 ^]' 
O2\_KK{z0)^(y(ry{x<TY{wTy{vTrYy ^Ag ] 
02C^K(z<TY(y<^Y(x<^Yi^TrY(v7r)\ * 2 +] 

02C-^A'(2a-)2(ya)2(jro-)2(a;7r)*(y7r)^ ^2^ ]J 


0{unsnp\ ^Pg) +o{\sns^2p\ ^pj) 


The other excited state, ^2u , corresponding to the same electronic configura- 
tion as the ®2„ state, cannot, however, be derived from two ^Pg atoms. By 
raising the energy of one of the oxygen atoms to the slightly higher, me- 
tastable ^Dg state, a molecular »2~ state becomes possible (cf. Table XIV). 
A reasonable correlation is therefore 


02\iKK{z(TY{y<TY{x<rY{wTrY{vTrYy ']~-^0(isnsnp\ ^Dg)-hO{\sns^2p\ ^Pg). 

44c. The Oxygen Molecule-Ion. — The lowest state of the oxygen 
molecule-ion is a regular ^IIp term, and this would result from a single tt 
electron apart from closed shells. The loss of one relatively loosely held 
vir electron from a normal oxygen molecule would provide such a configura- 
tion for O^, viz., ^ 

KK(z<rY{y<^Yi^<^Y{‘^v-iryvTry ^Xlg. 

On the other hand, if one of the wtt electrons is removed from the oxygen 
molecule, thus, 

KK{z<TY(j<rY{x<^Y{^‘n-Y(v7rYy 

the states ^nu(3), ^IIu and of excited 02 ^ could result, since the electrons 
outside closed shells are (cf. Table XVI). One of the three states 
is known, but the others have not been detected. A third type of configura- 
tion for Oa*, leading to higher energy states, would be 

iC A'(z(r) 2 (y <r) 2 (jTo-) ( a;?r) ^ (i/tt) 

and the three electrons <nP outside closed shells could lead to ^ 2 +, ^27 

and ^A(, molecular terms. None of these states is known with certainty, 
but it has been suggested that the bands appearing in the visible spectrum 
of the oxygen molecule-ion may be due to the transition ^27 — > the 

latter being derived from the electronic configuration. 

The lowest state of the oxygen atom-ion O"^, will probably be 

*Su, like the nitrogen atom, and combination of this with a normal oxygen 
atom, ^Pg, should yield twelve molecular states, among them being the 
observed ^IT^ and ^IIu states, mentioned above, and also the possible '^Ilu 
state. The "*2^ term, however, could not arise from this combination, but 
it would be one of the states resulting from the union of a normal oxygen 
atom-ion 0+(^^„) with an oxygen atom in the metastable ^Dg state. The 
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dissociation correlations of the various states of the oxygen molecule-ion 
may thus be represented as follows: 

Ot{_KK{z<rY{y<TY(x<Ty{wTrYvTry "I 

Oj" _KK{zaY{y<ry{x(TY{wTrY{vTr)^y*T^u~i* r 

Ot[_KK{zaY{yay{xcY{WTr)HvT7yy^liu~\ J 

_KK{za)'^(^a'Y{^x<r){iVTvy{vTrYy ]]* ►0'^(1j‘*2j^2^®, *S^-^0{\s^2s^2p*y^D^ 

• Unknown states. 

44d. Structures of Other Diatomic Molecules. — The addition of two 
more electrons to the configuration of the oxygen molecule should yield that 
of the normal fluorine molecule; it is to be expected that these electrons will 
complete the vir shell; thus 

V^lKKizaYiycyixaYiwirYiviry, 

With all the shells complete, and an even number of u electrons, the state 
should be ^2^, in agreement with observations on the ground state of halogen 
molecules in general. The normal fluorine atom is in a ■*P, state, and com- 
bination of two such identical atoms will give a *2^ molecular state, in 
addition to others. 

If twenty electrons were added to a system of two neon nuclei, the 
resulting electronic configuration 

KK{za^)'^{ya)-{x<T)'^{w'irY{pTrY{utx)'^ 

should represent the structure of the Nea molecule. Since the nuclei never 
approach one another closely, the electron groups are virtually those of the 
separated atoms, retaining their n and / quantum numbers. The configura- 
tion might thus be written more explicit y as 

KK{<Tg2s)-{<Fu2sY{<Xa2p)-{;irJ2pY{‘rro2pY{au2pYy 

or sometimes simply as KKLLy implying completed K and L shells of both 
atoms with only slight modification of the atomic orbitals. It will be seen 
later that the <r„2/>, irg2py and other electrons lead to very strong repulsion 
between atoms; it is for this reason that no stable Ne 2 molecule is known. 
If it did exist, its ground state would be ^2^, since it would consist of closed 
electronic shells only. 

In their ground states, at least, molecules containing atoms in the higher 
series of the periodic system have electronic configurations which are exactly 
analogous to those of their lower homologues. For example, the structure 
of S 2 is similar to that of O 2 ; thus, 

where the letters KKLL stand for the twenty electrons, as in the hypo- 
thetical Ne 2 molecule, which are virtually unmodified 1 j*, 2j** and 2p^ elec- 
trons of the two sulfur atoms making up the S 2 molecule. Apart from these 
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"'s Sif 't r,r “>■*“ 

the same quantum numbers as bpf . yy etc., do not stand for 

series of electrons with a higher vabe ‘^“'■''esponding 

Thus 20 -, jy^, 4f<r, etc., imply modified <7 3/ 3^ ^ 3 "* ".^"iber 

case the value of n has been changed from 2 to f’ Tn’ 

F„ respectively. The structures of rt T N, and 

and SiO, all of which have ■v“Tro^nd staT ^S, PN 

homologues CO and N.; thus, ^ 

KKL(zar )^(ya)-(wTry{xcy^ 

Although the ground state of homologous molecules are general! v the 
same, slight differences may occur m the order of the excited ftates '^This 

bound electrons are almost equally s'trongly 

to a highe^kvel'"irtLT required to raise a electron 

group. The first excited states will then be different and have different 

can he“e 1 d ‘^**"*- a-'e availab e they 

can be explained without serious difficulty. rney 

Correlation Diagrams 

the fern arks“c^cem?nv^^^fM°“ ‘he foregoing discussion 

been general in nature, but more precise information can be obtained bv 

r^Td^bl developed mainly by Hund » 

and by Mulliken.u- In these diagrams the state of an electron in the sepa- 
rated atoms IS correlated with that in the united atom, as the nuclei of the 

SXs ^7- ‘°8ether until they coalesce. The construction 

IS based partly on theoretical deductions, and partly on 
empirical facts derived from a study of molecular spectra. 

hvdrL'^rTo? ''1 electron eigenfunction in the 

KX molecule-ion is symmetric, a stable state of this ion is possible, 

but when it is antisymmetric a repulsive state results (Fig. 33). In wew 
of the definition of ^ and « symmetry character, it is evident that the sym- 

fl'o S property while the antisymmetric 

?he c.rl « v+^ liydrogen nuclei are brought closer to form 

the stable state ( 2+) of the hydrogen molecule-ion; similarly, in the forma- 

• Hund, ref. 4. 

” MulUkcn, ref. 1; see also, Heraberg, ref. 1; Van Vleck and Sherman, ref. 1. 
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tion of the unstable state the electron orbital becomes A® 

nuclei come still closer together, the lower energy <ro s or ita wi , in a 
probability, pass over into the \sff state; this is the lowest possi e or ita , 
becoming a Ij orbital of the united atom. The higher energy Cu s c ectron, 

however, cannot enter an s, orbital in the united atom because of its u 

symmetry; it must, therefore, pass into a 

I ] 2pff and finally into a 2p orbital. It may' 

consequently be concluded, as shown by Fig. 

\ 33, that the lj<r orbital is associated with a 

_ \ ^ decrease in potential energy, i.e., attraction, 

\ the Ipa orbital leads to an increase 

\ of potential energy, i.e., repulsion, when 

^ so - \ formed from a Is orbital in the separated 




o 60 


atom 


-60 


I 1 Suppose now that the two hydrogen nuclei 

I 0 -—I - are brought so close together that they fuse; 

(2 \ the result in an atomic helium ion He+. 

\ /istr,‘^Xg The ls<r, that is ^2^, state of the hydrogen 

- 60 - \y ^ molecule-ion can give rise only to tht'^Sg 

1 2 3 4 6 A state of the helium atom-ion, with a 1^ elec- 

intcrnuciear Distance tron; this would be the Stable, low energy. 

Fig. 33. PotentUl energy state of the ion. The 2pa, that is state 

curves for H 2 '^ of will, however, be correlated with a Su 

state of He"*- having a 2p electron; this would 
represent a much higher energy state. It is possible, therefore, to draw the 
correlation diagram for the case under consideration, as shown in Fig. 34. In 
this diagram the ordinates are, qualitatively, potential energies, apart from 
the effect of nuclear repulsion, and the. abscissae give the internuclear dis- 
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Fig. 33. Potential energy 
curves for 
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Fio. 34. Correlation diagram for 


tances. The left-hand side represents the united atom, and the right-hand 
side corresponds to the separated atoms. Except at these two extremes, the 
horizontal lines have no real significance, for the transitions arc presumably 
gradual. Between the portions marked (at the right) and lj<r (at the|j 
left), and between aulj (at the right) and 2p<r (at the left), the quantum^ 
numbers lose their significance, as explained previously. 
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The steady decrease in potential enerev as ^ i i 
tem with moderatdy separated hydrogen Lclei nassps 

of the united atom He+, indicates that in accordan 1^ electron 

chanical calculations (Fig. 33), the ha electron exerts an^ai'^^ T' 
in binding together the two nuclei in the hydroeen moler ^1^ h+ 
the other hand, the almost horizontal tren^d of the i “ 
implies, again in agreement with calculation that thr“2o 
r^ulsive, rather than a binding influence. It should U noted'^^tLt^^e 
effect of nuclear repulsion has been excluded from Fig. 34, because this 
would make all the potential energy curves rise sharply as the nuclei are 
brought dose together. Consequendy, a line with a horizontal or slightly 

downward trend, m going from right to left, actually implies a state of 
repulsion. 

The information derived from Fig. 34 forms the basis of the extended 
correlation diagrams which attempt to depict the behavior of electrons with 
higher principd quantum numbers. In the construction of these diagrams 
It IS postulated that the quantum number X remains unchanged, and for a 
molecule with identically charged nuclei, the ^ or « symmetry character of 
the electron IS retained. (It wiU be recalled that in the united atom, j and 
d electrons have the // property, whereas p and / electrons have the g sym- 
metry.) It will be seen that these conditions are satisfied in Fig. 34. 
Further^ correlation curves for electrons with different values of X can cross 
one another, but curves for the same value of X, e.g., both c or both tt elec- 
trons, cannot cross unless one has g character and the other u character. 
In other words^ the potentia.1 energy curves for two (Xp or two ctu electrons 
cannot intersect, but a curve can cross a au curve; a a-g curve may, how- 
ever, cross either ttj, or ttu, because the X values are different. The reason 
for the nonintersection is that at the hypothetical crossing point for identical 
X and (or «), resonance causes the potential curves to spread apart. This 
is a phenomenon of general occurrence in connection with the question of 
crossing of potential energy curves of electrons (or electronic systems) in 
certain analogous states (cf. Fig. 38). 

Calculations show that for the same value of w and /, the ag level is 
below <r„ Le.y Ug2s is below <ru2j, but 7r„ is below Vg i.e., 'iru2p is below irglp 
(cf. Section 40b), at least for relatively large internucleal* distances. On 
the other hand, empirical data, derived from band spectra, show that the 
ffg2p orbital is below ‘jrv2p; a similar relationship holds for the corresponding 
3p electrons. It is well known, of course, that the binding energy of atomic 
electrons decreases in the order Ij, 2j, 2p, 3s, etc., and this fact is utilized 
in establishing, more or less empirically, the positions of the extreme right 
and extreme left of the correlation diagrams. The correlations are made 
between the lowest possible levels, taking into consideration the limitations 
expressed in the preceding paragraph. The results obtained for diatomic 
molecules, along the lines indicated, are shown in Figs. 35 and 36; the former 
is for equally charged nuclei, and the latter are for unlike nuclei. The 

between the correlation diagrams arises because of the necessity 
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for taking into account the j and u character of molecules possessing nuclear 
electrical symmetry. In Fig. 36, for example, it is seen that the correlation 
of the Ijb orbital in the separated atom with the Is orbital in the united 
atom is possible when the nuclei are different, but the corresponding correla- 
tion, viz., Ij to ffulj to 2.f cannot occur, when the nuclei carry equal charges, 
because the j- orbitals in the united atom have g symmetry. 

By analogy with the effects of the o-plj and <TuIs electrons in the hydrogen 
molecule-ion, it is supposed that electron levels, or orbitals, that have a 
downward trend in passing from the separated atoms to the united atom, 
that is, from right to left, have a binding effect, whereas those with a hori- 
zontal or upward trend have a repulsive influence. Electrons are thus 
divided roughly into two categories, called bonding and antibonding electrons^ 
respectively, according as the potential energies decrease or increase (or 
remain approximately constant) as the nuclei are brought closer together." 
An exact division into the two classes is not possible, for the bonding or 
antibonding effect is dependent to some extent on the internuclear distance; 
however, as a general rule the following are bonding electrons: 

Equally charged nuclei: agls, <rg2s, {(Tglp?), irjlp, tSgSs, 7r„3p 
Unequally charged nuclei: <rlj, als, (<r2p?), 7r2p, ir3p. 

The corresponding antibonding electrons are: 

Equally charged nuclei: o-uU, au2s, 7rp2/>, <Tu2py <Tu3s 
Unequally charged nuclei: <r*lj, <r*2j, Tr*2py c*2p. 

In a stable molecule, the number of bonding electrons may be expected 
to be larger than the nonbonding type; if the reverse is true, or if the numbers 
are equal, the molecule will usually be unstable. In certain circumstances, 
as previously indicated, the innermost electron groups may play no part in 
holding the nuclei together or in causing them to repel each other; these are 
the electrons that have been designated by the letters K and L in the elec- 
tronic configurations. As already mentioned, they are referred to as 
nonbonding electronsy as they have neither bonding nor antibonding effects. 

45b. Applications of Correlation Diagrams: Molecular Hydrogen. — 
Before proceeding to illustrate the use of the correlation diagrams, it may 
be noted that although they give a very satisfactory indication of the elec- 
tronic transitions in molecule formation, they are not always followed 
exactly. Strictly speaking, the correlations are reliable only when there is 
one electron outside closed shells, and although they may be used when two 
or more such electrons are involved, there are instances known of the oc- 
currence of correlations that are apparently not permitted by the diagrams. 
Reference will be made shortly to one or two cases of this kind. However, 
even in these instances the^ and Uy and + and — , symmetry properties of 
the electronic.state as a whole are preserved, as also are the A and S values, 
so that the term type is in accordance with prediction. The correlations 
are therefore applicable to the whole state rather than to the individual 
electrons. 

“ Herzberg, ref. 4; Hund, Z. Physiky 63 , 719 (1930). 
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It was seen in Section 42a that the normal (Ij'cr)^, state of molecular 
hydrogen is derived from two <rgls (or ls<r) electrons; since both of these have 
a bonding effect, the stability of the resulting molecule is readily understood. 
On the other hand, the unstable (bff)(2^v), state is derived from one 
<rffls (or Ijir) and one truls (or 2pff) electron; the former is bonding but the 
latter is antibonding, and so the resulting form of molecular hydrogen would 
not be expected to have any appreciable stability. The qualitative results 

derived in this manner are seen 
to be identical with those 
reached by the method of 
Heitler and London, as de- 
scribed in Chapter III, 

It has been noted previously 
that another state, viz., 
arises from the configuration 
{\sa){2p(i)\ this state, however, 
does not dissociate into two 
normal hydrogen atoms, but 
into one normal and one excited 
atom, with either a 2j* or a 2p 
electron. Actually, according 
to the correlation diagram in 
Fig. 35, neither of the configu- 
rations 1^2^ or 1 j 2^ can give rise 
to {\s(t){^p<t). It is probable 
that the 2s (or 2p) electron be- 
comes 3^<r (or 3 jo'), but as the 
lower energy orbital 2p<r is 
available, the electron passes 
to this level, which it can do 
without either changing the 
symmetry character or the A 
and S values of the molecule. 
Since the 2pcr level is not above, 

Fig. 37. Potential energy curves of the Hi molecule ^^7 ^ven be below, the 2s 

or 2p level of the separated 

atoms, this orbital is now no longer antibonding. The result is that the 
state of molecular hydrogen is stable relative to one normal and one excited, 
either or hydrogen atom (Fig. 37), although the *2^ state with the 
same electronic -configuration is unstable with respect to two normal atoms. 

It is a relatively common occurrence for a particular molecular electronic con- 
figuration to represent a system that is unstable with respect to two normal 
atoms, while the same configuration may be stable relative to one or more ex- - 
cited atoms. It has been indicated earlier that the state with the highest 
multiplicity, for a given electronic configuration, is the one with the lowest 
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potential energy in its equilibrium state; that this is true in the case under 
consideration is shown by the potential energy diagram in Fig. 37. 

4Sc. The Diatomic Helium Molecule.— When two normal ’ (Ir* 
helium atoms are brought together there are available tour h electrons- two 
of these will probably enter the lowest available, i.e., cr.ls level, and the 
other two will occupy the next, i.e., <r„l. level. Since two electrons 
have a bonding effect while two auls electrons are antibonding, the helium 
molecule He 2 should be unstable relative to two normal helium atoms, as is 
indeed the case. According to the correlation diagram (Fig. 35) the two 
electrons should go over into (ba)^ and the two ffuls electrons into 
{2pfr) , so that the configuration should be (\s<rn2p<Ty, In this case, how- 
ever, another factor is introduced by the possible crossing of two curves. 
If two excited {Isis, ^S) helium atoms are brought together, there are avail- 


He(*S) + He(*S) 



Fig. 38. Correlation diagram for the Hej molecule 


able two <Tgls and two <Tg2s orbitals; these should pass over into the configura- 
tion {\jay{2sa)\ which lies below the level of the configuration {\scy(2p<TY 
derived from two normal helium atoms. If there were no interaction the 
two correlation curves should cross, but as both systems represent '2+ states, 
resonance occurs and consequently the curves tend to avoid each other' 
as shown in Fig. 38. The result is that the combination of the two normal 
hehum atoms gives rise to the {\s^)\2sa)\ state of the' molecule 

He 2 . On the other hand, the two excited atoms yield the molecule with the 
configuration 

It should be noted that the (b(r)2(2j(r)2 state will be unstable with respect 
to normal helium atoms in spite of the fact that the 2s<t orbitals are often 
bonding; the reason for this is that the electrons occupying these orbitals 
were in the Ij state of the atom, and hence had a much lower potential 
energy than they have in the molecule. The (b<r)2(2/.(r)2 form of the He* 
molecule will undoubtedly be unstable with respect to normal helium atoms, 
but It may be stable relative to two excited atoms. 

Combination of a normal ^S) helium atom and an excited (lj2sy ^S) 

^ ((r.b)Ho-«b)((r,2j), which becomes 

(bff) {Ipff) {2s<r) , In this configuration there are three bonding electrons, 
(Isay and 2j<r, the latter arising from a 2s orbital, and one antibonding 
electron, 2pa, The molecule He 2 , which will be in a *2+ state, should thus 
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be stable with respect to a normal and an excited atom. Spectroscopic 

studies show that a state of this type actually exists. 

In the helium molecule-ion He^ there are only three electrons, and these 
must be Jr), which become (ls<ry{2p<r) according to the correlation 

diagram; this configuration will represent a state. In this ion there are 
two bonding Irtr electrons and one nonbonding 2p<T electron; it is to be 
expected that Het will be stable with respect to a normal helium atom and 
a helium ion. Spectroscopic data confirm this expectation. It is remark- 
able that the absence of one antibonding electron, as compared with the 
normal Hea molecule, makes the He^ ion stable. Attention should be called 
to the fact that the transition of the orbital to 2 s(t that occurs in the 
He 2 molecule, as shown in Fig. 38, cannot take place in the ion He^ because 
the electron would thereby change its u character. In this case, therefore, 
the crossing of the type prohibited in Fig. 38 is permitted. 

45d. Molecules of the First Period. — Examination of the structure of 
the normal nitrogen molecule (Section 43b) shows that it has four nonbond- 
ing (KK) electrons which are virtually unchanged atomic electrons, having 
no appreciable influence on the structure of the molecule. Of the others, 
the eight electrons (ztr)^ and (wir)* are bonding, while the (yc)* elec- 
trons are nonbonding; the net result is thus equivalent to six bonding elec- 
trons. The nitrogen molecule in its ground state is, therefore, very stable 
with respect to two normal nitrogen atoms. The same considerations apply 
to carbon monoxide. 

In their lowest and second lowest states, the isoelectronic systems, BO, 
CO^, CN and have seven bonding and two antibonding electrons; hence 
these molecules are relatively stable with respect to the normal atoms, or 
ions, into which they dissociate. The third lowest (second excited) state 
has apparently eight bonding electrons, (zff)*, (wtt)^ and (.vcr)^ and one anti- 
bonding electron, ^cr; considerable stability is, therefore, to be expected, and 
is actually found. It might be imagined, at first sight, that since the net 
number of bonding electrons is seven, compared with five in the other states, 
that the energy required for the dissociation would be greater in the former 
than in the latter. The difference between the heats of dissociation is not 
large, but the values are certainly not in the expected order. One reason 
for this, which must always be borne in mind, is that the bonding and anti- 
bonding powers of electrons vary with the distance between the nuclei. 
The x<r electrons, for example, are never very strongly bonding, and may 
actually have some antibonding effect at small internuclear distances; at 
the same time the repulsive influence of yc electrons may increase. It is 
thus possible for the second excited states of the molecules BO, CO+, CN 
and to have smaller dissociation energies than the lower states, despite 
the fact that the former apparently possess a larger net number of bonding 
electrons. 

In passing from molecular nitrogen to molecular oxygen, two vir elec- 
trons are added; these are antibonding at nearly all internuclear distances, 
and so the oxygen molecule has eight bonding electrons and four anti- 
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bonding electrons. The excess of the former accounts for the great stability 
of the oxygen molecule in its normal (*2^ ) state. In the excited (*2^7) state 
the bonding electrons are decreased by one (wtt), while the antibonding 
electrons (&ir) are increased by the same number* The energy of dissociation 
in this state is therefore much less than in the normal state, in spite of some 
compensation due to the fact that an excited atom results in the former case. 

has been seen in Section 44c that the formation of the ground state of 
the ion may be regarded as being due to the loss of a vw electron from 
the normal oxygen molecule. In this event, the Of ion should possess 
eight bonding electrons, as does the molecule, but one fewer, namely three, 
antibonding electrons, leaving an excess of five bonding electrons in the ion! 
The energy required to dissociate the oxygen molecule-ion into an oxygen 
atom and an atomic oxygen ion, in their ground states, should be greater 
than that required to break up the oxygen molecule into two normal atoms. 
This has been found to be the case, as will be seen shortly. 

It is perhaps unnecessary to remark that the correlation scheme does 
not apply to hydrides; the electronic structures of these substances have 
been already considered in Section 42. 

45e. Bonding Electrons and Valence.— It has been suggested by Herz- 
berg (1929) that the ordinary chemical valence of a bond is equal to the 
number of pairs of bonding electrons in excess of the number of pairs of 
antibonding electrons. Further, the difference in these two numbers may 
be regarded as an approximate measure of the bond energy. These sug- 
gestions may be tested by means of the data in Table XVII, which refer to 


TABLE XVII. VALENCE AND BONDING AND ANTIBONDINO ELECTRON PAIRS 


Molecule 

Bonding 

Pairs 

Antibondina 

Pairs 

Difference 

Chemical 

Valence 

Heat of 
Dissociation 

CO 

4 

1 

3 

3 

9.14 e.v. 

N, 

4 

1 

3 

3 

738 

Nr 

3i 

1 

21 


6.35 

NO 

4 


21 


5.29 

or 

4 


21 


6.48 

Oa 

4 

2 

2 

2 

5.08 

Hs 

1 

0 

1 

1 

4.48 

Hr 


0 

I 

— 

2.65 


the lowest energy states of a number of diatomic molecules and ions. The 
results for the hydrogen molecule and the hydrogen molecule-ion, although 
these substances contain no antibonding electrons, are also included in the 
table for purposes of comparison. 

It is seen that the difference between the bonding and antibonding pairs 
is equal to the number of ordinary valence bonds in the molecules concerned, 
where the valence is known. The bonding between carbon and oxygen in 
carbon monoxide is equivalent to a triple bond, in agreement with the 
modern chemical formulation as involving resonance between double bonded 
and triple bonded configurations. In nitric oxide the nitrogen and oxygen 
atoms are held together by the equivalent of two and one-half valence 
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bonds; this is in harmony with the suggestion that in this compound there 
are two normal (two-electron) bonds and one three-electron bond- with the 

bonding power of a single-electron bond.“ •kt r\ xt+ 

For molecules involving similar electron groups, such as N2, Oj, NJ 
and Ot, the heat of dissociation is approximately proportional to the differ- 
ence between the numbers of bonding and antiboncung p^rs. ^ The pr^ 
portionality is not so good when O2 is compared with H2, but it must be 
remembered that electrons with different principal quantum numbers are 
involved. When comparing H2 with however, the rough proportion- 
ality between heat of dissociation and the excess of bonding pairs is again 
apparent. It is obvious, of course, that the generalization concerning bond 
strengths is meant to serve only as an approximate guide, for the bonding 
effects of different pairs of electrons are not necessarily equal, and neither will 
their influence be compensated exactly by the effect of the antibonding pairs. 

“Pauling, /. Am. Chem. Soc.^ 53, 3225 (1931). 


CHAPTER VII 

STATISTICAL MECHANICS » 

Generalized Coordinates in Phase Space 

46a. Introduction. The function of statistical mechanics in the field of 
physical science is analogous to that of statistics as applied to biological 
phenomena. Although the behavior of any one individual cannot be fore- 
told, it is nevertheless possible to predict the average properties, in the sta- 
tistical sense, of a considerable number of such individuals. If the positions 
velocities of all the molecules in a given volume of gas were known, it 
should be possible, in principle, to determine their future behavior by apply- 
ing the familiar laws of mechanics. Nevertheless, because of the large 
number of such molecules present in the volume of gas, the calculations 
would prove to be insuperably difficult. Of course, in actual practice the 
position and velocity of each of the gas molecules cannot be known, yet by 
applying the methods of statistical mechanics, the average, or most probable, 
behavior of a given system containing a large number of these molecules can 
be predicted. Essentially the methods of statistical mechanics involve the 
application of the fundamental laws of mechanics to systems which are so 
complex that the practical application of those laws in detail to the com- 
ponent parts of the system would be quite out of the question. Statistical 
mechanics thus makes it possible to obtain information concerning the prop- 
erties of a system without the necessity of a too intimate knowledge of the 
characteristics of the component parts of the system. 

In the realm of physical observation it is customary to take a number of 
measurements of an ob:ervable quantity, and then to derive from these the 
weighted average or most probable value of the given quantity. The same 
principle is applied in statistical mechanics. In&tead of attempting to con- 
sider the behavior of a single system, it is the practice to study a collection 
of a large number of such systems, generally -referred to as an ensemble of 
systems. All the members of the ensemble will have the same “structure*’; 
in other words, they must be identical with respect to such properties as the 
size and shape of the containing vessel, the number of molecules, total 
energy, etc. However, the systems will be distributed over a range of 
states, i.e., they differ in phase; that is to say, the coordinates and velocities 
of the molecules differ from one system to another. Although the behavior 
of any one sample cannot be predicted, it is nevertheless possible to draw 
conclusions concerning the statistical behavior of the whole ensemble, and 

' Fowler, “Statistical Mechanics”; Fowler and Guggenheim, "Statistical Thermodynamics”; 
Kcnnard, “Kinetic Theory of Gases”; Mayer and Mayer, “Statistical Mechanics”; Tolman, “The 
Principles of Statistical Mechanics.” 
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hcncc &s to the pTohablc behavior of the single system of interest* It should 
be emphasized that statistical mechanics cannot provide information regard- 
ing the actual behavior of this system; it merely indicates what situation has 
the greatest probability. However, if the number of systems in the ensemble 
is very large, the difference between the most probable behavior and that 
actually observed will be quite negligible. Of course, a certain number of 
systems will have properties that differ from the statistical average, but this 
number is very low, and the probability of their being encountered is 

extremely small. j • i_ /• 

In the treatment which follows it will be assumed, in the first place, that 

the laws of classical mechanics apply to the movement of the molecules. 
Later, such modifications as are made necessary by quantum mechanics will 
be considered, and it will be shown that under conditions of general interest 
to chemists the changes are negligible. The introduction of the quantum 
theory of energy, however, leading to the development of quantum statistical 
mechanics, has had important consequences; one of the greatest triumphs 
has been the calculation of thermodynamic quantities of elements and 
molecules from spectroscopic data. 

46b. Phase Space. — According to classical mechanics the state of a sys- 
tem at any time may be completely defined by specifying the positions and 
velocities of all its component parts. The position of a single atom can be 
defined by three cartesian coordinates x, y, 2 , and the magnitude and direc- 
tion of its velocity can be stated in terms of the velocity components i, y, L 
In general, if /coordinates are required to indicate the position at any instant 
of all parts of a system, consisting perhaps of a very large number of mole- 
cules, it will be necessary to specify, in addition,/ velocity components, in 
order that the system may be defined completely. The system is then said 
to possess f degrees of freedom. It will be apparent, of course, that in con- 
sidering the position of a point in space, the definition is not restricted to 
the use of three cartesian coordinates; any appropriate coordinates may be 
chosen according to circumstances, but it is always true that three inde- 
pendent coordinates, using the term in a general sense, are necessary. 
Similarly, when the system has / degrees of freedom, the position can be 
defined by means of / generalized coordinates^ which may be represented by 

yi> ^2) ^3> - • - s 

Corresponding to these coordinates there are / generalized velocities qiy q^y 
qzy • • - j ify for reasons which will be made clear shortly, it is the practice 
in statistical mechanics to employ momenta in place of velocities; thus, the 
/ generalized momenta, necessary to specify the motions of all the component 
parts of the system under consideration, are 

Pu P^ly Pzy • • • > Pf' 

In order to facilitate the application of the laws of mechanics to all parts 
of a system simultaneously, it is convenient to invent a scheme which can 
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be used to represent the state {or phase) of each system in an ensemble, as 
well as the condition of the whole ensemble. This can be done by imagining 
a conceptual euclidean space having l.f dimensions; this space, known as 
phase space or y-space^ is supposed to have 2 / rectangular axes, one for each 
of the/ generalized coordinates, yi, q^y . . y/, and one for each of the corre- 
sponding momenta, pj, ^ 2 , . . pf. It is thus possible to define completely 
the instantaneous state of any system of / degrees of freedom by means of a 
representative point, called 2 l phase pointy in this 2 /-dimensional hyperspace. 
The changes in phase, i.e., of the coordinates and momenta, of the system 
can then be represented by a trajectory in phase space. In this space the 
ensemble of systems appears as a “dust cloud,** consisting of a large number 
of points, and its behavior in the course of time is associated with the 
streaming motion of the cloud. 

46c. Density of Distribution in Phase Space. — In an ensemble of systems 
there is no need to distinguish between the individual systems, for in sta- 
tistical mechanics the essential interest lies in the numbers of systems to be 
found in different states, that is, in different regions of the 7 -space, at any 
given time. Hence, the condition of an ensemble can be suitably described 
in terms of the density with which the representative (phase) points are 
distributed in the 7 -space. It should be noted that by supposing the en- 
semble to contain a very large number of members, there is a virtually 
continuous, rather than a discontinuous, change in the number of systems 
in passing from one region of 7 -space to another. The density of the points 
in the 7 -space can thus be treated as a continuous function. 

In an ensemble possessing/ degrees of freedom, the density of distribu- 
tion p of the phase points is a function of the coordinates and momenta, 
viz., qxy qzy . . . , qjy piy p 2 , . . . , />/, corresponding to tne 2/ axes in the 7 -space. 
It is also a function of the time /, since the movement of the phase points, 
corresponding to changes in coordinates and momenta, will result in changes 
of the distribution density at any given point. It is possible to write, 
therefore, 

P P(yi> • • •> Pli • • •> Pfy (^b.l) 

or, in brief, 

P = (46.2) 

The significance of the quantity p is that it is a measure of the number of 
systems that are to be found at a given point represented by yi, . . . , 
ply - - • > pfy or more exactly, in a given infinitesimally small region of the 
7 -space. This region is one in which the coordinates lie between qi and 
qi + 3 ^ 1 , q 2 and qz + 5 ^ 2 , . . ., q/ and q/ + 5^/, and the momenta between 
pi and pi + Spiyp 2 and p 2 + 5 p 2 , . . .yp/ a,nd p/ + 6pfy and its hypervolume 
will be 6 ^ 15^2 • * • ^^/^piSpi • • ■ Spy; the product of this volume by the density 
p gives the number of systems lying in the specified region, viz., 

6N — pSqi • • • 6q/6pi • ■ * 5pf, (46.3) 

As noted above, the total number of systems in the ensemble is so large that 
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p and 6N can be considered to change continuously in passing from one 
region of 7 -space to another. 

46d. Liouville’s Theorem. — It is of primary importance in the further 
development of statistical mechanics to know how the density p changes 
with time, and for this purpose use is made of a mathematical theorem first 
propounded by Liouville (1838) in another connection. It may be noted, 
incidentally, that it is in relation to the derivation of the rate of change of 
density with time, that the principles of classical mechanics are introduced 
into the statistical treatment of an ensemble of systems. 

Consider the small element of hypervolume ■ *5q/Spi - • •Sp/ situated 
at the point whose coordinates -are yi, . . ., y/, pi, . ■ - in the 7 -space; the 
number SN of phase points in this element is given by equation (46.3). As 
a result of movements of these points in the 7 -space, there will be, in general, 
a change in this number with time. This change will occur if the number 
of phase points entering the volume through any “face** is different from 
the number leaving the opposite *Tace.” Consider two faces normal to the 
axis with coordinates gi and qi + 8qi; the number of phase points entering 
the former face in unit time will be 


pqxhqi • • • hqshpi • • • hpf, 

where qi is the component of velocity, in the direction of the qx axis, of 
representative points at yi, . . . , y/, p\, . . . , pf* In exactly the same manner, 
the number of phase points leaving the opposite face is seen to be 



Subtraction of the latter expression from the former gives the rate of change 
in the number of phase points hN in the element of hypervolume, i.e., 
d{^N)jdty as far as the qx coordinate is concerned; neglecting second order 
differentials, this difference is 



+ 



• • 


^qfipx • • • 6^/. 


For the^i coordinate, there will be a similar expression 

bp 









• ^qfip 


• • 


^Pfy 


and summing all the terms for the / coordinates and the / momenta, it 
follows that the total rate of change in the number of representative points 
in the given element of 7 -space is 


d{hN) 

dt 


i 

z 

t-l 



+ 





hq$hp\ ■ ■ • bpf* ( 46 , 4 ) 
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The Hamiltonian (or canonical) equations of motion, derived from 
classical mechanics, are 


. . dH 

9. = ^ and (46.S) 

where H represents the Hamiltonian function, i.e., the total energy expressed 
as a function of the p s and q's. These equations may be applied to the 
motion of the representative point in the 2/-dimensional hyperspace, and 
as a result a con^derable simplification of equation (46.4) is possible. Since 

L is immaterial, it follows, from the equations 

(46.5), by taking the derivative of g, with respect to g<, and of p. with 
respect to piy that 


or 



Introduction of this result into equation (46.4) then leads to the cancellation 
of the term in the first set of parentheses on the right-hand side. If the re- 
sultant exp^ression is now divided through by the volume • -Bq/hpx - • -bp/y 
there will be obtained, according to equation (46.3), the rate of change of 
density, i.e., 3p/d/, at the point under consideration; thus 


As already seen, the density p is a function of y, p and /; since the point at 

which the rate of change of density is being observed is a fixed one, it follows 

that all the coordinates in the T-space are fixed. The use of the partial 

differential notation on the left-hand side of equation (46.6) is consequently 
justified. ^ ^ 

The relationship, equation (46.6), giving the rate of change of density at 
a fixed point in the 7-space is generally known as Liouville’s theorem, as 
applied to the problems of statistical mechanics. By a slight rearrangement 
equation (46.6) becomes * 




+ E 

i 



( 46 . 7 ) 


in which the first term, as just seen, gives the rate of change of the density, 

^ j if fixed. Remembering that qi is really dqifdty 

and that p,* is dpildt, it is apparent that the second and third terms in 
equation (46.7) give dp/dt, for constant p, and for constant respectively, 
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The sum of the three terms on the left-hand side of equation (46.7) is thus 
equal to the total rate of change of density in the vicinity of a moving point- 
according to the equation this sum must be zero, and hence it is possible 
to write 

(46.8) 

The rate of change of density in the immediate vicinity of any given phase 
point as it moves through 7 -space is thus zero. This important conclusion, 
reached from Liouville*s theorem, has been called the principle of the 
conservation of density in phase. 

The result of equation (46.8) can be used to derive another fundamental 
principle of statistical mechanics. Consider a region in 7 -space which, 
although finite, is small enough for the density p to be treated as uniform 
throughout; if the hypervolume of the region is 5t;, the number hN of repre- 
sentative (phase) points in this region will be given by 

hN = (46.9) 

On differentiating this expression with respect to /, it is seen that 



d{hN) 

dt 


dp 

dt 


hv + p 



(46.10) 


If it is supposed that the boundaries of the region under consideration are 
permanently determined by the phase points that were originally on the 
surface, then no points can enter or leave this region. In other words, the 
points on the outer surface act as a sort of continuous thin skin by which all 
the points in the region are enclosed. Further, since each phase point repre- 
sents a definite system, these points can neither be created nor destroyed. 
It follows, therefore, that the number 6N of points in the region studied 
must always remain constant; consequently, d{hN)ldt is zero, and equation 
(46.10) becomes 


dp 

dt 


hv + p 




(46.11) 


According to equation (46.8), dpfdt is zero, and hence 

d{^v) _ 

dt 


(46.12) 


which means that the volume in 7 -space of the particular region, occupied 
by a definite number of phase points, does not change with time. The shape 
of the region may change considerably and without restriction, corresponding 
to changes in phase of the constituent systems, but the volume enclosed by 
the hypothetical “skin** remains unaltered. Although this result was 
proved, strictly, for a small region of uniform density, it is possible to extend 
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it to any region, for the latter may be regarded as made up of a number of 
small regions. The conclusion expressed in equation (46.12), of the con- 
stancy of the volume of any extension in y-space, has been called the 
principle of the conservation of extension in phase. 

It may be pointed out here that the simple fundamental principles, 
concerning the constancy of density and of extension in phase, depend en- 
tirely on the choice of generalized coordinates and momenta as the axes for 
the phase ( 7 ) space. If velocities had been chosen instead of momenta, the 
conclusions reached would have been much more complex. This is the 
reason, referred to previously, for the choice of coordinates and momenta 
as the means of representing the state of a system. 

46e. Statistical Equilibrium. — An ensemble is said to be in statistical 
equilibrium when the probabilities of finding the phase points in the various 
regions of the 7 -space are independent of time. Under these conditions the 
average values of the properties of the system in the ensemble also do not 
change with time. Ensembles in statistical equilibrium are thus of par- 
ticular significance to chemistry. 

Expressed in mathematical terms, for an ensemble in statistical equi- 
librium, the density p would be independent of time at all points in the 
7 -space; that is. 



(46.13) 


for all values of q and p. The problem of interest is to find what function 
p must be in order to satisfy the condition represented by equation (46.13). 
Actually several different functions, corresponding to different types of 
ensemble, are possible. In the type which will be employed in the present 
treatment, the density p will be taken as a function of some property of the 
motion of the systems, e.g., the energy; representing this property by a, 
the density can be expressed as 

p = p(o). 


and hence the Liouville theorem, equation (46.6), takes the form 



dp ( boL , da 



(46.14) 


The property a is one which is a function of the coordinates and momenta, 
but the value for any given system would not change with time, i.e., da/dt 
is zero; hence, from equation (46.14), it is possible to write 



(46.15) 


where qi and p,- are to be regarded as the rates of change with time of the 
coordinates qi and pi of a phase point as a result of the natural motion which 
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such points may undergo. It is thus possible to combine equations (46.14) 
and (46.15), with the result 


(S'! 

/ q.P 



and since the position of the fixed point, represented by q and has not 
been specified, this relationship will hold for any point in the 7 -space. This 
IS just the condition for statistical equilibrium expressed by equation (46.13), 
and hence it is evident that if the density p is a function of some property 
of the motion of the systems that is independent of time, the ensemble of 
systems will be in statistical equilibrium. 

46f. The Microcanonical Ensemble.— A particular type of ensemble that 
is especially useful for present purposes, and satisfies the necessary conditions 
for statistical equilibrium, is that known as the microcanonical ensemble. 
For the so-called conservative systems^ which are those most frequently en- 
countered, the energy is a property of the motion; hence, for such systems 
an ensemble, with the density p distributed as any function of the energy 

would be in statistical equilibrium. In the microcanonical ensemble, 
the density is taken as equal to zero for all values of the energy except those 
lying in a particular narrow range from E to E hE; that is to say, for 
the microcanonical ensemble 


P = constant, in the range E to E + 6E 
P = zero, outside this range. 


Since the density is a function of the energy in ensembles of this type, h is 

apparent that they will be in statistical equilibrium. The most probable 

or average values of the properties which are predicted for any system 

belonging to a microcanonical ensemble will thus not vary with time. A 

microcano^nical ensemble can consequently be considered as representing a 

system which is apparently in a steady condition, at least when examined 

macroscopically so that the behavior of the individual molecules is not 
observed. 


It may be remarked that the points of constant energy lie on a definite 
sur ace m 7 -space. It follows, therefore, that the phase points representing 
a microcanonical ensemble must ail occur in the narrow shell lying between 
the two surfaces corresponding to the constant energies £ and £ + 6E, In 
this shell the density is constant, and hence the distribution of phase points 
is uni orm; according to Liouville*s theorem, it remains so at all times. 

47 a. Postulate of Equal Probabmties.-So far in the development of the 

statistical inechanics, the methods used have been based essentially on the 
principles of classical mechanics. In order to go further, however, in the 
application to molecular systems, it is necessary to introduce a postulate of 
some kind. Such a postulate will be incapable of direct proof, but it must 
be one that, at least, appears to be reasonable in character. The ultimate 
justification of the postulate will be found in the agreement between experi- 
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mental observations and the predictions made with its aid. It must be 
realized that the necessity for this postulate is not to be ascribed to any 
inadequacy in the principles of mechanics that have been employed; it must 
be attributed, rather, to the incompleteness of the knowledge concerning 
the systems under consideration. In all applications of statistical me- 
chanics, whether they be associated with mechanical or other problems, there 
must be available some information relative to the **weighting**of different 
states or individual occurrences. It is in connection with this weighting, 
or a priori probability^ that the postulate, to be described below, will be made. 

In the early discussions of statistical mechanics there was proposed what 
became known as the ergodic hypothesis of Boltzmann, or the postulate of 
the continuity of path of Maxwell. According to these assumptions, it was 
supposed that the phase point of any isolated system would pass in turn 
through every point compatible with the energy of the system, before re- 
turning to its original position in 7-space. The essential consequence of 
this postulate is that the probability of any given system being in a specified 
state, at a random instant of time, would be identical with the probability 
of a system, chosen at random from the appropriate ensemble, being in that 
same state. In other words, the average property of a system at any instant 
of time would be the same as the ensemble average. Since the property 
observed experimentally is really a time average, it follows, according to the 
ergodic hypothesis, that the ensemble average for a given property, as 
derived from statistical mechanics, should correspond to the observed value. 

There are many reasons for regarding the ergodic hypothesis in its 
original form as unsatisfactory, in spite of the fact that it leads to correct 
results. In recent years, therefore, a postulate known as the hypothesis of 
equal a priori probabilities for different regions in the phase space has been 
proposed. It is assumed that the probability of finding the phase point in 
any one region of phase space is identical with that for any other region of 
equal extension (or volume), provided the regions correspond equally well 
with the conditions that are known to apply to the system. (The word 
probability as used here means the fractional number of times a particular 
event is found to occur upon repeated trials of the same observation.) For 
example, if all that is known about the state of a system is that its energy 
lies between E and E + 5 £, then there will be equal probabilities of finding 
the representative (phase) point for the given system within equal volumes 
of the shell in 7-space corresponding to these energy limits. Further, if 
different extensions within this shell, having volumes vi, V2, etc., are con- 
sidered, the probability of the phase point for the system being in the 
respective regions will be proportional to these volumes. 

Although the postulate enunciated in the preceding paragraph must be 
regarded as an assumption incapable of direct proof, it can be shown to be 
in reasonable harmony with the conclusions drawn from the Liouville 
theorem. A little consideration will show that the concept of equal a priori 
probabilities for different regions in the 7-space is compatible with the two 
principles concerning the conservation of density and the conservation of 
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extension in phase. According to the former of these principles, the density 
at a given phase point will remain unchanged as the point moves through 
the phase space. It follows, therefore, that there will be no tendency for 
phase points to collect in any particular region of the space. Further, the 
principle of the conservation of extension in phase means that once a par- 
ticular volume (or extension) in phase space, containing a particular number 
of phase points, is defined, that volume will remain unchanged with the 
passage of time, although its shape may alter considerably. The constancy 
of the given volume with time and the lack of any tendency of phase points 
to concentrate in any region, suggest the reasonableness of the postulate 
that the probability of a representative point being in a given volume in the 
7-space is proportional to that volume, provided, of course, that it lies in 
the region satisfying the known conditions as to energy, etc. 

It will be seen later that the correspondence between volume in 7-space 
and the probability of finding the phase point for a given system, provides 
a useful means of bridging the gap between classical mechanics and the 
arguments of quantum mechanics. This may be regarded as a further 
advantage of the postulate of equal a priori probabilities over the older 
ergodic hypothesis. 

47b. Systems of S imilar Molecules. — For a system consisting of many 
molecules of the same kind, such as are of interest to the chemist, it is con- 
venient to consider a space representation of all the coordinates and mo- 
menta, including those due to translation, vibration and rotation, of a single 
molecule, as distinct from that for the system as a whole. In order to dis- 
tinguish them, the phase space, with If rectilinear axes, already used to 
represent a system, or ensemble of systems, has been called the 7-space, the 
letter 7 standing for gas. The space employed for an individual molecule, 
or molecules, is then referred to as the fx-spaccy where fx is for molecule. Just 
as a representative point in 7-space indicates the precise state of a system, 
so a point in ^t-space defines exactly the position and momentum of a single 
molecule. It is evident that the number of axes in /i-space will be less than 
those in the 7-space. If the molecule has r degrees of freedom, the M-space 
will have 2r dimensions, and if there are n similar molecules in the system, 
the total number of degrees of freedom {f) will be equal to wr, and the 
number of dimensions in the 7-space iff) is equal to 2wr. 

The state of each molecule in a system is determined by a representative 
point in its own 2r dimensional ^space, and if there are no appreciable forces 
acting between the n molecules constituting the system, the state of the 
latter may be regarded as determined by a point in the 7-space obtained by 
combining the n individual /x-spaces. The location of a single representative 
point in the resulting 7-space will then give the exact position of each mole- 
cule in its own /x-space, and hence will give a precise specification of the state 
of the whole system. 

In the application of statistical mechanics, a knowledge of the precise 
states of the molecules of a system is not so useful as specifications concern- 
ing the various small ranges within which the values of the coordinates and 
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momenta of the molecules might fall. In general, it may be supposed that 
the coordinates lie between q\ and q\ + qi and q^ + 6 ^ 2 , etc., and the 
momenta lie between and/>i -f“ and p% H- 6 /> 2 , etc. It is convenient 

therefore, to consider the /i-space of a given molecule to be divided up into a 
number of elementary regions or cells of volume 6 i;„, corresponding to the 
specified ranges in the q% and/)*s; thus, 

bv^^ = • • • hqr^pi • • • ( 47 * 1 ) 

for the volume (or extension) in the 2r-dimensional /i-space. All the cells 
in the M-space have equal extensions but their positions in the space will 
differ, corresponding to different values of the coordinates ^i, . . ., qry pu 
. . .yproi the molecule. The particular cell in the M-space may be identified 
by a subscript, viz., 1 , 2 , . . ., e.g., ( 6 y>i)i, etc., and if 

the cell in which the point representing a given molecule is situated is 
indicated by a letter, e.g., (5o,i)i(a), ( 5 t;,,) 2 ( 6 ), etc., the state of the molecule 
will be completely specified within the limits of the stipulated ranges of the 
coordinates and momenta. 

In an exactly analogous manner, the 7 -space may be divided up into 
cells of equal volume, corresponding to the ranges in the coordinates'and 
momenta of the n constituent molecules. It is thus possible to represent 
the hypervolume 6vy of a cell in the 2 /-dimensionai 7 -space by the expression 

hVy — *‘* (5Pp).(y> (3y^)i(n), (47.2) 

where, in general, (5p^)t(y) implies that the^th molecule occupies the /th cell 
in the /i-space. By specifying the particular cell in 7 -space, as represented 
by equation (47.2), in which the phase point for the whole system is to be 
found, the state of the system is completely defined, for every molecule, 
within the postulated limits. Each molecule may lie in a different cell in 
the At-space, but it is also possible for several molecules to occupy the same 
cell; this will occur if there are two molecules whose coordinates and mo- 
menta happen to fall within the same range. Interchange of the representa- 
tive points of molecules within any one cell in the /i-space, does not change 
the identity of the cell in the 7 -space. However, exchange of the phase 
points for molecules between different cells in the M-space causes the system 
to move to a different cell in the 7 -space. This implies that the molecules, 
although identical, can be distinguished from one another. Each arrange- 
ment of specified individual molecules having their representative points in 
particular cells in the M-space is sometimes called a microscopic state or 
complexion of the system. It follows, therefore, that every microscopic 
state, or every complexion, of a given system occupies a different cell in 
the 7 -space. 

The condition or macroscopic state of a system of n molecules, as indicated 
by its observable properties, is determined by specifying the numbers, but 
not the identities, of the molecules whose representative points are to be 
found in the different unit cells in the ;t-space. If these are identified, as 
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by tbe numerals 1, 2, the number of representative points 

will be «i, the total being equal to w. This means that there 

are molecules in the cell with coordinates and momenta lying in 

1 * ' */ "b + d^rypl + 5plf . . 

^ molecules in the cell (5t»^)2 for the range (qi, . . . , ^r, />i, . . . , «^)2 

an Cyi + 5^1, . . . -f- S^rypi + 5/>i, . . .,pr + Spr) 2 ; and, in general, «< 

molecules m the cell (5y„)t have coordinates and momenta in the range be- 

tw^n (^r, ' ^ ‘ ■ . j pi + 5pi, . . . , 

r K ^he point of view of macroscopic properties and behavior 

o t e system, it is immaterial which of the n similar molecules are taken as 
aving representative points lying in the cells, specified by 1, 2, . 

in the M-space. Hence, a large number of different unit cells in the 7-space, 

each having the volume Svyy as given by equation (47.2), will correspond to 

the same macroscopic state of the system. As seen above, the change from 

one cell m 7-space to another will arise from the exchange of representative 

points between the cells in the M-space. The total number of unit cells in 

the 7-space that the phase point for the system as a whole can occupy, will 

be equal to the total number of microscopic states, or complexions, of the 

system. This number is found by considering the different possible ways 

of arranging a total of « distinguishable articles, so that there are Wi in the 

first group, «2, in the second, and so on, with, in general, W; in the fth grouD' 
this IS given by ® 






> 


(47.3) 


and hence there are G unit cells in the 7 -space all corresponding to the same 

macroscopic state. Since the unit cells have equal volumes, the quantity 

G gives the total volume in the 7 -space occupied by the representative points 
of the system under consideration. 


The Classical Distribution Law 

48a. The MaxweU-Boltzmann Distribution- Law.— Consider a system 
made up of a large number of similar molecules enclosed in a vessel of con- 
stant volume. Suppose all that is known about the system is that its energy 
is is constant; it is then convenient to use the methods of statistical me- 
chanics to obtain further information as to the most probable behavior of 
the system, hor this purpose it is necessary, as mentioned previously, to 
choose an appropriate ensemble of similar systems, and to consider their 
behavior. A particular ensemble that is especially suitable for the type of 
system postulated is the microcanonical ensemble. In this case the points 
representing the systems are distributed uniformly through a thin shdl 
lying between two surfaces in the 7 -space representing constant energies of 

f * ■ ^ + ?^>.|;espectively. By permitting SE to approach zero, the uni- 
formity of distribution IS still maintained, while the energy of every system 
approaches the required constant value E. It will be remembered that the 
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microcanonical ensemble is in statistical equilibrium; hence, the results 
obtained by its aid apply to equilibrium conditions, which do not change 
with time. 

The uniformity of distribution, independent of time, of representative, 
points throughout the specified region in 7 -space, that is characteristic of 
the microcanonical ensemble, is evidently compatible with the postulate of 
equal a priori probabilities in phase space. Suppose the system of n similar, 
but distinguishable, molecules considered in the preceding section has a total 
energy which lies within the range of £ to £ + it follows, then, from 
the aforementioned postulate, that the probability of finding the system in 
the state in which molecules are in the first cell, in the second cell, 
and so on, with w, in the /th cell, is proportional to G, the number of unit 
cells, i.e., the total volume, occupied by the system in the 7 -space; thus, 

w ! 

IV — — ; — ; ^ ; X constant, (48.1) 

. . . w,! . . . 

where W is the required probability. It may be remarked that the pro- 
portionality constant, which relates the probability {JV) of the particular 
system to the volume (G) its representative points occupy in phase space, 
has the same value for any macroscopic state of the system. 

The most probable distribution of molecules among the cells in the 
//-space, that is to say, with coordinates and momenta lying in specified 
ranges, is found by investigating the conditions which make the probability 
Wy as given by equation (48.1), have a maximum value. For this purpose, 
it is convenient to express the condition of maximum probability in the form 

5 In = 0. (48.2) 

Upon taking logarithms of equation (48.1), it is seen that 

In /£ = In ^ In wj + constant, (48.3) 

i 

but this expression can be simplified by making use of Stirling’s formula for 
the factorials of large numbers, viz.. 

In w! = [n -\- \) \x\ n — n + \ \n 2 tt * * *. (48.4) 

Since n is large, w + | may be replaced by «; further the term \ log lir and 
those beyond may be neglected, giving 

In «! = w In w — n, (48.4) 

In systems of practical interest the total number n of molecules is very large; 
further, it may be supposed that most of the numbers w,-, for the molecules 
in the various cells in /t-space, are also large, so that the simplified Stirling 
formula, equation (48.4), may be used for all the factorials in equation 
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(48.3). The latter then becomes 


In ^ == w In « — w — (wi In Wi — »,) + constant. 

# 

% 

= « In « — 2^ »,• In fti + constant, 

i 


(48.5) 


remembering that 23 w* is equal to n. Differentiation of equation (48.5) gives 

5 In ^ ^ 5(w; In w,) 

i 

= — Z (In w, -f- 1)5«„ (48,6) 

# 

% 

and upon introduction of equation (48.2), the condition for the maximum 
probability is seen to be 

Z (In Wi + l)Sni = 0. (48.7) 


In connection with the further examination of this equation, it is 
necessary to recall certain restrictions which apply to the system under 
consideration. Since the total number of molecules « is constant, it follows 
that the variations in the numbers w,- in the various cells in /i-space are 
not completely arbitrary, but must always add up to zero; thus, since 

Z Wi = « = constant. 


it follows that 


Z = 0 . 

% 


(48.8) 


Further, it has been postulated that the energy of the system remains con- 
stant, within the small range required to specify the microcanonical en- 
semble. The molecules in each particular cell in the M-space will have a 
definite energy within the small range over which the coordinates can vary 
in the unit celL ^ If in the general case, is the energy of a molecule in the 
ith cell^ and E is the constant total energy of the system^ then 

Z Wi = E = constant, 

% 

and hence 

Z = 0. (48.9) 


The equations (48.7), (48.8) and (48.9) represent the conditions which 
must be satisfied simultaneously for the system of maximum probability. 
Using the Lagrange method of undetermined multipliers, that is, on multi- 


Strictly speaking should be defined by dE/drtiy like a partial molar quantity, i.e., the rate 

increase in energy of the system per molecule added to the fth cell at equiUbrium, If the 

Mhaves ideally, however, and there is no interaction between the molecules, €t may be 
laentined with the actual energy per molecule. ^ 
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plying equations (48.8) and (48.9) by the undetermined constants a and 
respectively, and adding to equation (48.7), the result is 

E (In Wi + 1 + a + = 0. (48.10) 

% 

The integer 1 in equation (48.10) may be combined with a to give a new 
constant which for convenience, may also be represented by a, so that the 
equation may be written as 

E (In a i3€,)5«.- = 0. (48.11) 

% 

Since the variations in the cells in the /i-space are independent of each 
other, with the restrictions already included in equations (48.8) and (48.9), 
it will be seen that equation (48.11) will be satisfied, in general, only if each 
term in the summation is zero; thus 

In Wi + « + = 0, 

\n rii — — (a -f ^€,), 

for every cell / in the /i-space. This equation may be put in the form 
or 

1 

The result represented by equation (48.12) or (48.13) is of fundamental 
importance to classical statistical mechanics; it is a form of what is known 
as the M.axvDelUBoltzmann distribution law. These equations give the most 
probable distribution of molecules among the various possible individual 
energy values, at statistical equilibrium, for a system of constant total 
energy. It may be mentioned that it is possible to show by the theory of 
fluctuations, itself an aspect of statistical mechanics, that provided the total 
number of molecules in a system is large, as is almost invariably true, the 
most probable distribution, as given by equation (48.12) or (48.13), is very 
much more probable than any other distribution that differs from it to any 
appreciable extent. It follows, therefore, that equation (48.12) or (48.13) 
may be regarded as representing the actual behavior of a system involving 
a large number of molecules. Attention may be called to the fact that in 
deriving the Maxwell-Boltzmann distribution law, no restriction was made 
as to the nature of the energy, i.e., translational vibrational, rotational, etc. 
The equations may thus be regarded as applicable to the distribution of the 
total energy or of any form of energy which has a constant value for the 
given system. 

Before proceeding to the further development of the Maxwell-Boltzmann 
law, it is desirable to call attention to the approximations and assumptions 


(48.12) 

(48.13) 
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made in its derivation. In the first place, it has been assumed that the 
molecules are distinguishable; this aspect of the subject will be taken up 
more fully later in connection with a discussion of quantum statistics. 
Secondly, the use of the Stirling approximation for «»! presupposes that all 
the tii values are very large. Finally, the tacit assumption has been made 
that both Hi and are continuously variable; this is not serious provided 
W; is always large and the energy quanta are small, as is particularly the 
case for translational energy. The general validity of the distribution law, 
as far as classical mechanics is concerned, is established by the fact that it 
is possible to derive exactly the same equation by methods which do not 
involve the approximations made here. It must be remembered, of course, 
that in every case the identification of €i with the actual energy of a molecule 
in the /th cell in the /t-space presupposes the absence of forces acting between 
the molecules. The systems are thus assumed to consist of ideal gases, for 
it is only in these circumstances that intermolecular forces are completely 
absent. However, under such conditions that the deviations from ideal 
behavior are not large, the Maxwell-Boltzmann distribution law may be. 
employed without incurring serious error. 

48b. Evaluation of the Maxwell-Boltzmann Constants. — The Maxwell- 
Boltzmann distribution law may be written in a form which calls attention 
to the relationship between the number of molecules in any region of the 
M-space, and the volume (or extension) of that region. A constant C is 
defined in terms of the constant a that appears in equation (48.12); thus, 

= nCSqi • • ■ Sqr^pi • • • 6pr, (48.14) 

where, as before, ri is the total number of molecules and Sqi ... SqrSpi , . . dpr, 
later abbreviated to 8q\ • • • dpn is the volume in the M-space of the unit cdls 
into which this space has been divided. The expression for e~^ may be 
substituted into equation (48.12), and at the same time the number of 
molecules in the /th unit cell, may be replaced by 6«, while the subscript is 
eliminated from the Maxwell-Boltzmann equation then takes the differ- 
ential form 

6n = nCe^^^Sqi ■ • • 5pr, (48.15) 

This result shows that the number of molecules 6n in any unit cell of the 
M-space is proportional to the volume • • • 6pr of that cell, as determined 
by the corresponding postulated ranges of the momenta and coordinates. 

If equation (48.15) is integrated over all possible values of the coordinates 
and momenta that any molecule may possess, the result must be equal to 
the total number of molecules «, so that 




m 

nC ^ ^ ^ e^^^dqx • • • dpty 




(48.16) 


the limits of the 2r integrals being from — qo to « for all the and 
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From this it is seen that 


C ~ f ' " f • ■ • dp,. 


(48.17) 


In order to evaluate the constant C (or a and /3), it is convenient to 
consider a system involving a dilute monatomic gas, which may be regarded 
as exhibiting ideal behavior, contained in a vessel of volume v Molecules 
of this type may be treated as point particles; the position of each molecule 
will then be given by three cartesian coordinates ;e, _y, z, and the correspond- 
ing momenta />„, p,. For this system, equation (48.17) then takes 

the form 

f ^ ‘~^'dxdydzdpjp^p,. (48.18) 


Integration over the coordinates jr, y, z, gives the volume n of the containing 
vessel, i.e., ® 


so that 



(48.19) 


C~ ''f f f ^^'dp^pvdp.. (48.20) 


Since the system has been assumed to consist of an ideal monatomic gas, 
t may be identified with the kinetic energy per molecule, and this may be 
written as 


€ 



ipl + pi + 


(48.21) 



Xhe three components Pxy pyy of the momentum of the molecule are 
independent; hence equation (48.21) may be introduced into (48.20), and 
the variables separated to give 

- = V J* e~^^V’^”^dpz ^ e~^^y^^dpy 

The three integrals are of the standard form 



00 


—00 


e~0pV^-*dpx, (48.22) 



(48.23) 
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and hence it follows that 



(48.24) 


The total energy E of the n molecules may be expressed by the re- 
lationship 



(48.25) 


and utilizing equation (48.15), which in the case under consideration may 
be written as 


it follows that 


dn = nCe~^*dxdydzdpxdpydpty 




€e~^*dxdydzdpxdpydpty 


(48.26) 

(48.27) 


Making use, as before, of the fact that integration over the coordinates 
yy 2 , gives the volume v, and then introducing equation (48.21) for e, 
equation (48.27) becomes 





nvC 

2m 


m (pz + pi + pl)(r’-’‘l+^,+’9i^’'dj>Jpydp,. 


—00 


(48.28) 


Since the variables py and pg are independent, the triple integral is 
readily seen to be equal to the sum of three equivalent expressions of the form 

/ = f ple-^V^^'dp^ r e~Ki^”^dpy \ e~^J^^dp,. (48.29) 

c /— 00 o /— 00 

Utilizing the standard integral 



I 


together with the standard integral in equation (48.23), the value of I in 
equation (48.29) becomes 



(48.31) 


The three integrals of (48,28) are each equal to /, given by equation (48.31), 
so that 
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and if the value of C given by equation (48.24) is introduced, it is found that* 



(48.32) 


For one mole of gas, the number of molecules n will be equal to the Avogadro 
number and hence for one mole. 



(48.33) 


For one mole of an ideal monatomic gas, it is to be expected, e.g., from 
heat capacity determinations, that 


E = iRT 

= ^NkT, 


(48.34) 


where ky equal to RINy is the gas constant per single molecule, generally 
known as the Boltzmann constant. Comparison of equations (48.33) and 
(48.34) shows that 



(48.35) 


so that this is the value of ^ for a monatomic gas; it will be proved below 
that it has the same value for any gas satisfying the Maxwell-Boltzmann law. 
Combination of equation (48.35) with (48 24) gives for a monatomic molecule 


1 ^ 

C 




(48.36) 


48c. Mixtures of Gases. — In the preceding section the value of ^ was 
determined for the special case of a monatomic ideal gas, but there is no 
certainty that the result obtained will be applicable to other cases. It is 
true that there is nothing in equation (48.35) that has any reference to the 
properties of the substance involved, but it would be desirable if a more 
definite proof were available that ^ was independent of the nature of the gas 
molecules. Such proof can be obtained by considering a mixture of «, 
w", . . . molecules of different gases; let w.-, n^y ... be the numbers of the 
respective molecules required to occupy the various equal cells /, jyky . . 
into which the ^-spaces for the different kinds of molecules are divided. 
The probability W of finding the system in the specified state when statistical 
equilibrium is attained is then given by 




.r 

} • • • • 




// I 

n\ I 


I 

! 


TV ^ 


nil. . .nil . . . 


• • • 


X constant, (48.37) 
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and hence, after introducing the Stirling approximation. 

In ^ = (w In w — Wf In n.) 

i 

-f (w' \nn'-'J^njlnnj)-\- • * - + constant. (48.38) 

# 

i 

The condition for the maximum probability is then 

E (In Wi + l)5wi + E (In »> + iWj + * " = 0. (48 39) 

i i 

Since the total number of each kind of molecular species remains constant, 

E - 0, (48.40) 

% 

E = 0. (48.41) 

i 


Further, the total energy of the system has a definite value, and hence 

E + E ‘ • — 0. (48.42) 

i i 

Multiplying equations (48.40), (48.41), . . ., by a, a', . . ., respectively, and 
equation (48.2) by and adding the result to equation (48.39), according to 
the method of undetermined multipliers, it is found that 

E (In «,* H“ a 4" p€i)Sni 4* E (In 4“ 4* = 0. (48.43) 

» i 

The variations among the different gases can be treated as independent, 
and the result, analogous to equation (48.12) for a single species, is 

m = (48.44) 

=. (48.45) 

It is apparent that although the constant a varies from one kind of molecule 
to another, p is the same throughout; the reason for this is seen to He in the 
fact that the number of each kind of molecule is constant, whereas for the 
energy it is the total energy for all the molecules that is unchanged. 

Suppose that one of the constituents of a mixture of two or more ideal 
gases is a monatomic substance; when statistical and temperature equi- 
librium is attained, the value of p in the equation giving the distribution of 
the molecules of the monatomic gas is equal to IfkT^ as already shown. 
From the arguments just presented it is apparent that this will be the same 
in the equations (48.44), (48.45), etc., for the distribution of the molecules 
of the other gases. It follows, therefore, that the value of p in the Maxwell- 


the classical DISTRlBUnON LAW 


297 


Boltzmann equation is always equal to \lkTy irrespective of the nature of 
the molecules concerned. 

It will be noted from equation (48.36) that C is not independent of the 
gas, as It invo ves the mass w of the molecules. Since a is related to C by 
means o equation (48.14), it is evident, as is to be expected from the fore- 
going arguments, t at a will vary from one substance to another. 

49a. Maxwell s Law of Distribution of Velocities. — The special form of 
t e istri ution aw applicable to the velocities, or kinetic energies, of 
molecules was first derived by Maxwell by means of the kinetic theory of 

g^es. ^ ° readily from one of the general forms of the 

Maxwell-Boltzmann distribution law, in the following manner. Since the 
components of translational energy are the only properties of interest for 
the present problem, any molecule may be regarded as behaving like a 
monatomic molecule, provided the translational energy can be treated as 
separable from the other (internal) forms of energy (cf. Section S7a); this is 
probably justifiable in a constant, or zero, force field. Under these circum- 
stances, the distribution law equation (48.1S) is equivalent to equation 

(48.26); introducing the value for /3, equal to IjkT, the latter equation 
becomes 

dn = nCe-"‘'^dxdydzdpJp^p„ ( 49 . 1 ) 

where C has the value given by equation (48.36) for a monatomic molecule. 
Equation (49.1) may now be integrated over the coordinates .v, >, z, as 
before, to give ti; the resulting expression, after introduction of (48.36), is 


dn = 


n 


(lirmkTyi^ ‘ 


(49.2) 


which holds for all the molecules in the given containing vessel. 

The kinetic (translational) energy c may now be replaced by 

c = \m{x^ + + i*), (49.3) 

and at the same time the momenta may be written in the form = wx, 
etc., so that 


dpz = mdXy dpy = mdy^ and dp, = mdi. 

With these changes in the variables, equation (49.2) becomes 


(49.4) 


dn 


( m 


(49.5) 


which is the form of the Maxwell distribution law for the number of mole- 
cules having components of velocity in the range x to x + ^x, 2 / to ?/ + dy^ 
and: i to i + dz. 

The resultant speed of translation r of a molecule is given by 

^ = x^ + y* + i*. 


(49.6) 



298 


STATISTICAL MECHANICS 


and, in terms of polar coordinates, 

dxdydz =* sin Oded>i>dc, 

Changing the variables, equation (49.5) takes the form 


(49.7) 


dn 




ZirkT/ 


nt^l2JeT^2 sin QdBd^dc, 


(49.8) 


This expression gives the number of molecules with speeds be^een f artd 
r + dc, in ^ direction lying within the angular range ^ to 0 + dB, and ^ to 
+ d^. In order to obtain the number of molecules having velocities 
between c and c dc irrespective of direction, it is necessary to integrate 
equation (49.8) with respect to 0, between the limits of zero and t, and with 
respect to 0, between the limits of zero and 2t, thus including all possible 

directions; hence. 


dn 




= 4v« 





sin QdB I d^ 

0 vO 


iTtkT) 


<r— 


(49.9) 


Since the kinetic energy e is also equal to \mc^^ i.e.. 


\mc^ = €, 


it is readily shown that 


c^dc =* 


(26)«/* 


m 


tit 


de. 


and hence equation (49.9) may be written as 


dn = 


2irn 


(irkT) 


nt 


fkT^mdt. 


(49.10) 


This gives the number of molecules with kinetic (translational) energy lying 
between € and « + //e in any direction. 

49b, Mean Values in Statistical Mechanics. — The Maxwell-Boltzmann 
equation (48.12) gives the distribution of molecules having specified mo- 
menta and coordinates, lying within certain limits; consequently the equa- 
tion may be employed to calculate the mean value of any function of these 
variables, e.g., velocity or energy. The procedure is to take the fraction of 
the molecules having a particular value of the given property, to multiply 
it by this value, and then to sum (or integrate) over all the molecules. Since 
equation (48.15) gives the number of molecules having coordinates and 
momenta within a specified range, the fraction of the total number n of 
molecules having these coordinates and momenta is obtained on dividins^^ 
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by n; thus 

dn 

— = Ce-'i'‘'^dqx ■ ■ ■ dp„ (49.11) 


in which ^ has been replaced by its known value l/ytT. If i? is any property 

that IS a function of the coordinates and momenta, the mean value of R, 
represented by R, is then given by 



Re • dp 


f 


Introducing the expression for C, given by equation (48.17), it follows that 





* • • dpr 


S S ^ ’"dpr 


(49.12) 


The use of this equation may be illustrated by calculating the mean 
velocity 5, irrespective of direction, of the molecules of an ideal gas; this 
may be written in the most general form as 



"^dxdydzdp^pydpt 


f - S“ 

J ‘ J ^'^'"'^^xdydzdprdpydp^ 


(49.13) 


Since c is independent of the coordinates at, y, 2 , these may be integrated 
out from numerator and denominator of equation (49.13); at the same time 

the variables may be changed by means of the equations (49.4), with the 

result 



/// ce~*^^'^dxdydz 

fff e~*f^‘^dxdydi 


(49.14) 


As in Section 49a, conversion is made to polar coordinates; at the same. time 
€ may be replaced by \mc^y so that 



Jo Jo Jo 


fZg-mct/2kT sin 0d0d4>dc 


f:n 


00 


sin 0d0d<t,dc 



00 



CP 


Cig-m,>l2kT£c 
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Since there is no restriction as to the direction off, its value c^vary from 
zero to infinity; these are, therefore, the limits of integration. The integrals 
in both numerator and denominator are standard forms; thus, 




l/2kTV 

2\ m } 

4 V m / 


/ZkTy* 

\ TOT / 


(49.15) 


This result gives the mean speed of the molecules regardless of direction; 
for certain purposes it is desirable to know the mean value of the component 
of velocity in a particular direction; if this is in one direction, parallel to the 
X axis, equation (49.14) becomes 





X = 


r 




where the energy « is now Jotx*. The integration in the numerator is from 
zero to infinity, but in the denominator the limits are — «> to «>, to allow 
for the fact that molecules can move in ^oth directions parallel to the same 
axis. Utilizing the standard integrals, it is found that 





49c. Principle of the Equlpartition of Energy. — The average energy of 
the molecules in a given system is represented by 



/■■■/ 


(49.17) 


and this could be evaluated if the dependence of the energy on Ae coordi- 
nates and momenta were known. The treatment can be simplified when 
the energy components corresponding to one or more of the variables, i.c., 
the coordinates and momenta, arc separable from the others- For example, 
if the energy c(^j) associated with the momentum pi may be treated as 
independent of the other forms of energy «(p, y)> then it is possible to write 


€ = €(pt) + y)t 
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and hence 


«0>.) = 


/•■■/ 

If d<^\ * ■ • d'P^ 

f-f 

/■■/ ^t(pi)/fcr^.(p,ff)/*r^y^ . . . 


(49.18) 


(49.19) 


Since €(p.) and ^•<*»<> depend only on the variable /><, all the other variables 
can be integrated out, the result being the same for both numerator and 
denominator; equation (49.19) then becomes 





)/4 


^dpi 





(49.20) 


If the energy can be expressed as a quadratic function of viz., 




(49.21) 


where ^ is a constant, it follows that 




aplr^^f^-^dpi 


»«0 



(49.22) 


Exactly the same result, i.e,, \kTy would have been obtained for the mean 
value if the energy had been a quadratic function of one of the coordinates 
e,g., €(fy). It follows, therefore, that the average energy associated with 
each single variable, coordinate or momentum, which contributes a quadratic 
term (or square term) to the total energy, is \kT per molecule in every case. 
This conclusion is generally referred to as the principle of the equipartition 
of energy. 

The component of the kinetic energy of a molecule in any direction may 
be expressed as a quadratic function of the corresponding momentum, e.g., 
= pljlm; hence the mean value of the kinetic energy per molecule in that 
direction is \kT, For a monatomic gas, the total energy is kinetic in nature 
and is made up of three components corresponding to three momenta; the 
energy is thus \kT per molecule, or ^NkTy i.e., per mole. This result 
was, of course, used in the proof that ^ is equal to lAT, but the conclusions 
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arc independent of this fact because the same value for may be derived in 
other ways; one of these will be indicated below. 

The energy tr of a rotator is entirely kinetic in character; for each type 
of rotation, ^ 

*r = , (49.23) 


where/)* is the angular momentum and I is the moment of inertia about the 
axis of rotation. The rotational energy is thus a quadratic function of the 
corresponding momentum; every type of rotation of the molecule as a whole* 
will thus contribute i^Tper molecule, or \RT per mole, to the total energy. 

The energy of a linear* harmonic oscillator is given by the sum of two 
square terms, one involving a momentum and the other a coordinate 
q\ thus 





(49.24) 


where the first term on the right-hand side is the vibrational kinetic energy 
and the second term is the potential energy. It follows, therefore, that the 
average energy of the oscillator will be twice i.e., kTy per molecule, 
or RT per mole. 

In general, for a nonlinear molecule containing n atoms, there are three 
components of translational energy, three rotations and 3« “ 6 vibrational 
modes; the total energy per mole, according to the equipartition principle, 
should thus be (3w — ‘i)RT, Utilizing the thermodynamic expression 
{dEldT)v for the heat capacity at constant volume, the latter should be 
(3« — 3)/2 for a nonlinear «-atomic molecule. Experiments show, however, 
that this value is attained only at high temperatures; at lower temperatures 
the heat capacities are less than the results derived from the principle of the 
equipartition of energy. This principle is thus an approximation; the reason 
will be seen later to be due to the neglect of the quantization of energy. 

Apart from the assumptions involved in the foregoing (classical) treat- 
ment, that the intermolecular forces are negligible and that the different 
forms of the energy are separable, it must be emphasized that the equi- 
partition principle depends on the particular form of the energy being an 
exact quadratic function of the corresponding coordinate or momentum []cf. 
equation (49.21)]. If this is not the case, the principle must inevitably fail, 
even at high temperatures. For example, if the linear oscillations are not 
strictly harmonic in character, the potential energy will not be given by 
but by an expression of the form (cf. Section 29b) 

« = i/y’ + + * • *. 

It is obvious that in this case the average energy corresponding to the 
particular coordinate q will not be equal to \kT per molecule. 

49d. Calculation of Gas Pressure* — Consider a rectangular box of voU 
ume D containing n molecules; the pressure on the walls of the box is due 
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to the bombardment of the molecules which are moving in all directions. 
Since no direction is preferred over any other, the pressure on any one face 
of the box, e.g., that perpendicular to the x axis, which will be the same as 
that on the others, may be regained as due to the x component of the ve- 
locities of all the molecules. If x is the mean velocity component in the x 
direction, the change of momentum resulting from the impact of a single 
molecule under consideration \s_2mXy where m is the mass of the molecule. 
All molecules within a distance x should reach each square centimeter of the 
wall in_unit time. Since there are n molecules in the volume p, it follows 
that nxjv molecules strike the wall in unjt time. The rate of change of 

momentum per sq. cm. of wall is thus Imnx^lvy and this, by definition, must 
equal the pressure P exerted by the molecules; thus. 



2mnx^ 

V 


(49.25) 


The value of x^ may be derived in a manner exactly analogous to that em- 
ployed in Section 49b to determine x; thus 








00 


oo 




2m' 


(49.26) 


Insertion of this result into equation (49.25) 


then gives 



nkT 

V 


UN is the number of molecules in 1 mole, and ^is the corresponding volume, 
it follows that 



(49.27) 


which is the equation of state for an ideal gas. This result is, of course, 
to be expected, since the Maxwell-Boltzmann equation, upon which (49.26) 
is based, is applicable when there are no intermolecular forces. It may be 
noted, incidentally, that by assuming the result of equation (49,27) it is 
possible to derive the value l/kT for the constant /3. 


Quantum Statistics 

50a. Indistinguishability of Similar Particles. — In the foregoing sections 
the treatment has been based on classical concepts; for example, it is tacitly 
assumed that it is possible to define exactly both the position (coordinate) 
and velocity (momentum) of a molecule. It is desirable to consider now 
what changes, if any, have to be made in the results obtained by classical 
statistical mechanics as a consequence of the application of the modern 
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ideas of quantum theory and wave mechanics. It has been repeat^y 
mentioned that the derivation of the Maxwell-Boltzmann equation involved 
the postulate that molecules of a particular species, m spite of being similar, 
were distinguishable from one another. It was supposed that if two mol^ 
cules, or other particles, whose representative points occupied diiierent unit 
volumes in the ^-space were interchanged, there resulted a new microscopic 
state. This supposition implies, in principle, that during the process of 
molecular interchange it is possible to keep both molecules under precise 
observation during the whole time, without producing any disturbing effect 
on them. However, according to the Heisenberg uncertainty principle (cf. 
Section 3b), it is not possible to maintain exact observation on the states of 
the molecules without affecting the system in some manner* In other words, 
although it may be possible classically to determine whether two molecules 
in different cells in the /x-space have interchanged, the possibility is forbidden 
by quantum mechanics. Consequently, in quantum statistics two or more 
states that cannot be distinguished from one another by conceivable observa- 
tions are to be regarded as being merely one state. 

The same conclusion may be reached in a somewhat more precise manner 
by means of some elementary arguments of quantum mechanics. Consider 
two exactly similar particles, whose coordinates are qi and ^ 2 > respectively. 
Suppose there are two eigenfunctions Ua and available, so that the solu- 
tions of the wave equation for the two separated particles would be either 
Uaiqi) and Ub{q 2 )y or Ua{q 2 ) and Ub(qi), Since the two particles are entirely 
similar, it is evident, as in the case of the hydrogen molecule discussed in 
Section 15, that there will be two possible solutions of the Schrodinger 
equation for the system as a whole; these are the symmetric eigenfunction 

^ {«a(yi)«6(ya) + «a(y2)«6(yi)) 


and the antisymmetric function 



[UaiqOubigz) — Uc{q2)Ub{qi)}i 


where 1/^ is the normalizing factor in each case. 

According to the wave mechanics, the average value of any property is 

given by the expression 

S = J 

where is the probability distribution function (Section Sa). In the 
present case, therefore, the symmetric and antisymmetric eigenfunctions 
lead to the following results 


Rs = I 
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and 

Ryp^^l/Adr. 

It should now be observed that in the case of the symmetric solution, an 
exchange of the coordinates of the particles leaves both and i/'s unchanged; 
the mean value of the property R is consequently unaffected by the ex- 
change. For the antisymmetric case, an exchange of coordinates alters the 
signs of both with the result that Ra is again unchanged. Any 

interchange of the two particles thus leaves the observed property of the 
system completely unaffected. In other words, wave mechanics denies the 
possibility of distinguishing between the two similar particles, so that the 
classical statistics of Boltzmann must be abandoned in favor of alternative 
schemes. Two forms of quantum statistics, applicable to particles of differ- 
ent types, have been proposed; the fundamental postulate of both is that 
similar particles are indistinguishable, but in one case symmetric solutions 
only, and in the other case antisymmetric solutions only, are permitted. 

50b. Probability of Eigenstates. — Before proceeding to develop the con- 
sequences of the quantum statistics, it is necessary to introduce the postula- 
tory basis of these statistics, equivalent to the postulate of equal a priori 
probability of extensions of equal volume in 7 -space. Every solution of the 
wave equation for any system is an eigenfunction for that system, and each 
one of these eigenfunctions, representing a different probability density, is 
called an eigenstate of the system (cf. Section 6 a). It may now be postulated 
that every eigenstate has an equal a priori probability; the eigenstate of 
wave mechanics is thus the equivalent of the unit cell in the 7 -space of 
classical statistical mechanics. There is, of course, no direct proof of this 
postulate, although it certainly appears to be a reasonable one from general 

considerations. 

It will be seen later that for a system involving n distinguishable mole- 
cules, or other particles, for which there are no restrictions concerning the 
symmetry of the eigenfunctions, the assumption of the equal probabilities 
of eigenstates leads to the same results as does that concerning equal volumes 
in 7 -space. The two postulates may, therefore, be regarded as equivalent, 
one being stated in the language of classical mechanics while the other uses 
the concepts of the wave mechanics. 

50c. Equilibriiun in Quantum Statistics. — The Liouville theorem and 
the microcanonical ensemble of classical statistical mechanics have their 
equivalents in quantum mechanics; the essential difference is that the density 
in phase space is replaced by a density matrix^ which may be regarded as its 
wave mechanical equivalent. In the language of the quantum mechanics, 
the microcanonical ensemble is one in which the density matrix has a definite 
value, independent of time, when the eigenvalue of the energy lies between 
the limits of E and E + and is zero outside this range. The total energy 
of the system cannot be regarded as precisely constant, for there is an un- 
certainty A£> which is related to the time A/ available for observation, by 
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the Heisenberg principle in the form 

AEA/ « h. 

The magnitude of the range SE stipulated in defining the microcanonical 
ensem ble must be small enough so that it may be treated as an infinitesimal 
quantity, but must, at the same time, be large in comparison with the un- 
certainty AE. In this ensemble there are equal probabilities of all the differ- 
ent eigenstates corresponding to any eigenvalue of the energy lying in the 
specified range. A microcanonical ensemble defined in this manner, like 
the corresponding classical ensemble, will be in statistical equilibrium, and 
from the observational point of view may be regarded as representing the 
steady state of the system. 

There are certain other respects in which the classical treatment requires 
modification. In this treatment it was assumed that a continuous variation 
in the energy is possible, but the quantum theory permits a molecule to have 
only certain definite energy values. In some instances, each energy level 
represents a single eigenstate and will have one eigenfunction; however, as 
a result of various circumstances, a particular level may be degenerate (cf. 
Section 6a), that is, there may be several eigenfunctions associated with the 
same, or approximately the same, eigenvalue of the energy. The number 
of eigenstates, for the particular energy state, is then equal to the degeneracy 
of that state. If the degeneracy corresponding to the energy is equal to 

then the number of eigenstates for that energy is also gi. For a non- 
degenerate state, the number of eigenstates is, of course, unity. Since it has 
been postulated that every eigenstate has an equal probability, the de- 
generacy gi is frequently referred to as the a priori probability or statistical 
weight of the particular energy level. 

sod. Statistical Considerations. — Consider a system involving a large 
number n of similar “elements”; the word “element” is used here in a very 
general sense so as to include all types of particles, such as electrons, protons, 
neutrons, atoms, molecules, and even photons and vibrational modes. Sup- 
pose the coordinates of the similar elements are represented by yi, ya, . . ., y«, 
and that there are available a total number g of eigenfunctions k, such that 
«o(yi), «&(y 2 ), . . are the solutions of the wave equation for the n 
individual elements. The complete eigenfunction ^ for the whole system, 
assuming weak interaction, may then be taken as equal to the product of 
the eigenfunctions for the separated elements (cf. Section 24a); hence, 
neglecting the normalizing factor, 

^ = «a(yi)«5(y2) • ■ • ttpCfn)- (50.1) 

If there are no symmetry restrictions, and the elements 1, 2, . . ., « are all 
distinguishable, this particular solution represents one eigenstate of the 
system. Any change in the distribution of the n elements among the g 
elementary wave functions would, on this basis, lead to a new value for 
and hence to another possible eigenstate corresponding to the same energy 
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value. It will be seen subsequently that an eigenfunction of the type 

represented by equation (50.1) leads to results identical with those derived 

from classical considerations; it may consequently be regarded, in a limited 

sense, as the quantum basis of the Maxwell-Boltzmann statistics. 

It has been already shown, however, that from the point of view of 

modern physics, two similar particles cannot be regarded as distinguishable; 

hence, any change in the assignment of the n elements among the g wave 

functions does not produce a new eigenstate. The complete eigenfunction 

^ for the system is no longer given by equation (50.1), but the proper solution 

must be a linear combination of the functions resulting from all possible 

permutations of the n elements among the g elementary wave functions; 

thus, apart from the normalizing factor 
% 

= L PWa(yi)ttfr(y2) • • • Uo{qn)y (50.2) 

where P stands for the permutation operator. Since the elements are in- 
distinguishable, all the permutations are equivalent and they appear with 
the same coefficient, taken as unity in equation (50.2). 

It is now necessary to consider the effect of symmetry restrictions. The 
symmetry property is an invariant characteristic of the elements constitut- 
ing the particular system. It can be shown, both theoretically and experi- 
mentally, that the symmetry character is a fundamental property that does 
not change with time. Suppose, in the first place, that the eigenfunction 
IS to be symmetric; an interchange of the coordinates of any two elements, 

e.g., from «o(yi)« 6 (y 2 ) ■ • • «,(fn) to ... tt,(y„), should produce 

no change of sign. This condition is actually satisfied by equation (50 2) 
which consequently represents the symmetric solution of the wave equation 
of « indistinguishable elements. It will be seen below that for antisymmetric 
eigenfunctions it is not possible for the wave functions of any two elements 
to be the same; this restriction, however, does not apply to the symmetric 
solution. In the case being considered at present, two or more elements 
may be associated with any particular elementary wave function; thus 
UaKqd and U},{q^ may be the same. The postulate of a system of indis- 
tinguishable elements for which symmetric solutions are alone possible is 
the foundation of the Bose-Einstein statistics. This type of quantum sta- 
tistics is found to be applicable to photons, and also to the nuclei of atoms 
containing an even number of fundamental particles, i.e., of protons and 
neutrons. In general, any atom or molecule containing an even number of 
electrons, of protons and of neutrons satisfies the Bose-Einstein statistics. 

If, as before, the n particles are indistinguishable, but the solution of the 
wave equation is antisymmetric in character, it is necessary to modify equa- 
tion (50.2) by introducing the symbol ± before the summation sign; thus, 

'f' = T.± P«.(?i)a6(jr2) • • • (50.3) 

the sign being positive or negative according as the number of permutations 
IS even or odd (cf. Section 24a). In these circumstances no two particles 
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can have the same elementary wave function, as may be seen in the Mowing 
manner. Suppose the wave functions Ua and wt, associated with the indis- 
tinguishable elements 1 and 2, are identical; then for every permutation 
contained in the summation of equation (50.3), there will be one of equal 
value but of opposite sign resulting from the exchange of the elements 1 and 2. 
The whole sum, giving the complete eigenfunction of the system, would 
consequently be zero. Since this is impossible, it is evident that for an 
antisymmetric solution of the wave equation, no two particles can be associ- 
ated with the same elementary eigenfunction. The Fermi-Dirac statistics^ 
which applies to all fundamental material particles, viz., electrons, protons 
and neutrons, and to nuclei containing an odd number of such particles, is 
based on the supposition of indistinguishable elements which can exist in 
antisymmetric states only. 

50e. The Bose-Einstein Statistics.— Suppose the n indistinpiishable ele- 
ments that constitute the system under consideration are divided into a 
series of quantum groups or levels, with the numbers of elements, Wi, «*, . 

«„ . . . ; in each group the energy is (almost) constant, viz., ei, ca, , 

respectively. Then since the total number of elements is constant, and 
the total energy of the system is also constant, within narrow limits, it 

follows that 

S = « = constant, (50.4) 



X! uni = E = constant. (50.5) 

< 


If the degeneracy, i.e., statistical weight, of the ith level, in general, is equal 
to giy the total number of eigenstates for the group of Wi elements is equal 
to the number of ways in which the elements can be distributed among the 
gi wave functions. Since the complete eigenfunction for the Bose-Einstein 
statistics is to be symmetric, there is no restriction as to the number of 
elements associated with each particular function. The required number 
of different ways is equivalent to that in which m indistinguishable particles 
can be distributed in a box divided into gi compartments, without any re- 
striction as to the number in each of the compartments. Imagine a box 
divided by gi — 1 partitions into gi sections; the «,• particles are then sup- 
posed to be distributed among these sections. The total number of permu- 
tations of the Wf particles and the gi — I partitions is (wi + “ 1) ! Since 

the Wi particles are indistinguishable, permutations among the particles 
themselves do not really produce a new arrangement. The total number 
just given should therefore be divided by w,! Further, the permutations 
among the “ 1 partitions do not alter the fact that there are still gi 
sections; hence, division of the total number of permutations by (^j — 1)! 
is also necessary. The number of ways, 

(»» + Si — 1)1 

Wi!(^i— 1)! ’ 
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of distributing the «< particles among the^i compartments, is then equal to 
the number of different eigenstates in any group containing elements. 

The total number n of elements is divided into a set of groups containing 
Wi, n^y * • • • • j respectively, but since the elements are indistinguishable, 

there is only one way in which this subdivision can be made. In each group 
the number of eigenstates is given by an expression of the same type as that 
just derived for the /th group, and hence the total number G of eigenstates 
for the whole system, corresponding to the specified distribution of the n 
elements, is given by 


(«i + — ,1)! (»2 + ^2 — 1)! 

— 1 )! « 2!(^2 — 1 )! 

+ ~ 1)1 


(rtj + g,- 1 )! 
— 1 )! 


(50.6) 

(50.7) 


where the symbol JJ is used to indicate the product of a series of similar 
terms. Introducing now the postulate of the equal a priori probability of 
eigenstates, it follows that the probability of the system having the par- 
ticular distribution specified, is proportional to the 'total number of eigen- 
states; hence, 

TT H" Jf» “ 1) J 

n _ 1)1 X constant, (50.8) 

for the Bose-Einstein statistics. 

The procedure is now similar to that employed in Section 48a for the 
derivation of the classical Maxwell-Boltzmann equation; the condition of 
maximum probability of the system is found by setting 5 In ^ equal to zero. 
Upon taking logarithms of equation (50.8), this becomes 

In ^ = 53 {In (m + - 1)! - In ml - In (^, - 1)!) -|- constant, (50.9) 

i 


and making use of the Stirling formula 


In w! = w In « — w, 

which is applicable provided all the w/s and the^.’s are very large numbers, 
it is found that 


In ~ 23 gi) \r\ (?Ji + gi) — ^iln ni ~ gi\n gi] + constant, (50.10) 

% 

where «,• 4- — 1 and gi — 1 have been taken as equal to w, + gi and 

respectively. Since the number is supposed to be very large, it may be 
treated as a continuous variable, and hence differentiation of equation 
(50.10) with respect to w, gives for the most probable state of the system 

5 In ^ = 2^ {In w, — In (w,- + gi)]6ni = 0 

♦ 
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or 

As before, the restrictions of constant number of elements n and of constant 
total energy for the whole system, as given by equations (50.4) and (50.5), 
may now be introduced. Since w,- and |'<, for each quantum group, have 
been assumed to be large, the distribution of energy within a group may be 
regarded as virtually continuous, at least over a narrow range; it is thus 
possible to write 

= 0 

and 

bE — ^ iihtti = 0 . 

Applying the Lagrange method of undetermined multipliers to these rela- 
tionships in combination with equation (50.11), the result is 

^ In — h « + = 0. (50.12) 

Since the variations 57/,* are independent of one another, 


and hence, 


or 


In — -T^ h a + 

fit + gi 




(50.13) 


(50.14) 

(50.15) 


The final equation (50.15) is the mathematical representation of the Bose- 
Einstein statistics for the most probable distribution of elements among 
energy levels. 

50f. The Fermi-Dirac Statistics. — In deriving the consequences of the 


Fermi-Dirac statistics, which postulates that the n similar elements con- 
stituting a given system are indistinguishable, and that only antisymmetric 
solutions of the wave equation are permitted, it is assumed, as in the previous 
case, that the number of elements is constant and so also is the total energy. 
In the determination of the total number of eigenstates for the system of tti 
elements in the ith group, where gi eigenfunctions are available to each 
element, it must be remembered that because of the restriction of the Fermi- 
Dirac statistics to antisymmetric states, only one of the «i elements can be 
associated with each of the gi elementary wave functions. It follows, of 
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course, that gi must be greater than or equal to since there must be at 
least one elementary wave function for every element in the group The 

required number of eigenstates is equivalent to the number of combinations 
of gi articles taken at a time; this gives 


“ «.)! 

for the number of different eigenstates in the ;th group. The total number 
of eigenstates G tor the whole system is then 



WilCj'i — wi)! 




and the probability of the given state is 



(50.16) 

(50.17) 



TT w 

Urr TTi X constant. 
• «»-(^* — «,)! 


Proceeding as in the previous case, it is seen that 


(50.18) 


In ^ In wj — In (g-,- — «.-)!} + constant, 

i ' 


and introduction of the Stirling approximation, assuming that g^ — w, is 
very large, as well as w,- and gi, gives 

In ^ S { («t — gi) In (gi — w,-) — w,-ln -|- gi In^i) + constant. (50.19) 


The condition for the most probable state is then 

5ln ^ = 2] {In — In (gi — w,))6w, =*0, 

i 

z ( In — = 0. (S0.20) 

i \ gi ' 

Upon introducing the conditions of constant number of elements in the 
system and constant total energy, and using the method of undetermined 
multipliers, it is found that 



312 

STATISTICAL MECHANICS 


and since the jw/s 

are arbitrary, it follows that 



In — ~ a = Of 

gi - Wi 

(S0.21) 

and 

+ 

It 

1 

• 

• 

• 



^ - 1 = 
ni 

(S0.22) 

or 

Si 

”• “ + 1 ■ 

(50.23) 


The most probable distribution, among the various energy levels, of the 
elements of a system obeying the Fermi-Dirac statistics is given by equa- 
tion (50.23). 

50g. The Maxwell-Boltzmaim Statistics.— If the eigenfunction repre- 
sented by equation (50.1) is a satisfactory solution of the wave equation 
for a system of n identical elements, it means that the elements are dis- 
tinguishable, and that there are no symmetry restrictions that must be 
applied. In order to calculate the total number of eigenstates for a system 
that satisfies these requirements, it is convenient to consider first the number 
of ways of distributing the n distinguishable elements among the various 
possible groups; the result is 

n\ 

ni\n^\ . . . w,! ... * 


In each group the w,* elements may be distributed among elementary wave 
functions. Since symmetry considerations do not arise, there is no restric- 
tion as to the number of elements associated with each wave function, and 
so the total number of ways in which the distribution may be made is equal 
to gi* in each group. The complete number of eigenstates for the system as 
a whole is therefore given by 


G = »! 


«i! 


win 


and the corresponding probability is 


• ^ 1 

* • 

w>! 

Wi! 



w,!- 


is 



(50.24) 


(50.25) 




n I X constant. 

W^! 


(S0.26) 


Taking logarithms, and then applying the Stirling approximation, assuming 
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m to be very large, it is found that 

^ = w In w H" ^ {pi In gi — w,- In + constant. 


(50.27) 


As before, the condition for the most probable state is obtained from 


«ln;r= Z(ln^ + = 0, 


(50.28) 


and application of the same procedure as in previous cases leads to the result 


or/ 


and hence 




= a + Puy 






(50.29) 


(50.30) 

(50.31) 


If this result is compared with equation (48.13) it will be seen that, apart from 
the statistical weight factor, which does not appear in the simple classical 
treatment, equation (50.31) is identical with the Maxwell-Boltzmann 
distribution law. 

50h. Comparison of the Three Statistics. — For purposes of comparison 
of the three forms of statistics, the essential equations obtained in each case 
will be repeated here; they are: 

(i) Bose-£instein Statistics. 


4 - 1 = 
ni 

(ii) Fermi-Dirac Statistics. 


or 



£ — 1 = e^*i or 
rti 

(iii) Maxwell-Boltzmann Statistics. 



I • 



It is evi'dent that although the distribution laws derived from the three 
kinds of statistics are different, there will be certain conditions under which 
Bosc-Einstein and Fermi-Dirac statistics yield results virtually identical 
with those given by the Maxwell-Boltzmann statistics. This will occur if 
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gilrii is very large in comparison with unity, so that 





Si 

rti 


In these circumstances, all three expressions for the distribution law will be- 
come equivalent to that for the Maxwell-Boltzmann statistics. In general, 
provided the temperature is not too low or the pressure too high, the number 
of available eigenstates is large in comparison with the number of elements 
«i, so that gilni is then much greater than unity. It follows, therefore, that 
for almost all conditions under which normal gases exist, the classical dis- 
tribution law should be adequate to describe their actual behavior, within 
the possible limits of experimental observation. There are a limited number 
of cases in which the classical distribution law is not applicable, but these 
are very few; they are chiefly three, viz., radiation, liquid helium II, and 
the “electron gas” in metals, apart from conditions of extremely low 
temperatures or high pressures. 

50i. Evaluation of the Constant 3* — For a system obeying the Maxwell- 
Boltzmann statistics, it is obvious that the value of ^ in equation (50.31) 
must be identical with the p in equation (48.13), for it is possible to carry 
through the same treatment for calculating the total energy, and thus to 
arrive at the result ^ == 1/^T. The values of jS in equations (SO.IS) and 
(50.23), for the Bose-Einstein and Fermi-Dirac statistics, respectively, can- 
not be derived in this manner, but it is not difficult to show that they must 
both also be equal to 1/^T. In the first place, it is evident that if the Bose- 
Einstein or Fermi-Dirac systems are studied at such temperatures and 
pressures that gi/rji is large, their behavior is almost classical. The value 
of under these conditions must then be equal to l/kT, Since jS is a con- 
stant which does not change with the conditions, it should have the same 
value, viz., l/kTy in the distribution laws derived from the three types of 
statistics. 

The same conclusion may be reached by imagining a system containing 
a large number of elements of different kinds, some behaving in a classical 
manner, others obeying one form of quantum statistics, while still others 
obey the alternative form. The system may be supposed to be in a condi- 
tion of statistical and temperature equilibrium. The total number of 
elements in the system is constant, and so also is the number of each kind; 
the energy is also assumed to be constant within narrow limits. Remember- 
ing that the total probability of the system is equal to the product of the 
probabilities for the various kinds of elements, it can be shown by the method 
of Section 48e that the constant p must be the same for all the elements 
irrespective of their symmetry or other characteristics. It is then possible 
to represent the three distribution laws by means of the general equation 



Bg.lkT + c > 


(S0.32) 
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where c is equal to -1 for the Bose-Einstein, to +1 for the Fermi-Dirac, 
and to zero for the classical statistics; the constant B, equal to <?", varies with 
the nature of the elements constituting the system. 

50j. Correction of Number of Eigenstates in Classical Statistics.— 
Although the three forms of statistics lead to the same distribution law under 
reasonable conditions, there is one important respect in which they differ; 
this is ascribable to the fact that the Maxwell-Boltzmann statistics is based 

nts constituting the system are 
distinguishable, whereas according to the quantum statistics this is not the 

case. The consequence of this difference may be readily seen by considering 
the situation in which the » elements are all in different groups, that is, 
when all the values are unity. In these circumstances all the^i’s will be 
greater than the respective s, and the conditions should be such that all 
three statistics should lead to the same result. It can be readily seen from 
equations (50.7) and (50.17) that the total number of eigenstates, for both 
the Bose-Einstein and Fermi-Dirac statistics, will be equal to Ugh i-e., to 
the product of all the gi terms. However, from equation (50,25) it is found 
that for the same distribution the Maxwell-Boltzmann statistics leads to the 
expectation of wlJJ ^. eigenstates. The w! fold greater number calculated 
for these statistics arises because the w elements are assumed to be dis- 
tin^ishable. It follows, therefore, that if the results of the classical sta- 
tistics are to agree with those of the quantum statistics, under such condi- 
tions that the^,- s are greater than the Wi’s, it is necessary that the equation 
(50.25) for the number of eigenstates be divided by w!. Since w! is a con- 
stant, it can be readily seen that the change in the value of G does not 
affect the final distribution equation (50.31). The importance of introduc- 
ing the w! correction will become apparent, however, in the discussion of the 
contribution to entropy made by the translational energy (Section 58e). 

It is of interest to record that the division of the number of unit cells 
(complexions) in phase space — the equivalent of the number of eigenstates — 
by ft! was introduced arbitrarily into classical mechanics in order to make 
an obviously needed correction. Nevertheless, the real explanation for the 
necessity of applying this correction was not evident until the advent of the 
new quantum mechanics. 


51a. Relation Between Eigenstates and Phase Volume. — It is a well 
known fact, expressed in the form of Bohr*s correspondence principle, that 
in the limit, when the quantum numbers are large, at least relative to the 
energy, quantum and classical treatments lead to identical results. An 
illustracion of this correspondence is, in fact, to be found in the equivalence 
of the distribution laws derived from the classical and quantum statistics at 
reasonably high temperatures and not too large pressures. In order to extend 
the correlation between the different forms of statistics, it is of interest to 
consider the relationship between the number of unit cells, i.e., the volume, 
of phase space occupied by a system, and the number of eigenstates available 
to that system. According to the postulates made in the present chapter, 
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these numbers are proportional to the probability of the system, in the 
classical and quantum treatments, respectively, and some connection be- 
tween them, in the correspondence principle limit, is to be expected. 

Although the word “volume” has been used to refer to the extension in 
phase space, it is evident that the quantity under consideration does not 
have the dimensions of volume in the usual sense of this term. The product 
of p and q has the dimensions of action^ i.e., ML^jTy and hence for a system 
having/ degrees of freedom, the dimensions of the “volume” in phase space 
will be {MUjT)L The Planck constant h has the dimensions Ml^jTy and 
hence it seems reasonable to identify the classical volume of a unit cell in 
7 -space with the quantity h^\ thus, 

hq\ • • • hqfipx • • • hps =*» y (51.1) 

may be expected to be a satisfactory correlation at the correspondence 
principle limit. This equivalence between the volume in phase space and 
the number of eigenstates for a system may then be represented by 

g. (51.2) 

Justification for the foregoing suggestion is provided by a number of 
considerations. In the first place, there is the outstanding fact that it leads 
to satisfactory results, as will be evident shortly. Secondly, in the older 
quantum theory, the Integral of pdq over the whole path between two suc- 
cessive energy states was taken as equal to A. Finally, the proposed correla- 
tion is in harmony with the newer quantum theory. According to the 
Heisenberg uncertainty principle, the coordinate q and conjugate momen- 
tum /> of a system can be stated only with an accuracy lying within the limits 
of Ay and Ap, respectively; these uncertainties are related by the expression 
AyAp w h (cf. Section 3b), The uncertainty product AyAp is equivalent to 
the volume in the y-space occupied by a system having one degree of free- 
dom, and this should be equal to the Planck constant A. In general, for a 
system of / degrees of freedom, the uncertainty product representing the 
uncertainty of defining the position of the system in phase space, will be 
equal to It follows, therefore, that every extension W in y-spacc will 
be equivalent to a single state (eigenstate) of the system. The total volume 
of the system in the y-space, as determined classically, divided by W should 
thus be equal to the number of eigenstates of the system, in agreement with 
equation (51.2), 

51b. Number of Eigenstates in an Energy Range, — It was found in 
Section 7, using the methods of wave mechanics, that the translational 
energy e of a point particle, possessing three degrees of freedom, moving in 
a potential-free rectangular box with edges of length a, h and r, respectively, 


i J . . . J" dqx-- dpf = 


— OD 
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could be represented by the equation 

%m \ ^ ^ ) * 


(51.3) 


where Wx> Wy and w* are zero or integral quantum numbers for motion of the 
particle parallel to the three cartesian axes a:, y and 2 . In order to simplify 
the treatment, without affecting the nature of the results obtained, it will 
be assumed that the containing vessel is a cube of side /, so the a, b and c 
may each be replaced by /; equation (51.3) then becomes 

« = ^ + n\), (51.4) 


For the present purpose, it is desired, in the first place, to calculate the 
total number of eigenstates for energies lying between zero and the value €. 
To do this. It IS convenient to consider first the energy in one, then in two, 
and finally in three degrees of freedom. For one degree of freedom, e.g., 
parallel to the x axis, the energy is 

(51.5) 


and the number of quantum states with energies lying between zero and 
€i is evidently equal to w,; hence from equation (51.5) 


11 

= ri^ = — 


(51.6) 


If the energy is in two degrees of freedom, e.g., x and y, the energy €2 is 
then given by 


where 





(51.7) 


(51.8) 

= nl + nl 

(51.9) 


The number of eigenstates with energy lying between zero and 62 in two 
degrees of freedom can be derived in a convenient manner by considering a 
system of two cartesian coordinates, and plotting the values of rtx and 
respectively, in the two directions (Fig. 39). For each positive integral or 
zero value of w* and ny there will be a point on the diagram, representing a 
definite quantum state (eigenstate) in the two degrees of freedom. If the 
ertergy of the system is not to exceed 62 , as given by equation (51.7), then it 
follows from equation (51.9) that the values of and ny must be such that 

(51.10) 
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and every point in Fig. 39 satisfying this requirement represents a possible 
eigenstate for energy between zero and € 2 , in two degrees of freedom. The 
total number of such points is obtained by drawing the quadrant of a circle 


of radius r, having its center ‘at the 



origin of Fig. 39; all the points lying 
within the quadrant satisfy equation 
(51.10), and hence the required num- 
ber of eigenstates is equal to this 
number of points. For a sufficiently 
large value of the energy, so that the 
corresponding quantum numbers 
and Tiy are large, it is evident that 
each unit area in Fig. 39 will contain, 
on the average, one point. The num- 
ber gz of eigenstates under considera- 
tion is thus equal to the area of the 
quadrant of the circle of radius r; 
hence, 

g2 = i^rr* 

= ( 51 , 11 ) 


Extending the arguments to three degrees of freedom, the total transla- 
tional energy e is given by equation (51.4) as 

where is now defined by 

T^==nl + nl^ nl, (51,13) 

and all eigenstates with energy lying between zero and e must satisfy the 
condition 

^ 

The required number of states can be evaluated by making a three-dimen- 
sional plot of tixy tiy and and counting the number of points, for which 
these quantum numbers are integral, lying within the octant of a sphere of 
radius r. For sufficiently large values of the energy, each point will corre- 
spond to one unit cube in this octant, and hence its volume gives the required 
number of eigenstates. The result is consequently 


g = 


- 3 ^^ 

( 51 . 14 ) 

4:irF 


- 3 ,. 

( 51 . 15 ) 


where F, equal to /*, is the volume of the box containing the particle. 
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desired to know the number of states with eigenvalues of the trans- 

lational energy lying between e and « + Ae, where A. is small but large 

enough to contain an appreciable number of energy levels. Under these 

conditions the nurnber of eigenstates ^(Ae) is obtained by differentiation of 
equation (51.15); thus, 


/. \ ^irmy 

g{At) = — ^ (2otO‘'’A*. 


(51.16) 


It IS of interest to show that this same result can be obtained by utilizing 
the postulate that the volume of a unit cell in classical phase ( 7 ) space can 
be taken as equal to h'. For a point particle, such as that under considera- 
tion, there are three degrees of freedom; the three coordinates may be repre- 
sented by X, ^ and 2 > and the corresponding momenta, viz., p„ and p, 

are mx, my and mz. The number of eigenstates according to equation (51 2) 
is then given by 

00 



dxdydzdtdydz. 


(51.17) 


Integration over the three coordinates Jf, jy, z, gives the volume V of the 
containing vessel, and hence 


m^v c c r 

^ ~ ~}f j j j (^ 1 - 18 ) 


Changing to polar coordinates (cf. Section 49a), it is found that 

g{dc) = sin Od$d(f>dc (51.19) 

47rm^y 

= « ■ (51.20) 


where, as before, is equal to x^ -h y^ 4- 2^ It will be noted that the inte- 
gration limits for 0 are zero and tt, for </> they are zero and 27 r, while for c 
the limits are c and c + dc; the result is the number of eigenstates for the 
particle with speeds lying between c and c -f- dcy irrespective of direction. 
Changing the variable by means of the relationship derived in Section 
49a, viz., 


c^dc 



where e is the translational energy, it follows that equation (51.20) may be 
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written as 


, . ^ ^mV , 

g{dt) = 


(S1.21) 


for the number of eigenstates with energy lying in the range £ to « + dt. 
This result is in agreement with that expressed by equation (51.16), the only 
difference being that in the latter case quantum considerations require the 
energy range Ac to be appreciable in magnitude. 

51c. Eigenstates and the Maxwell-Boltzmann Equation. — ^The distribu- 
tion law equation (50.31) for the Maxwell-Boltzmann statistics, which may 
be written as 


Hi = 


gi 


2^*ilhT > 


(51.22) 


where B is equal to can also be put into the form 

g{d,) 


dn = 




(51.23) 


for the number dn of particles whose energy lies between 6 and c + d^\ as 
before, g{dt) is the number of eigenstates for this energy range. If the 
energy is translational in character, it is possible to utilize equation (51.21) 
for g{dt); an additional statistical weight factor Qi must be introduced to 
allow for other forms of degeneracy, such as those due to spin, and then 
equation (51.23) becomes 

Qi (51.24) 


dn = 


B 




In order to evaluate the constant 5, equation (51.24) must be integrated; 
for this purpose it is convenient to define the variable x, thus 


X = 


kT^ 


so that equation (51.24) can be written as 


dn — 


Qi 2F 


B 


. 1/2 


A* 




(51.25) 


Integration of this expression then leads to 



dn — n — 


B = 


Qi 

B 

Qi 

B 

Qi 

n 


IV 

■ A* 



x^f^e-*dx 


( 51 . 26 ) 
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Introduction of this value of B into equation (51.24), gives 


dn 


2irn 






(51.27) 


which is identical ^pith equation (49.10), the Maxwell equation for the 
d.stnbutio„ of the translational energy of molecules. 

e o a energy E of the n molecules can be represented by 
and upon utilization of the equation (51.27) for dn, it follows that 


E = 


irn 


= \nkT. 




(51.28) 


For a mole of gas, « is equal to the Avogadro number, and equation (51.28) 
then gives the expected value f /?r for the translational energy of an ideal gas. 

Applications of Bose-Einstein Statistics 

52a. Bose-Einstein Systems. — It is now possible to consider the changes 
that are introduced into the calculations for systems obeying the Bose- 
Einstein statistics. The system is supposed to consist of weakly interacting 
point particles, so that the energy, as in the preceding section, may be 
regarded as entirely translational in character; the results will therefore be 
particularly applicable to a monatomic gas. For the present purpose, the 
Bose-Einstein equation may be written in a form analogous to equation 
(51.23), viz., ^ ^ 

_ 1 > (52.1) 

where dn and^Cde) have the same significance as above; B is again equivalent 
to Introducing the value of gidc) for translational energy as given by 
equation (51.21), and including an additional statistical weight factor Qi to 
allow for other forms of degeneracy, equation (52.1) becomes 


dn 


^TrmV 

~h^ 


Qii2m€yi^ 


d€ 


_ 1 • 


(52.2) 


Introducing the variable at, as before, equation (52.2) transforms into 


dn = 


2Qi {2wmkTy'^V x^^^dx 


TT 


1/2 




Be- - I' 


(52.3) 


For reasons which will appear in Chapter VIII, it is convenient to define a 
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quantity Qt by the expression 



A* 


(52.4) 


Further, the product of Qt and the degeneracy factor Qi may be represented 
by Q; thus 

Q = QiQi- (52.5) 

With these modifications, equation (52.3) becomes 


aJ/* - 1 * 

and upon integration, 

2Q 


(52 6) 
(S2.7) 


The total translational energy E of the n molecules in the system is then 
given by 



IkTQ r- x^'^dx 

ir>« jo 5^* - 1 • 


(52.8) 


The evaluation of the integrals in equations (52.7) and (52.8) is simplified 
for the case in which B is greater than unity, i.e., a in equation (50.15) is 
positive. This condition must be satisfied for a Bose-Einstein system', for 
otherwise the value of n,- in equation (50.15) would become negative at 
sufficiently low energies; this is, of course, impossible. In these circum- 
stances it is possible to write 


(Be* 


- »- - t( 


u 




as a rapidly converging power series; then 


0 ^ 



^dx 1 p 

- 1 “ 5 1 





e-^^mix + — er^x^i^dx + 


• • • 


1 1 

~ 2S n + 7>o + 




It follows then from equation (52.7) that 


n 



B 


1 -I — ^ — I L-. ^ 


+ JL . _L_ . 

n\ ^ 2*/*j8 ^ 3*/*^ 


• • 



• • 




(S2.9) 


(52.10) 


(52.11) 
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and therefore 


37rt/2 

45 


( 


iC + 


1 + 


1 


1 




• % 



(52.12; 




25 ^ 2^f^B 3»/25* 


,h. of i! .i„„ by (S2.. .), .ho i. 


(52.13) 


= inkri^X 


_L __L_ \ 


- . „ , (52.14) 

and if, as a first approximation, 5 is replaced bv 0 /« i .K i • , . 

given by equation (S1.26) to which (S2.n) reduLi when uV 

(52.14) becomes '' '^hen 5 is large, equation 




(52.15) 

For 1 mole of gas, « may be replaced by N, the Avogadro number; hence 

e = irt\x - 4 - f -) - — (-V 

I j ~ •••| . (52.16) 

£L”So'r„=7.1”"’ »' ■ 

52b. Gas Degeneration. — The pressure of a Bo<;p Fincf * 
derived from the energy by utilizing the relationship /= 2£/3 ap^icaWe 

holds also under quantum conditions. This can be done in severTwlys 
but the following simple treatment, although not quite comnIPtP \h 
suffice; It makes use of the familiar thermodynamic equation ^ ’ sl^ould 


P 


drJs 


. , „ (52.17) 

.According to equation (51.12), the expression for the energy of a point 

^ ® monatomic gas, moving in aSe 


6 = 




where is determined by the quantum numbers for the motion. If the 
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volume of the cube is Z', then /* is equal to and hence 

A* . 

* ” (52.18) 

II will be seen later (Section 55b) that the entropy of a system depends en- 
tirely on the number of eigenstates, and in the case under consideration this 
number, as given by equation (51.15), is proportional to r». It follows, 
therefore, that for an energy change at constant entropy the term in 

equation (52.18) will remain constant; differentiation of this equation witb^ 
respect to V then gives 


/a£\ _2 

Kd^Js 

- Il 


in agreement with the classical relationship. The result derived here is for 
a single molecule of energy «, but an exacdy analogous result, viz., 



(52.19) 


would be obtained for a system of n molecules of total translational energy E, 
occupying the volume K 

Utilizing equation (52.19), in conjunction with equation (52.14), it is 
seen that 

D 1 1 \ 

” ^ \ * /■ (52.20) 

For a system containing 1 mole, that is iV molecules, in the volume F, this 
equation becomes 


(52.21) 

(52.22) 

This result for the pressure of an ideal Bose-Einstein gas is obviously differ- 
ent from that for a classical ideal gas, i.e , RT/K 

It is apparent from equations (52.14) and (52.21) that the deviations 
from ideal behavior exhibited by a Bose-Einstein gas, generally referred to 
as gas degeneration y depend on the quantity 1/5. This may be taken as 
equal to w/jj, or to NjQ when 1 mole of gas is considered, without incurring 
any appreciable error; hence from equations (52.4) and (52.5), it is possible 
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to write 


1 N Nh* 

B Q ~ Qi{2irmkTy>^f^^ 


(52.23) 


and hence it is apparent that gas degeneration is to be expected for particles 
of small mass my at low temperature T, and small volume F , i.e., at high 
pressure The lightest gas known to obey the Bose-Einstein statistics is 
molecular hydrogen, and although this is a diatomic gas, it is of interest to 
see what deviations from ideal classical behavior due to gas degeneration 
might be expected according to equation (52.23). The boiling point of liquid 
hydrogen at atmospheric pressure, which is the lowest temperature at which 
the gas can exist at this pressure, is 20.38® K., and so N/Q will be calculated 
at this temperature. Using the values for ^ = 6.02 X 10*®, A = 6.62 X 10" , 
m = 2 X 1.67 X 10-« A = 1.38 X 10 -^®, and 1,400 cc. for the molar volume 
^ of hydrogen gas at its boiling point, and taking Qi as unity, it is found that 


and hence 


i = 0.84 X 10-2 



RT 

V 


(1 - 1.49 X 10-») 


for hydrogen gas at 20.38® K and 1 atm. pressure. The deviation due to 
gas degeneration is thus small, much smaller than the ordinary departure 
from ideal behavior due to intermolecular forces; it is thus impossible to 
observe the effect of gas degeneration of hydrogen at its normal boiling point. 
For most gases 1/5 is less than 10"® at ordinary temperatures and pressures, 
and hence the effect of degeneration would not be detectable. 

There is some possibility that gas degeneration might be observed with 
helium, since this has only twice the molecular weight of hydrogen and can 
exist in the gaseous state at much lower temperatures. The boiling point 
at atmospheric pressure is 4,2® K, and the molar volume of the gas is 345 cc.; 
hence at this temperature 

i = 0.134, 

which is not very large. It is conceivable that the influence of Bose-Einstein 
statistics on gas degeneration might be observed at high pressures, but then 
normal deviations from classical behavior due to ordinary gas imperfection 
would greatly outweigh any effects due to degeneration. Another possi- 
bility is to decrease the temperature below the boiling point, but this would 
lower the pressure of the gas and hence reduce the extent of degeneration. 

An examination of equations (52.16) and (52.22) shows that the internal 
energy and pressure of an ideal Bose-Einstein gas will both be less than for 
a classical ideal gas at the same temperature and volume. The reason for 
this can be seen from a study of the distribution law equation (52.1) for 
the Bose-Einstein statistics. For the higher energy levels, when is 
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large in comparison with unity, the number of molecules having energy in a 
given range will be the same as for classical statistics [equation (51.23)]. 
In the lower energy states, however, the presence of the —1 term in the 
denominator of equation (52.1) makes the number of molecules for a Bose- 
Einstein gas greater than for a gas obeying classical statistics. This means 
that the effect of the Bose-Einstein statistics is to increase the number of 
molecules in the lower energy levels; the decrease in the kinetic energy and 
pressure, as compared with classical behavior, can thus be understood. 

The tendency for Bose-Einstein molecules to collect in the lower energy 
levels should be particularly marked under conditions of extreme degenera- 
tion, that is, at very low temperatures and high density (or pressure). Under 
these conditions, a phenomenon analogous to condensation, although not 
due to intermolecular attraction, might be expected. It has been suggested 
tiiat the remarkable phenomena associated with the form of liquid helium 
known as helium II, which can apparently exist down to the absolute zero, 
provided the pressure does not exceed 25 atm., are to be ascribed to the 
behavior of a completely degenerate Bose-Einstein gas.* 

52c. Bose-Einstein Statistics and Radiation. — There is one application 
of Bose-Einstein statistics that is of interest; it leads to the derivation of 
Planck’s equation for the distribution of energy in black body radiation. 
It appears that radiation in thermal equilibrium, in a box with walls which 
do not absorb any of the radiation, may be treated as a system of elements, 
viz., photons, obeying the Bose-Einstein statistics. There is, however, an 
essential difference between such a system and those of the type previously 
considered. Although the energy remains constant, the total number of 
photons in the system is not independent of their distribution among the 
various possible energy states. The reason for this is to be found in the fact 
that the energy of the photon, according to the quantum theory, is equal to 
hv where v sec.“^ is the frequency of the radiation; the exchange of a photon 
between two states of different frequency would thus result in an energy 
change. It is postulated, however, that the energy of the system remains 
constant; consequently there must be a change in the number of photons as 
the result of an interchange between different states. If the restriction 
2] hrii = 0 is no longer applicable, the term involving the undetermined 
multiplier ct in the derivation of the Bose-Einstein (or other) distribution 
law does not enter into the argument; the final result, instead of equation 
(50.15), is then 



gUikT _ \ > 


(52.24) 


taking ^ as equal to XjkT, Writing hv for the energy 6,-, this expression may 
be put in a form similar to equation (52.1); thus. 



» London, Phyt, Reo,, S4, 947 (1938); /. Phys. CAtm., 43, 49 (1939). 


(52.25) 
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This is consequendy the distribution law which may be applied to radiation, 
dn is the number of photons at equilibrium in the g{dv) elementary eigen- 
states lying in the frequency range r to »- -f dv. 

Since radiation may be reprded as consisting of electromagnetic waves, 
the equation for the propagation is similar to that given in Section 4, namely 

ay az* “ <■* ' a/2 ’ (52.26) 

where c is the velocity of light. The radiation in the box under discussion 
can be regarded as consisting of standing waves, and hence a solution of this 
equation will be 

<t> - Hx,y, z){A sin 27rx/ -|- B cos 2xx/), (52.27) 

where is a function of the coordinates *•, y, z only, and J and B 

are constants. Insertion of this solution into equation (52.26) leads to the 
result 

dx* dy* 52* ~ f* ^ 

( 52 . 28 ) 


since < may be put equal to hv by the quantum theory. The wave equation 
for photons thus becomes 


AV* / dh/f 5*^ \ 

4^\ di* ay 5? / 



(52 29) 


Treating the photon as a particle, in a cubical box of side /, with energy 
components in three directions parallel to the axes y, z, it is possible, 
by a procedure exactly analogous to that employed in Section 7, to derive 

the expression 

he 



for the energy of the component in the x direction; similar equations hold 
for Cy and u- It follows, therefore, that the total energy c will be given by 



(52.30) 


where the resultant quantum number r is defined by 

r* = w? + wj + »*• 

Replacing e in equation (52.30) by Af, and / by F*'*, where V is the volume 
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of the cubical box, it is found that 


r = 

c 


(52.31) 


By means of arguments parallel with those in Section Sib, the number 
of elementary eigenstates for systems with frequencies from zero to is 
seen to be [cf. equation (51.14)] 

g = 


and hence, by differentiation, 


g(dv) = 47rr~i/v, (52.32) 


for the number of eigenstates lying in the frequency range v to v + dv. This 
result is not quite complete, however, since radiation of each frequency has 
two independent directions of polarization,^ it is necessary to multiply by 
two, giving 

g(dv) = (52.33) 


Combining this expression with equation (52.25), which is the appropriate 
form of the Bose-Einstein distribution law, the result is 

dn 1 

y “ ' ghv/kT _ j (52,34) 


The left-hand side of equation (52.34) is the number of photons per unit 
volume, if this is multiplied by hvy the energy of a photon, the result is the 
energy per unit volume, i.e., the energy density, duy in the given frequency 
range; thus. 





1 

ghf/kT _ I 



(52,35) 


This is the Planck equation for the distribution of the energy density 
over the wave lengths (or frequencies) of black body radiation at a given 
temperature. 

* Radiation waves differ from sound or particle waves in the respect that they are transverse 
to the direction of propagation, and not longitudinal to it; hence any radiation wave must be 
regarded as due to the composition of two waves of the same period and phase, each polarized 
in one of two definite rectangular planes. 
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Applications of Fermi-Dirac Statistics 

53a. Fermi-Dirac Systems.— The distribution law derived from the 
Fermi-Dirac statistics is 


Tti = 

and this may be put in the form 

dn = 



(53.1) 



(53.2) 


where g{de) and B have the same significance as before. Using the value 
of^(^'^) given by equation (51.23), and introducing the additional degeneracy 
factor Qii it follows that for point masses with weak interaction 


2Q x^^^dx 
■ Be- 


(53.3) 


where x is equal to tjkTy and Q has the same significance as in equation 

/'C') f-Qp Bose-Einstein 
manner. Integration 


wiiww — --i- ' ' --o--- 

(52.S); this is exactly analogous to equation (52.6) 
statistics, except that +1 replaces —1, in the usual 

- • /r-5 


of equation (53.3) now gives 


n = 


2Q x^i^dx 


.1/2 


and, further, 




Be- + 1 

“ x^'^dx 
Be- -h 1 


(53.4) 


(53.5) 


The evaluation of the integrals is again simplified if 5 > 1, but this is 
not a necessity for Fermi-Dirac statistics, as it was for the Bose-Einstein 
case; the value of a in the distribution equation (50.23) may be positive or 
negative without introducing any difficulties. If a is positive, so that B is 
greater than unity, the condition is referred to as slight gas degeneration; 
since the treatment is then quite similar to that used for the Bose-Einstein 
case, it will be given first. If 5 > 1, it is possible to write 

+ 1)- - T (' - 9 + 9 - ■ ■ ■) ■ 


which is seen to be similar to the expression for {Be- — 1)~S except that the 
signs of alternate terms in the parentheses on the right-hand side are changed. 
Without going through the details of the argument, it is readily found that 
for 1 mole of a monatomic Fermi-Dirac gas, 


E = ^RT\l -b 


( 




2wb 

\ (N\ w^Y 
2^n\Q ) 3 ^iAq) 



(53.7) 

(53.8) 
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and 


P = 




RT , 

1 + 

. 


1 


2*itB 


+ 


# • 


(S3.9) 


1 (E^^A_(E\ 




3‘«V!? 


+ 


(53,10) 


where B is defined, as before, by equation (52.23), viz., 

1 N Nh^ 

Q ~ Qi{2irmkT)^f^V^ 


These equations give the total energy and pressure, respectively, under 
conditions of slight degeneration. Since the deviations from classical be- 
havior are almost the same as for a Bose-Einstein gas, it is evident that there 
is little prospect of observing them even with molecular deuterium, the 
lightest substance, apart from electrons, for which the Fermi-Dirac statistics 
are applicable. 

53b. Extreme Gas Degeneration. — At low temperatures the value of 
B may well become much less than unity; the condition of extreme gas de~ 
generation will then arise. The results given in the previous section arc 
then no longer satisfactory, and the evaluation of the integrals necessary 
to obtain expressions for the energy and the pressure of the monatomic 
Fermi-Dirac gas is much more difficult. It will be of interest to consider, 
in the first place, the special case of the absolute zero of temperature, i.e., 
at r = 0, for the treatment is then relatively simple, and the results are 
important. If B is assumed to be extremely small, or zero — as it will be 
at the absolute zero — then the term Be* -f 1 in the denominators of the 
integrands in equations (53.4) and (53.5) will be equal to unity; equation 
(53.4) may then be written as 

IQ 

» = (53.11) 

where the upper limit of integration has been changed from « to 1/5, since 
B has been taken as zero. Carrying out the integration, the result is 


4g 1 

” 3 , 1/2 • 5./2 . 

. 1 / Swir*" y« 

" B-\ \Q ) 

By equations (S2.4) and (S2.S), 


Q = QtQi = Qi 


(2TmkT)'i* 

A* 




(53.12) 
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and hence, by equation (53,12) 


1 - A* / 3» 

^ '2.?nkT\^iryQ.) > (53.13) 

gas degeneration, i.e., whin fl extreme 

s virtually zero, so equation (53,5) becomes 


~ (53.14) 

_ ^kTQ 1 

57r*/2 * ^6/2 y (53.15) 

the symbol £0 being used because the enerev \<^ th^r u i 

Tntroducinc the value fnr 1 /» is that for the absolute zero. 

rSt is ^ ^ (”-^5) into (S3.1S), the 

r:, 3 wAV 3« \2/3 


I/a 




57rl/2 * ^6/2 


dEo = 


l0m\4TrFQ 




(53.16) 


It will be observed that both classical and Bose-Einstein statistics lead 
to a value of zero for the energy of a monatomic gas at the absolute zero. 
A Fermi-Dirac gas, however, possesses appreciable energy, i.e., zero-point 
enerp, at this temperature. The expression for the zero point energy of a 
highly degenerate Ferm.-Dirac gas can be put in an alternative form that is 
of interwt. According to equation (51.16) or (51.21), the number of eigen- 
states of a point mass with energy between t and < -f gft is given by 


/ J \ wn 47rTO f' 

gidt) = Qi 


(53.17) 


where Qi has been introduced to allow for other degeneracy factors. The 
total number ^ of eigenstates with energy that does not exceed a specified 
values* is then obtained by integration; thus. 


IwV r-' 

f = Qi-jjr ( 2 '^)’'= J 


4iry 

= ( 2 w€*) 3/2 


(53.18) 


At the absolute zero all the particles, e.g., electrons, will collect in the lowest 
possible energy states, but since the Fermi-Dirac statistics do not permit 
more than one element to each eigenstate, it follows that the number of 
elements is equal to the number of eigenstates.® This result can be derived 

*The fact that two electrons can occupy the same orbital is due to the fact that they have 
opposite spins; this is allowed for by the degeneracy factor Qi, which is two for electrons. 
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directly from equation (53.1); since B is zero at the absolute zero, it is 
evident that is equal to gi. It follows, therefore, that the value of ^ 
as given by equation (53.18) may be identified with «, the number of 
elements; hence, 

« = e.- 3^ (2me*)»« (53.19) 

A* / 3» 

- 1 ;; ( 4 ^) • 

It is evident, therefore, by comparison with equation (53.13), that 


= i 

kT~ 

and from equation (53.15), 

£o = 


(53.21) 

(53.22) 


The quantity is sometimes called the Fermi energy; it represents the energy 
of the highest level filled at the absok "e zero, for the given system. The 
average energy per single particle, i^e., £o/w, at the absolute zero is thus 
equal to three-fifths of the value for the particle of highest energy at this 
temperature, i.e., §€*. 

The Fermi-Dirac statistics, as already indicated, apply to electrons, and 
it is in fact in connection with the properties of the so-called “electron gas” 
(Section 53c) that these statistics have proved most useful. For electrons, 
Qi is equal to 2, because of the two possible spin orientations; hence, equation 
(53.16) becomes 

^ 3nhU 3« 

Eq = 1 


40m\irF 


(53.23) 


This gives the energy of a system of n electrons occupying a volume V at 
the absolute zero. 

It has been seen earlier that the pressure P of any gas, irrespective of the 
type of statistics it obeys, is related to the energy E by the equation, 
p = 2El3Fy and hence for a Fermi-Dirac gas, using equation (53.22), 



(53.24) 


for the pressure at the absolute zero. The behavior of a gas obeying the 
Fermi-Dirac statistics is thus quite diflFerent in this respect also from Bose- 
Einstein or classical gases. For the two latter, the pressure at the absolute 
zero of temperature should be zero, whereas for a Fermi-Dirac gas there 
should be an appreciable zero-point pressure. 

At temperatures above the absolute zero, at which there is still consider- 
able gas degeneration, i.e., E is still less than unity, the evaluation, of the 
integrals presents some difficulties; methods have been devised, but as th<^y 
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are complicated, the results only will be given here. The expression for 
the energy can be stated in the form of a series that converges rapidly at low 

temperatures, viz., 




(53.25) 


which obviously reduces to equation (53.22) when T is zero. The pressure 

can be calculated from the energy in the usual manner. 

It will be seen shortly that the heat capacity of an ideal Fermi-Dirac 
gas is important; this can be derived from equation (53.25) by making use 
of the familiar thermodynamic relationship, viz., 





(53.26) 


If the temperature is not too high, the quantity in the 
equal to unity so that 

Cv ~ \yikTr 



brackets may be set 


(53.27) 


The heat capacity of a highly degenerate Fermi-Dirac gas at low tempera- 
tures is thus seen to be directly proportional to the absolute temperature. 

53c. Electron Gas in Metals.— One of the most significant applications 
of Fermi-Dirac statistics is in connection with the theory of the meta ic 
state; without entering into details, the basis of this theory is that a metal 
consists of a system of fixed positive nuclei and a number of mobile electrons, 
generally referred to as electron gas. There is no a prion method of esti- 
mating how many of the electrons in the metal may be regarded as r . 
For alkali metals, it is reasonable to suppose that there is one free electron 
for each atom^ and this same assumption leads to satisfactory results or 
other metals. In the treatment of the electron gas in metals, it is postulated 
that the free electrons move in a field of uniform, constant potential energy. 
As long as the free electron remains in the “potential box, constitute y 
the metal, its potential energy will have this value, but in order to leave the 
box, that is, for the electron to be emitted from the metal, it must acquire 

additional energy, \ ^ 

Theoretically, the Fermi-Dirac statistics must, of course, 
trons, but it is of interest to see what the conditions are under which the 
classical statistics would represent an adequate approximation. Informa- 
tion in this connection can be obtained by calculating the value of S; accord- 
ing to equation (53.13), B is given by 


B = 


2mkT(iTFQ 

V : 


(53.28) 
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For electrons, the mass m is 9 A X and Qi Is equal to 2, as seen above. 

.sider an average metal of atomic weight 100 and density 10; the volume 
F' of 1 gram atom is 10 cc., and the number of atoms, and hence of electrons 
assuming one free electron for each atom, is 6.02 X 10**. Under these 
conditions equation (53.28) gives 

B = 1.5 X 10“»r. 

It is at once evident that if B, i.e., is to be of the order of unity, so that the 
classical distribution might be applicable, the temperature would have to be 
extremely high. It is apparent, therefore, that at all reasonable tempera- 
tures, and especially at low temperatures, it is necessary to use the equations 
of the Fermi-Dirac statistics in connection with the study of the electron gas 
in metals. 

A simple illustration of this fact is provided by a consideration of the 
contribution of electrons to the heat capacity of a metal; at all reasonable 
temperatures, this is given by equation (53.27), and remembering that kTjt* 
is equal to B [equation (53.3 1)J, it follows that the electron heat capacity 
per gram atom of metal is then 

(CK)ei. - \Ric^B, (S3.29) 

where R is the molar gas constant. Utilizing the average (approximate) 
value of B derived above, it is found that 

{Cv)t\. = l.S X 10~*r cal. per g. atom. (53.30) 

At ordinary temperatures, viz., 300® K, the electron contribution to the 
atomic heat capacity of a metal will be about 0.05 cal.; this is very small, in 
comparison with the total heat capacity of more than 6 calories, and so there 
is little hope of observing the electronic heat capacity under these conditions. 
However, there is a possibility of investigating the effect of electron gas from 
studies of heat capacity at low temperatures. It will be shown in Section 
S4b, by means of the Debye theory of the specific heat of solids, that if the 
electronic contribution is ignored, the heat capacity of a solid element at 
very low temperatures should be proportional to 7^. Subtracting the heat 
capacity calculated by the Debye equation from the observed value should 
give the heat capacity due to the electron gas. Data have been obtained in 
this manner for a number of metals at temperatures in the region of a few 
degrees above the absolute zero. The results arc in general agreement with 
equation (53.30); in particular, the electronic contribution to the heat ca- 
pacity has been found to be proportional to the absolute temperature, in 
agreement v^ith expectation from the Fermi-Dirac statistics. 

The pressure of the electron gas in a metal at the absolute zero may be 
calculated by means of equation (53.24); for an average metal, i.e., atomic 
weight 100 and density 10, this pressure is found to be of the order of 10* 
atm. At normal temperatures the pressure would be even higher. The 
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ason why the free electrons at these high pressures remain within the metal 
is because of the electrostatic attraction between the electrons and the fixed 
positive ions that constitute the crystal lattice. 

S3d. Thermionic Emission of Electrons from Metals. — It is not proposed 
to discuss in detail the properties of metals based on the concept of electron 
eas but one particular aspect, namely that of thermionic emission, will be 
^nsidered here as an illustration of the application of the Fermi-Dirac 

statistics to a problem of physical interest. 

The translational energy e,, in the ;f direction, of a particle of mass m 

moving in a cubical box of side /, is given by equation (7.11), viz., 



(53.31) 


where «» is the appropriate quantum number. Further it was seen in 
Section 51b that w, also gives the number of eigenstates with energy lying 
between zero and €, in the direction parallel to the axis. Since the energy 
is entirely kinetic, it is possible to replace by pxllm, wl>ere pz ^ 
component of the momentum; making this substitution, equation (b3.il) 




(53.32) 


It should be noted that in these equations pz is actually the absolute, i.e., 

numerical, value of the x component of the momentum, irrespective ot 
^ • 

Tn"view of the significance of w. with respect to the eigenstates of the 
energy, it can also be regarded as giving the number of quantum states with 
absolute values of the at component of the momentum between zero and />.. 
It follows, therefore, from equation (53.32), that the number of eigenstates 
g(dpz) within the momentum range of/), to/). + dp, may be represented 5y 



(53.33) 


The number of eigenstates in the range dpjpydp,, i.e., in the element of 
momentum space having this extension, would be 

g^dp) = ^dpjpydp.. (53.34) 


So far no account has been taken of the degeneracy of the energy states due 
to other causes, such as spin; for electrons, which are now being considered, 
it is necessary to multiply by two, as seen above; hence, equation (53.34) 
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becomes 

\SV 

Zi4p) = (S3.3S) 

where P has been replaced by Fy the volume of the container. 

It has been mentioned that the terms dpxi etc., refer to absolute values, 
irrespective of sign; it is now required to take the sign of the momentum 
into account, since in the subsequent treatment it is necessary for the com- 
ponents of the momentum of the various electrons to have the same sign. 
For this purpose, it may be supposed that half the total number of electrons 
have positive />x, while the other half have negative p*; the same assumption 
may also be made for the components /)y and^,. The number of eigenstates 
will then be one-eighth as many as that given by equation (53.35); thus, 
for the present purpose, it is possible to write 



IF 


dpx^Pydp^, 


(53.36) 


Introducing this result into the Fermi-Dirac distribution law 
(53.2), gives 



IF 1 

A* * + 1 


equation 


for the number of electrons in the volume Fy each having a total kinetic 
energy e, and momenta within the specified range. The corresponding 
number in unit volume is then 


2 1 

. _____ dpxdpi^pM. (53.37) 

The number of electrons n{dp^y with the x component of momentum in 
the range dpz^ that are incident in unit time on a unit area normal to the x 
axis is obtained by integrating equation (53.37) over all possible values of 
pyi and ptP This gives the number of electrons in unit volume, that satisfy 
the specified conditions, and the result must be multiplied by the speed of 
the electrons, in the x direction; thus, 


n{dp^ = 



1 

+ 1 




(53.38) 


The total kinetic energy e of the electrons can be represented by 

• This is equivalent to integrating over the limits of px and px + dpm for the variable pk^ 
but for p^ 7tn6.pt the limits are — « to «. , 
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and if the quantity is defined by 


it follows that 


= Pr + Pty 


(53.39) 


Making this substitution in equation (53.38), and at the same time changing 
the variables, the result obtained is 


47r 




and on evaluation of the integral, it is found that 


n{4p^ = 


MT 


In 


g—p\l2mkT 

B 


+ 1 


) 


(53.40) 


The kinetic energy in the x direction is given by 


€* = 


2m ’ 


mdu = pxdpz» 

The number w(^€x) of electrons, with kinetic energy in the range €* to + duy 
striking the surface referred to above, is then obtained from equation 

(53.40) as . . ^ 

47rm^7', ( e 

*" ( g + 1 ) ( 53 . 41 ) 


According to equation (53.21), 1/5 is equal to t*lkT, where t* is the 
so-called Fermi energy, for a highly degenerate gas at very low tempera- 
tures. For the present problem, however, it is possible to write as a rough 

approximation 

^,*lkT -a -L 

e - Qy 

and introduction of this result into equation (53.41) gives 


(53.42) 


If the quantity Cx — €* is large in comparison with kT, all terms beyond the 
first may be neglected in the expansion of the logarithm in the form of a 
power series, i.e., In (.v + 1) » if x is small; hence, 


4irmkT , .v^-j 


(53.43) 
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It will now be supposed that the electrons under consideration constitute 
the electron gas in a metal; equation (53.43) then gives the number of these 
electrons coming from the inside of the metal that are incident on unit area 
of its surface in unit time with kinetic energy, normal to the surface, lying 
in the range e, to €* + du* If ^7 the work required to take a single electron 
from rest inside the metal and bring it outside the metal, also in a state of 
rest, the number of electrons Z striking the surface of the metal, from inside, 
that succeed in escaping is given by 




^irmkT 









(53.44) 


The Fermi energy e* is the energy of an electron in the highest occupied 
level in the metal, at the absolute zero; hence, the quantity — e* which 
appears in the exponential term in equation (53.44) may be regarded, ap- 
proximately, as the average energy required to remove an electron from the 
interior of the metal, at constant temperature and volume, and bring it to 
rest outside the metal. This energy quantity, which may be given the 
symbol x> and is generally expressed in electron-volts, is known as the 
thermionic work Junction; making this substitution of x lor 17 — «* in equation 

(53.44), the latter becomes 



~h* 


g-xIkT^ 


(53.45) 


This expression gives the rate at which electrons leave unit area of a metal, 
as a function of temperature; it is, therefore the equation for the phenomenon 
of thermionic emission. In practice, the emission is measured as the current 
flowing from unit area of the heated metal to a collecting electrode; the 
magnitude of the current I is obtained by multiplying the number of elec- 
trons leaving unit area of the surface in unit time by the electronic charge 
€; thus, 



^TmkH 


•J*2^XfkT 


(53.46) 




(53.47) 


where ^ is a universal constant. This result is identical in form with thi 
empirical Richardson equation for thermionic emission. 

If the magnitude of the constant A is evaluated, it is found that it should 
theoretically, be equal to 120 in amp. cm.“* deg.“* units. Experimenta 
observation, however, has led in a number of reliable cases to a figure o 
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approximately 60 amp. cm,“^ deg.“% and several explanations have been 
proposed to account for the discrepancy. It will be noted, in the first place, 
that in the derivation of equation (53.46) the tacit assumption was made 
that every electron reaching the surface of the metal from the interior with 
energy in excess of the amount rj would actually succeed in escaping. It is 
possible, however, that some of the electrons, which theoretically have suffi- 
cient energy to permit their escape, are reflected at the surface; the result 
obtained in equation (53.46) should thus be multiplied by a transmission 
coefficient^ equal to the fraction of the electrons reaching the surface that 
are not reflected. According to the experimental results, this transmission 
coefficient should have a value of about 0.5 in several cases, although quan- 
tum mechanical calculations indicate that a figure much closer to unity is to 
be expected. Another possibility is that the thermionic work function is 
not independent of temperature, as is assumed in the calculation of the 
value of A from the experimental results. Such a temperature variation, 
if not allowed for, would influence the apparent magnitude of A. 

It is of interest to note that the thermionic emission equation (53.46) 
can be derived in an alternative manner which will be described more fully 
in Section 55e. If the electrons are allowed to escape from the metal into 
an enclosed space, when equilibrium is attained the rate at which electrons 
leave the metal surface, as calculated above, should be equal to the rate at 
which they return to the metal from the vapor phase. The density of 
electrons in the latter phase is so low that in spite of the small mass of the 
electron, the Fermi-Dirac statistics reduce to the classical form. It will be 
seen that under these conditions the calculation of the rate at which electrons 
return to the metal is quite simple. 

Heat Capacity of Solids 

54a. The Solid State. — Apart from a relatively few cases, referred to in 
the previous sections, in which it is essential to use the distribution equations 
derived from the Bose-Einstein or Fermi-Dirac statistics, it is possible to use 
the classical statistics without causing any appreciable error. However, it 
is generally necessary, except for translational energy, to allow for the fact 
that the energy of a molecule is quantized and is not continuously variable. 
This point may be illustrated by a discussion of the atomic heats of solid 
elements; in accordance with the conclusion already reached, it will be 
assumed that the electronic contribution to the heat capacity can be 
neglected at ordinary temperatures. 

An ideal solid may be regarded as consisting of a space lattice of inde- 
pendent atoms vibrating about their respective equilibrium positions, but 
not interacting with one another in any way. If the vibration is strictly 
harmonic in character, the energy can be expressed as the sum of two square 
terms; hence, according to the principle of the equipartition of energy, the 
internal energy will be equal to kT per atom for each vibrational mode 
(cf. Section 49c). Since the atoms will be free to oscillate in all directions 
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in Space, each atom may be supposed to have three vibrational degrees of 
freedom, i.e., three vibrational modes; the internal energy should thus be 
ZkT per atom, or ZNkTy i.e., 3/27', per g, atom, i.e., 

E - 3/27'. (54.1) 

Differentiation with respect to temperature at constant volume gives Cr, 
the atomic heat capacity at constant volume; hence, 

( fi). - <'*•?> 

The atomic heat of an ideal solid should thus be 3/2, i.e., 5.96 cal., independ- 
ent of temperature. It is true, as exemplified by the empirical law of Dulong 
and Petit, that many elements do have atomic heats in the vicinity of 6.0 
cal., but certain elements, particularly some of those with low atomic 
weights, have atomic heats that are appreciably less than this value. 
Further, the atomic heats are not independent of temperature, as they should 
be according to equation (54.2). 

The first step in the improvement of the theory of the heat capacity of 
solid elements was taken by Einstein,^ who applied the quantum theory to 
calculate the energy of the atomic oscillators, instead of using the classical 
equipartition value. The treatment as given below has been somewhat 
modernized by utilizing the results derived from the wave mechanics. It 
was seen in Section 8 that the energy e* of a harmonic oscillator of frequency 
V may be expressed by the relationship 

= (P + \)hv, (54.3) 

where the frequency v is here expressed in sec,"^; the vibrational quantum 
number v may be 0, 1, 2, etc. Except when degenerate frequencies occur in 
polyatomic molecules, there is one eigenstate for each value of the vibra- 
tional energy; in this case, therefore, each vibrational quantum number cor- 
responds to one eigenstate. The Maxwell-Boltzmann distribution equation 


Tli = 






now takes the form 




(S4.4) 


where Wr is the number of oscillators in the quantum state (eigenstate) of 
energy €t. at the temperature 7'. The total number N of oscillators in tjie 
system is obtained by summing all the terms of the type given by equatipri' 


Einstein, Ann. Physiky 22, 180 (1907). 
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(54.4), for all integral values of v from zero to infinity; thus, 

N = (54.5) 

The energy of all the oscillators in each eigenstate is equal to the product of 
the number of oscillators w* in that state by their energy hence, the total 
vibrational energy E of the system of N oscillators will be given by 



v-0 ^ v-O 


(54.6) 


The mean energy c for a single oscillator in the given system is equal to the 
total energy E divided by the total number iVof molecules; hence by equa- 
tions (54.5) and (54.6) 


* - N~ Z • 



Introducing the value of €p given by equation (54.3), this becomes 


I = 


L (t' + 


L 


(v^\)hTlkT 


hv 


22 f-vhvfkT '2 


^^IkT _ \ 


+ 


hv 


(54.8) 


(It may be remarked that the last term in equation (54.8), i.e., \hvy did 
not appear in Planck*s original calculation for the mean energy of a linear 
oscillator; it is the zero-point energy which arises from quantum mechanical 
considerations.) 

An atom in a crystal may be regarded as a three-dimensional oscillator, 
and hence the internal energy E per gram atom, consisting of N such 
oscillators, is equal to 3A^€; consequently, 

^ ^ + \Nhv. (54.9) 


The Einstein atomic heat equation is then obtained by differentiation of 
equation (54.9) with respect to temperature in the usual manner; thus 



ZNk 



gh.lkT 

(eS.,kT _ 1)2 • 


(54.10) 


According to this relationship Cv should approach zero at very low tempera- 
tures, whereas at high temperatures, when hvIkTis small in comparison with 
unity, the expression reduces to 3A^it, i.e., 3/?, in agreement with the classical 
treatment, based on the equipartition principle, and the law of Dulong and 
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Petit. Although these conclusions are in general accord with experiment, 
and the Einstein equation represented an important advance, it. did not 
completely solve the problems of atomic heat. 

S4b. The Debye Specific Heat Equation. — Owing to the proximity of the 
atoms in a crystal, it is very improbable they will act as independent units 
oscillating with the same frequency. As a result of interactions, the atoms 
will execute complex vibrations, but these can be treated as made up of a 
series of simple harmonic motions with various frequencies. A solid con- 
taining N atoms will thus behave as a system of 3N coupled harmonic 
oscillators, and there will be a total of 3^^ different frequencies.® The lowest 
frequency will be zero, but there'is a definite limit to the highest frequency; 
this maximum, designated by arises when the wave length of the oscilla- 
tions is of the same order as the interatomic distances. 

In order to determine the distribution of frequencies, Debye • disregarded 
the atomic structure of the solid, and treated it as a homogeneous, isotropic, 
elastic medium; the vibrations of the atoms may thus be treated as equi- 
valent to elastic waves, of the type of sound waves, propagated through this 
continuous medium. These waves may be considered as made up of three 
waves propagated in directions at right angles; they are the longitudinal 
wave in the direction of motion, and two equivalent transverse waves. It 
can be shown by the theory of elasticity that for elastic waves moving in a 
solid of volume the number of modes of vibration dny with frequencies 
in one direction lying in the range between v and v + dv^ is given by the 
expression 

dn (S4.ll) 

where c is the velocity of the waves. It will be noted that this equation is 
identical in form with equation (52.32) for the number of eigenstates of 
radiation lying in a given frequency range. The longitudinal wave has a 
velocity of r*, while the two transverse waves have a velocity of Ct\ hence 
the number of vibrations in the frequency range v to v + i/v in three direc- 
tions, is given by 

^« = ( ^3 + I) Ifidv. (S4.1?) 


It has been mentioned previously that the total number of vibrational 
frequencies in the solid containing N atoms is 3Af; hence, integration of 


* Since the atoms in the crystal are now no longer independent, the whole crystal may per- 
haps be regarded as a large molecule; it would then be more exact to say that the system has 

6 degrees of vibrational freedom. However, since N is large, there is no appreciable error 
incurred in using instead of SAT — 6. 

The application of the distribution laws for weakly interacting particles, derived in the 
present chapter, to such a crystalline solid is justified, for it can be shown that the systein pf 
N atoms, whose positions are fixed in space, is equivalent to independent oscillatorsti!^ 
Section 67c). 

* Debye, Ann» Phydk^ 39, 789 (1912); see also, Lewis and Gibson, /. Am, Chm, 

2554 (1917). 
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equation (54.12) over the frequency limits of zero to the maximum Vm 
should give the value 3A^, i.e., 


3N = 


CVDX 






4x^/1 
3 

9N 




Pm, 


}^dv 


Insertion of this result into equation (54.12) then gives 


(54.13) 


dn = 9N4dy 

Vm 


(54.14) 


for the number of modes of vibration, in three directions, in the frequency 
range v to f -f dv. If this value of dn is multiplied by the mean energy of 
an oscillator as given by equation (54.8), and the product integrated over 
the frequency range from zero to the result will give the total internal 
energy E of the N atoms; thus, 



9N f'*'" ( hv hv\ 


(S4.1S) 


A quantity called the characteristic temperature, or the Debye temperature, 
of the solid under consideration is given the symbol Q, and is defined by 



(54.16) 


and the variable v is replaced by the dimensionless variable .v, defined by 

hv 

^^kf- (54.17) 

The energy equation (S4.1S) can now be written in the form 

<«>»> 

where the last term is the result of integrating out the zero-point energy 
contribution in equation (54.8). Differentiation of equation (54.18) with 
respect to the temperature then gives 


Cy = 3A^^ 12 


( T\ 

Jo 


- 1 


d:e - 


e 


- 1 T 


(54.19) 


The evaluation of the integral in equations (54.18) and (54.19) is achieved 
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by expressing the integrand in the form of an infinite series, and integrating 
term by term. If the temperature is moderate or relatively high, then 



and by equation (54.18), 



iNkrl 



On differentiation with respect to T, it is seen that 


(54.20) 


Cv = ^Nk 


i 


A 




(54.21) 


At high temperatures, it is apparent that the atomic heat capacity should 
approach the classical value of 3R. 

At low temperatures, x is large and the integration can then be carried 
out in an alternative form; the result is 



where the last term on the right-hand side represents a function that de- 
creases rapidly with decreasing temperature. For most purposes this, as 
well as can be neglected at low temperatures; the expression for the 

energy then becomes 


E = ZNkT j y ( f y ) + (54.22) 

and hence, 

Ck = 3m| ... I . (54.23) 

A number of interesting conclusions can be drawn from the foregoing 
equations (54.21) and (54.23), for the heat capacity. In the first place, it 
is evident that Cv is a function of the quantity BjT only \ hence the plot of 
Cv against TjO should yield a curve that is the same for all solid elements. 
The nature of the curve is shown in Fig. 40, and it is an experimental fact 
that the heat capacities of many elements, and even of a few simple com- 
pounds that crystallize in the cubic system, have been found to f^l on, or 
very close to, this universal curve. 

In order to verify the applicability of the Debye equation to a given 
solid it is, of course, necessary to know the value of the characteristic tem- 
perature 6; this is generally derived from a measurement of the heat capacity 
Cv at any convenient temperature T, preferably on the rising part of the 
Debye curve (Fig. 40). By means of this curve the value of T/B correspond- 
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ing to the experimental Cv can be obtained, and hence 6 can be derived, 
since T is known. Utilizing this result for 0, the experimental heat capacities 
at various temperatures can be plotted against TjS to see if they fall on the 
theoretical curve. 

Another way of testing the Debye relationship is to use the curve, or 
the equivalent tables giving Cv as a function of T, which are to be found in 



many reference works, to calculate $ from heat capacity data at a series of 
temperatures. If the Debye equation is applicable, then the values of 9 
will be constant for a given element. In actual fact, slight variations have 
been found, but these are small and are attributed to the a^roximation of 
treating a crystalline solid as a continuous medium in order to determine the 
distribution of vibration frequencies. 

According to equation (54.13), the maximum frequency t-m is related to 
the velocities of longitudinal and transverse waves, e.g., sound waves, in 
the crystal; further, since the characteristic temperature 0 is equal to hvmjky 
by definition [equation (54.16)3, it is apparent that there will be a connection 
between 0 and the velocities ci and Ct. This is readily found to be 


1 ^irVkUX 2 \ 
03 " 9Nh^ \ r? f ? / 


(54.24) 


According to the theory of elasticity, the velocities are related to the com- 
pressibility Ky Poisson’s ratio a, and the density p of the crystal, by means 
of the expressions 

. 3(1 - c) . . 3(1 - la) 

(1 + <t)kp 2(1 + a)Kp 


(54.25) 
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Hence, if the elastic constants of the solid arc known, it should be possible 

to Ccilculate the characteristic temperature d\ this has been done in a number 

of cases, and some of the results obtained, compared with those derived from 

heat capacity data, are recorded in Table XVIIL The agreement is seen 
to be very satisfactory. 


TABLE XVIU, CHARACTERISTIC TEMPERATURES PROM ELASTIC CONSTAKTS 

AND PROM HEAT CAPACITIES 


Element 

P 

K 

9 

9 

(calc.) 

9 

(from Cy) 

At 

2.71 

1.36 

0.337 

398 

402 

Cu 

8.96 

0.74 

0.334 

315 

332 

Ag 

10.53 

0.92 

0.379 

215 

214 

Pb 

11.32 

2.0 

0.446 

88 

73 


Attention may now be paid to equation (54.23) giving the heat capacity 

of a solid at low temperatures; neglecting all terms beyond the first, this 
becomes 



(54.26) 


The important conclusion is therefore to be drawn from the Debye theory 
that at low temperatures the atomic heat capacity of an element should be 
proportional to T*, and it should become zero at the absolute zero. In order 
for equation (54.26) to hold, it is necessary that the temperature should be 
less than ^/lO; this means that for most substances the experimental tern- 
peratures must be below about 20® K. Heat capacity measurements made 
at sufficiently low temperatures have served to confirm the reliability of the 

relationship for a number of elements and compounds. The propor- 
tionality of heat capacities to the third power of the absolute temperature 
at low temperatures has been found of great value for the purpose of ex- 
trapolating heat capacities to the absolute zero; such extrapolations are 
important in connection with the experimental determination of entropies 
from thermal data. It may be noted, incidentally, that the slope of the 
plot of Cy against T*, which should be equal to 464.4/d» at very low tem- 
peratures, provides an alternative method for deriving the characteristic 
temperature. 

Further reference to the Debye theory of specific heats of solids will be 
made in Section 67c. 


CHAPTER VIII 

STATISTICAL THERMODYNAMICS * 

Thermodynamics and Statistics 

SSa. Entropy and Probability. — One of the most important aspects of 
statistical mechanics, from the standpoint of the physical chemist, is its 
correlation with thermodynamics, especially with the second and third laws. 
The most convenient approach to this problem is through the concept of 
entropy. It is known from thermodynamics that when a system, with con- 
stant volume and energy, is in equilibrium the entropy is a maximum; on 
the other hand, according to statistical mechanics such a system is in equi- 
librium when the total probability is a maximum. It appears, therefore, as 
suggested by Boltzmann, that there should be a relationship between en- 
tropy and probability. The (thermodynamic) probability maydje defined 
in accordance with earlier discussion as the number of microscopic states, or 
complexions, corresponding to the given macroscopic state. The connection 
between entropy and probability may be expressed as *5* = fiJV)y where S 
is the entropy and IV is the probability. The nature of the function JiJV) 
can be ascertained by considering two systems having entropies 6*1 and *5*2, 
and probabilities W\ and JV\ respectively. Since entropy is an extensive 
property, the entropy *912 of the combined system is equal to the sum S\ + S 2 ; 
the probability fVn of this system is, however, the product fVi X fVu so 
that since 

^ /(^i X ^2). (55.1) 

For the two individual systems. Si == /(fVi) and S 2 = /(^2), and hence it 
follows that 

/(fVi X ^2) =/{fVi) +/(^2). (55.2) 

It is evident that in order to satisfy equations (55.1) and (55.2) it is neces- 
sary that 

-S’ = ^ In ^ + constant, (55.3) 

where ^ is a constant, which can be shown to be identical with the familiar 
Boltzmann constant, that is, the gas constant per single molecule, R/N. It 
was postulated by Planck that the additional constant in equation (55.3) 

* Aston, Chapter IV in “A Treatise on Physical Chemistry,” Vol. I, Edited by Taylor and 
Glasstone; Fowler and Guggenheim, “Statistical Thermodynamics”; Mayer and Mayer, ‘‘Sta- 
tistical Mechanics”; Tolman, “The Principles of Statistical Mechanics.” 
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be taken as zero, thus yielding the relationship 

S ^ k\nfF (55.4) 

between the entropy and the so-called thermodynamic probability. 

55b. Entropy and Number of Eigenstates. — For the purpose of relating 
thermodynamics to quantum statistics, it is more satisfactory to define the 
entropy of a system in terms of the corresponding number of quantum 
states, i.e., eigenstates. If the number of eigenstates for two independent 
systems are Gi and G 2 , then the number Gia of eigenstates for the combined 
system will be given by 

Gi 2 = Gi X Ga, (55.5) 

since for every one of the Gi eigenstates in the system 1 there will be Gj 
different eigenstates in the system 2, making a total of Gi X Gj states. It 
follows, therefore, in accordance with the remarks in the previous paragraph, 
that the entropy may be treated as a logarithmic function of the number of 
eigenstates. Suppose a property of a given system is defined by the 
equation 

S = kin G, , (55.6) 

where ^ is a constant having the dimensions of energy per degree; since G is 
merely a number, and hence is dimensionless, it follows that S will have 
the dimensions of entropy, i.e., energy per degree. It will be shown presently 
that S has the properties of thermodynamic entropy, and by the proper 
choice of the constant k it can, in fact, be made identical with entropy. 

The number of eigenstates for a specified distribution of w elements 
depends on the type of statistics; the required numbers are given by equa- 
tions (50.7) and (50.17) for the Bose-Einstein and Fermi-Dirac statistics, 
respectively. By the use of the Stirling approximation, the corresponding 
values of In G are found to be as follows ^cf. equations (50.10) and (50.19)]: 

Bose-Einstein statistics. 


In G = E 1 («i + gi) In (wi + gi) — fji In — gi In gi] 

% 



Fermi-Dirac statistics. 


(SS.7) 


In G = ^ I {m - gi) In (j-i - «,) - «.• In «.• + gi In j 

ft 

% 



(55,8) 


If the conditions are such that classical statistics can be applied, then gi 
must be considerably greater than w,-, i.e., 1; it can be readily seen 
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that under these conditions both equations (SS.7) and (55.8) reduce to the 
same form, namely. 

In G = ^ («, In gi — m In «, + «,). (55.9) 

The corresponding equation for In G in the Maxwell-Boltzmann statistics 
obtained by taking logarithms of equation (50.25) and applying the Stirling 
approximation, would be [cf. equation (50.27)] 

In G = ^ («. In gi - In ?;.) + fj In ?/. (55.10) 

However, it has been noted in Section 50j that in order to allow for the in- 
distinguishability of the w elements constituting the system, it is necessary 
to divide G by w!; this is equivalent to the subtraction of In «!, equal to 
wlnw - w, from the expression for In G. If this correction is applied to 
equation (55.10), the result becomes identical with equation (55.9), as is to 
be expected. It follows, therefore, that for such conditions that classical 
statistics may be employed, the quantity <9 defined by equation (55.6) 
becomes 

J = ^In G = .t(«.ln^, - w.ln + w.). (55.11) 

i 

Further, under these same conditions the appropriate form of the distribu- 
tion law is 

= (55.12) 

SO that 

In gi = In w,- + (a 4- 
and hence equation (55.11) can be written as 

S = kr2i{a + + 1 ) 

% 

= knot 4- k^E 4- kn^ (55.13) 

where Ey equal to 21 is the total energy of the n elements constituting 
the system. 

It should be noted that the constant k used here is that derived from 
equation (55.6), and has not, so far, been identified with the Boltzmann 
constant. In order to retain this distinction for the present, it will be sup- 
posed that the system under consideration consists of monatomic molecules 
of an ideal gas; it is then possible to define ^ in terms of the total energy E 
by means of equation (48.32), thus 



(55.14) 
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If this result is introduced into equation (55.13)} it is evident that 

S = kna -f ikn + kn 

= kna 4* \kn, (55.15) 

It was seen in Section 51c that the constant B is equal to and using 
the result of equation (51.26), but replacing kT by l/jS, it follows that 


and since ^ is equal to ^njlE, by equation (55.14), 


(55.16) 


” nh* \ 3« y » 


(55.17) 


where, as before, Qi is a statistical weight factor for spin, etc. Taking 
logarithms of equation (55.17), the result is 



(55.18) 


Insertion of this result into equation (55.15), and changing n to the 
Avogadro number, so as to give the value of S for a mole of ideal monatomic 
gas, it is seen that 


~yF\+ikN, (SS.19) 


where V is now the molar volume. 

If this expression is dilFerentiated with respect to Ey at constant volume, 
the result is 



~ 2E » 


(55.20) 


and in view of the definition of Sy by equation (55.6), this quantity must 
represent a temperature. Further, differentiation of equation (55.19) with 
respect to Vy at constant energy, gives 



(55.21) 


which has the dimensions of energy/volume X temperature, or pressure/ 
temperature. 

If the quantity defined as S by equation (55.6), and which has the proper- 
ties given by' equations (55.20) and (55,21), were really the entropy, then 
the thermodynamic equations 




(SS.22) 


and 
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would hold. For a mole of an ideal monatomic gas, E is equal to \RT^ and 
P to RTjV ; it then follows from the equations (55.22) that 


and 



^R 

2E 

(55.23) 

R 

V' 

(55.24) 


Comparison of equation (55.20) with (55.23), and of equation (55.21) with 
(55.24) shows that if the constant k is identified with the Boltzmann con- 
stant, i.e., RIN^ then the quantity .S’ as defined by equation (55.6) has the 
essential properties of thermodynamic entropy. This equation will there- 
fore be used as the quantum statistical definition of entropy; as will be 
seen shortly, it provides an important approach to thermodynamics through 
statistics. 

55c. Eigenstates and Energy Range. — Before proceeding to a more de- 
tailed consideration of thermodynamic functions, reference may be made to 
the quantity G, the number of eigenstates of the system. As calculated in 
previous sections, this refers to the number of eigenstates for energy lying 
within the energy range between E and E H- BEy but the exact magnitude 
of the range BE has not been specified; all that has been stipulated is that it 
should be small enough to be treated as an infinitesimal quantity, but it 
must be large in comparison with the uncertainty AE in the evaluation of 
the energy. Since the entropy as given by equation (55.6) depends on the 
number of eigenstates of the system, it would seem, therefore, at first sight, 
that the vagueness in the definition of BE would make the entropy unreliable. 
It can be shown, however, that because of the enormous magnitude of the 
quantity G, the error introduced into the entropy on account of the in- 
definiteness in BE is completely negligible. The simplest way to prove this 
is to consider some actual figures. The entropies of most gases at standard 
temperature and pressure are of the order of 10 to 100 cal. per degree, per 
mole of substance; since the Boltzmann constant k is 1.38 X 10“^® erg per 
degree, it is readily seen from equation (55.6) that In G must be in the 
vicinity of 10“. 

Suppose now that in estimating the number of eigenstates G, the result 
was in error by the large factor of 10*®®, because of the indefinite nature of 
5E; since In 10*®® is only 230, the error in In G, which is the important matter, 
is obviously quite negligible in comparison with the actual value of 10^. 
It will be apparent that the estimate of G would need to be incorrect by a 
factor of 10*®“ if the entropy is to be in error by only one part in a thousand. 
This condition might arise if the energy range BE were taken to be extremely 
small; it can be shown, however, by means of the uncertainty principle, that 
BE would then have to be much smaller than the uncertainty A£ in the 
evaluation of the energy, and this is not permitted by the restriction on the 
magnitude of BE given above. Since A£A/ is approximately equal to A, by 
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the Heisenberg principle, the error A/ in the estimate of the time would have 
to be impossibly large so as to make AE small enough for it to be smaller than 
the 5E required to produce an appreciable error in the entropy. The ques- 
tion raised by the indefiniteness in the value of the energy range BE can 
thus be dismissed, at least as far as the derivation of the entropy from the 
calculated number of eigenstates is concerned. 

S5d. Thermod 3 mamic Functions of a Monatomic Gas. — ^Under such con- 
ditions that classical statistics are obeyed by a monatomic gas, which will 
be under all normal conditions of temperature and pressure, the entropy of 
one mole of the gas will be given by equation (55.19), viz,, 



>^A^ln • 



+ 


UN, 


where k is now to be identified with the Boltzmann constant. Replacing E 
by ^NkT, it follows that 



kNln ■ 








R\n 






(55.25) 

(55.26) 


which is a form of the Sackur-Tetrode equation for the entropy of one mole 
of an ideal monatomic gas.^ The molar volume ^ may be replaced by 
kNTjPy so that an alternative form of equation (55.25), is 


^ = y^A^ln 


Qi 


kT 


=^Rln\Q, 


{lirmkTyi^ RT 
Nh^ 


-\-UN 


(55.27) 

(55.28) 


The equation for the entropy may be stated in another manner which 
will be generalized at a later stage. It was seen in Section 52a that a 
quantity Qt could be defined by 






(55.29) 


where V is here the molar volume; further, the product of Qt and the sta- 
tistical weight factor Qi was represented by Q, in equation (52.5), so that 






(55.30) 




»Sackur, Ann, Physik, 40, 67 (1913); Tetrode, iM,, 38, 434 (1912); 39, 2SS (1913); St^ 
PhysiM. Z.y 14, 629 (1913). 
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Upon taking logarithms, viz., 


In 5 = In 






> 


(SS.31) 


and differentiating with respect to temperature, at constant volume, it is 
found that 

Comparison of equations (55. 31) and (55.32) with equation (55.25), shows 
that the latter may be written as 


and, making use of the Stirling approximation, viz., In A^! = A^ln — A^, 
this becomes 



In ^ + kNT 



(55.33) 


Another analogous expression for S is obtained by replacing ^ in equation 
(55.31) by kNTjPy and differentiating with respect to temperature, at 
constant pressure; the result is 



Comparison with equation (55.25), then leads to the form 



kN 




(55.34) 


(55.35) 


It should be noted that in the foregoing derivations it has been tacitly as- 
sumed that Qi is independent of temperature; this is strictly true for atoms, 
or monatomic molecules, provided they are all, or virtually all, in their 
electronic ground states. 

The Gibbs free energy F can be derived from the equation for the entropy 
by making use of the familiar thermodynamic relationship 

F = E PF - TS. (55.36) 

For an ideal monatomic gas, 

E = IPFy 

and since PF = RT for one mole, it follows that 

F = ^RT - TS. 


(55.37) 
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Utilizing the value of S given by equation (55.26) or (55.28), it is seen that 


- RTln 


Qi (2irmkT)*f^ RT 


N 


h* 


(55.38) 


- RTln 


Qi {UrnkT)^!^ 


= - kNT In 


N 

Q 

N' 


A* 


(55.39) 


(55.40) 


An analogous expression can be obtained for the Helmholtz free energy 
(maximum work function) represented by yf; this is given by 

A ^F-PV 

^ F - RT = F - kNT, (55.41) 

for one mole of an ideal gas. Making use of equation (55.40), the maximum 
work function for the one mole of monatomic gas is 

^ kNTln ^ - kNT 

= - kTln + kTiN\n N - N) 

= -kTln^„ (55.42) 


after introducing the Stirling approximation for In Nl 

55e. Calculation of the Thennionic Current — It was mentioned in Sec- 
tion 53d that it is possible to derive the Richardson equation (53.46) for 
the thermionic current by considering the rate at which electrons from the 
vapor phase return to the metal at equilibrium; this calculation can now 
be made with the aid of equation (55.40). The average energy required to 
take an electron from the interior of the metal and bring it, in a state of 
rest, outside the metal is equal to the thermionic work function x* Since 
the transfer process involves no mechanical work against an external pres- 
sure, the quantity x may be identified with the free energy change accom- 
panying the electron transfer. Regarding the free energy of the electron at 
rest outside the metal as zero, the value for an electron inside the metal will 
be equal to —x- The thermodynamic condition for equilibrium is that the 
free energy per electron, at constant temperature and pressure, must be the 
same inside the metal as it is in the vapor phase, and hence the latter must 
also have the value — x« Since the density of electrons in the vapor 
is very small, the system will approach classical behavior, and hence the free 
energy per electron in the vapor will be obtained on dividing equation (55^40) 
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by the Avogadro number; consequently. 


— X = t; « — 


N 


kTln%. 

N 


= - kT\n 



RT 


(55.43) 


« 

2, because of the spin degeneracy, 
d solving equation (SS.43) for P, the electron gas pressure, it is found that 


2{2TmkT)^i^ 

h* 




(55.44) 


the pressure of a gas is related to the number of 
particles Z striking a surface of unit area in unit time by the expression 


Z = P(27rmkT)~^f\ 

and if the value of P given by equation (55.44) is introduced, the result is 





.^/*r 


This is seen to be identical with equation (53.45), and hence if the value of 

Z as given here is multiplied by the electronic charge, there will be obtained 

e Kichardson equation for the thermionic current in exactly the same form 
as in equation (53.46). 


The Partition Function * 


56^ Generalized Equations for Thermodynamic Functions: The Par- 
htion Function.— Up to the present the concepts of statistical mechanics 
have been employed to study systems made up of point particles, such as 
monatomic molecules and electrons, so that the energy has been restricted 
to that which IS purely translational in character. It is important to empha- 
size, however, that there is nothing in the derivation of the general equations, 
giving the values of G for the number of eigenstates of a system, that restricts 
their application to energy of a particular type; exactly the same conclusion 
holds for the distribution laws derived from the expressions for the number 
of agenstates. It Allows, therefore, that equation (55.10) for the value of 

Ilk (55.11) for the entropy, equal to k In G, are applicable to 

the total for the molecule, including translational, vibrational, rotational, 
etc., contributions. It is true that the value of k has been identified with the 
Boltzmann constant for a monatomic gas, but the arguments could be ex- 


* 1*1**977 (1930); Rodebush, Chsm. Rev., 9, 319 (1931); Kassel, 

7 • *’ 1 Wilson 27, 17 (1940); Glasstonc, ^nn. Rep. Chem. Soc., 32, 66 (1935); 
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tended s</ as to be applicable to any system of weakly interacting, i.c., ideal, 
molecules Further, the classical distribution equation gives the number of 
molecules «,• having a total energy in the range to u + viz., 







ii 

B 


_ p-uIkT 


(56.1) 


where, as before, B is used in place of e^. It follows, therefore, that 


gc. ^ B = ^ (56.2) 

The sum of all the values of w; is equal to the total number of molecules w, 
so that by equation (56. 1) 

(S6.3) 

The quantity E which represents the sum of all the^itf^**'*^ terms 

for every quantum level of energy of a single molecule, is generally referred 
to as the partition function of the given molecule, and is represented by 

the symbol Q,^ 

It is therefore possible to write the definition 

e = E (56.4) 

a 

% 

and hence equation (56.2) becomes 

#. = 5 = ^ . (56.5) 

n 

It will be observed that this result is identical with the classical value of 
derived in previous sections; this is, in fact, why the symbol Q was used in 
the earlier work to represent certain expressions. The fundamental defini- 
tion for Q is given by equation (56.4), but it will be seen later that in the 
special case of a monatomic gas this becomes identical with the earlier 
definitions, such as are represented by equations (52.4) and (52.5). 

The use of the partition function, in its most general form, permits the 
ready derivation of expressions for the various thermodynamic properties 
that are applicable to molecules of all types; only one condition need be^ 
made, namdy, that classical statistics are applicable, and this will be the 
case at all reasonable temperatures and pressures for a system of weaUy 
interacting particles. This means, of course, that the system jnust consist 

*Thc partition function was originally called the Zustantlssumme by Planck, and tWs was 
translated as “sum over states*’ or “state sum,” but these terms are now rarely used. 
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of an ided, or virtually ideal, gas. The general method will now be applied 
to a number of important thermodynamic functions. 

S6b. Entropy and Free Energy.— As seen in Section SSb, the number of 

eigenstates of any system which may be treated as behaving classically is 
given by equation (55.9), viz., 

InG = '£ (rji In gi - In 

t 

and if the fundamental postulate for the entropy, namely 

S = kin G 

is introduced, it follows, as before, that 

^ = a In gi — w,- In + Wi). 


Further, by using the classical distribution law equation 


and the expression 



gO+uIkT > 


£ = E 


for the total energy, it is found that [cf. equation (55.13)], 



^ + kna + krty 


where k is now identified with the Boltzmann constant. For one mole, n 
is replaced by the Avogadro number A^; hence, * 

= I -h kNa + kN 
E 

— y, -f- R<x -}- R, (56.6) 


For a system of molecules, it follows from equation (56.5) that 




Q 


N 


where Q is still the partition function for a single molecule, so that 




(56.7) 


and hence equation (56.6) becomes 




(56.8) 
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Using the thermodynamic definition F ^ E + PV — TS^ or its equiva- 
lent for an ideal gds, 


E + RT-TS^ 


it follows from equation (56.8) that 


F^ 


- RT\n % 

N 


(S6.9) 


Combination of this result with the thermodynamic equation 


i), - - ^ 


permits equation (56.8) to be written in the form 




(S6.10) ' 


Further, since the maximum work function /f is equal to F — RT for 
1 mole of an ideal gas, it follows from equation (56.9) that 


yf = 


Q 


- RT\n^.- RT, 

N 


and use of the Stirling approximation for In iVl, as in Section 5Sd, gives 


^ = - *rin 




Nl' 


(56.11) 


The use of the thermodynamic relationship 


Ul - - 


now provides another form of equation (56.10), namely 


S=^kln^^ + RT 


(d\nQ\ 
\ BT 


(56.12) 


It will be observed that equations (56.9), (56.10), (56.11) and (56.12), 
arc identical with the equations (55.40), (55.35), (55.42) and (55.33), respec- 
tively; the reason for this identity, as indicated above, is that the quantity 
Qt defined by equation (52.4), viz.. 




X ♦ w 

r* ' > 


¥ 
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or, by its equivalent. 


— • -p 


Ihortlv If fir energy, as will be seen 

an^w ’^f ^ ^ mult.pl, ed by the statistical weight factor Q„ which 

sentld b°v ®P’"' resulting quantity Q,Q„ which was repre- 

cul ^Tb-^’ ^ the complete partition function for the monatomic mle- 

lolar equations. For 

£n Ira/rur^“*°T“' '"“"t, however, include factors other 

than that due to nuclear spin; this matter will be considered later 

^ i. rep,.«n„d 

E = ^ +TS, 

rl"sirs'"'"® (56.12) for ^ and J, respectively, the 


E = RT^ 


(aj^\ 

\ dT )y- 


(S6.13) 


This equation may be written in a variety of other forms, such as 


Q Urjy 


- R 


R 

Q 


d\nQ 

Wm\y 
1 

d(l/7) I 


(56.14) 


(56.15) 


(56,16) 


The quantity Q' may be defined 


as 


Q' 


I SQ 

I a(i/r) 


\dT)y’ 


(S6.17) 


and utilizing the definition of Q given by equation (56.4), it follows that 


<» 




(56.18) 


Hence equation (55.16) may be written 


as 


£ = “ - (9' 


(56.19) 


where J?' could be evaluated by means of equation (56.18), 
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The heat capacity at constant volume may be obtained by difFerentiating 
the expression for E with respect to T, at constant volume; the results arc 



jpJL{iJ2-£ 

^drld(i/r) 

R \ ^Mng 1 

r*ld(i/D»lF’ 



(56.20) 

(56.21) 

(56.22) 



If in addition to Q\ as given by equations (S6.17) and (56.18), a further 
quantity Q” is defined by 



equation (56.22) can be written as 



R ^ 

T^\ Q 



(56.23) 

(56.24) 


I 

(56.25) 


The heat content H is equal to E + PVy and so for one mole of an ideal 
gas, it follows that 

H ^ E + RT 
= F+TS, 


and hence from equations (56.9) and (56.10), 

. (56.26) 

Differentiation with respect to temperature, at constant pressure, gives 



(56.27) 


The expressions for H and Cp are seen to be identical in form with those for 
E and Cvy respectively; the only difference is that in the former case the 
differentiation is always at constant pressure, while for the latter it is at 
constant volume. If this is borne in mind, one set of equations is adequate 
to cover all the conditions. 

56d. Alternative Derivation of Thermodynamic Equations. — ^There is 
another approach to the question of the relationship between the partition 
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function and the various thermodynamic functions that is of interest. By 
combining equations (56.1) and (56.5), it is seen thac for a system of N 
molecules 



(56.28) 


and since the total energy E per mole is equal to fot ah states of 

the system, it follows that 




(56.29) 


As seen from equation (56,18), the summation in equation (56.29) is equal 
to and hence 



(56.30) 


as given by equation (56.19). The alternative forms, equations (56.14), 
(56.15) and (56.16), then follow immediately. From these, the various 
expressions for Cv may then be derived by differentiation with respect to 
temperature, as shown above. 

The evaluation of the entropy may now be made by utilizing the thermo- 
dynamic equation 

Cv 

dT, 

so that 


where S is the molar entropy of the gas at the temperature T, and 6*0 is the 
hypothetical value at the absolute zero. Introducing the value of Cv given 
by the equation 



which is equivalent to equation (56.30), it follows that 



-/'?• 


d_ 

dT 


RT^ 


d\nQ 



dT 


RT^/ din Q 


= RT 


dT 

^ In g 

dT 


+ 


dT 

C^RT^f din g\ 

Jo t^Kbt) 


dT 


+ In g — In go, 


(56.31) 
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where Qo is the hypothetical partition function of one molecule of the gas at 
the absolute zero. 

The next step in the calculation is the elimination of and it is at this 
point that the postulated relationship between the entropy and the number 
of eigenstateS) viz.^ 

S ^ k\nG 

is introduced. If gi is assumed to be greater than ttiy so that classical 
statistics are applicable, then by equation (SS.9), 

In G = {tti In gi — fti In «, + w,), (56.32) 

e 

t 

but at the absolute zero all the N molecules will presumably be in the same, 
i.e., the lowest, energy state; hence, using the subscript zero to indicate this 
condition, equation (56.32) becomes 

In Go - A^ln^o - N\nN~\-N 
= Nlngti - In N\ 

* 5*0 = i In Go = i? In j^o — ^ In N\ (56.33) 

It should be noted that this entropy is the value that an ideal gas would 
have at the absolute zero if it remained in the ideal gaseous state at this 
temperature; it must be regarded, in effect, as an extrapolated, rather than 
as a real quantity. 

If the energy of any quantum state is reckoned from the value at the 
absolute zero of temperature as the zero of energy, the term is unity; 
hence the partition function Qn at the absolute zero becomes equal to ^’o, 
there being but one energy level. Consequently in equation (56.33) may 
be replaced by giving 

6*0 = -R In 00 “ ^ In N\ (56.34) 

Introducing this result into equation (56.31), it is found that 

which is identical with equation (56.12). 

Since expressions for E and S have been derived, it is evidently a simple 
matter to deduce the same equations as before for the other thermodynamic 
functions, viz., /f, F and A, 

56e. Effect of Zero Energy Level. — Since the partition function involves 
the summation of a number of exponential terms containing the energies of 
all possible levels in the molecule, it is necessary to consider the level that 
is to be taken as the energy zero. For gases, it is the general practice to 
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take the zero-point level of each molecule, i.e., the level for which the trans- 
lational, vibrational and rotational quantum numbers are all zero, as the 
energy zero. It is of interest, however, to see what would be the effect of 
changing the energy zero to any other arbitrary level. Let «,• be the energy 
of the ith level, the energy being reckoned from the zero-point level of the 
molecule; the partition function is then given in the usual manner by 

<? = E 

Suppose now that the energy zero is changed by an amount «o; the energy 
value of each level is then changed by an equal amount, so that the new 
partition function, designated will be given by 

= g.g-u\kT 

= (56.35) 


The new partition function is thus equal to the original value multiplied by 
where co is the change in the energy zero per molecule. If £o is the 
energy change per mole, which is equal to A^€o, where N is the Avogadro 
number, then equation (56.35) may be written as 

Qe, = (56.36) 

Upon taking logarithms of equation (56.36), it is seen that 


and hence. 



(56.37) 

(56.38) 


From these equations, and bearing in mind the expressions for the various 
energy functions £, //, F and it can readily be seen that the values of 
these functions, based on the new energy zero, will be £o per mole greater 
than those based on the original zero level. This is, of course, exactly what 
is to be expected. On the other hand, the entropy and heat capacity are 
found to be independent of the arbitrarily chosen energy zero. 


Determination of Partition Functions 

S7a. Separation of Partition Functions. — For the purpose of calculating 
partition functions, it is convenient to separate the energy of a molecule 
into at least two independent parts; one part, the translational energy, is 
determined solely by the coordinates and momenta of the center of mass of 
the molecule, while the other part depends on all other (internal) degrees 
of freedom. If ct represents the translational energy of a molecule in any 
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given state, and 6^ is the whole of the residual energy, including rotational, 
vibrational, electronic and nuclear forms, the total energy e is then given by 


and hence 


«==<( + «i, 

g-*lkT _ g-ttlkT^ufkT^ 


(S7.1) 


The complete partition function for the molecule may now be separated 
into two parts; the number of eigenfunctions (statistical weight) g of z 
system will be equal to the product of the eigenfunctions for the different 
forms of energy; hence, in view of equation (57.1), the partition function 
may be written as 

Q = E f*^-*'*^ Z (S7;2) 

I • 


where the subscript / refers here to all the internal energy states. The 
translational energy states are apparently nondegenerate, so that the sta- 
tistical weighty* is unity; it is then possible to write 

Q = QiQi> 

in agreement with the definition used earlier, where 

= Z and (S7.3) 

i i 


The fact that the complete partition function may be written as the product 
of the partition functions for external (translational) and internal degrees of 
freedom now permits a partial simplification of the problem of evaluating 
the quantity Q for a given molecular species, A further separation of Qi 
will be considered shortly, but in the meantime the derivation of the transla- 
tion partition function Qt will be described. 

S7b. The Translational Partition Function. — ^The translational energy ot 
a molecule can be treated as involving three independent components in 
directions at right angles; in any one direction, the quantum mechanical 
expression for the translational energy per molecule €((i) is given by [cf. 
equation (51.5)] 


where n is the appropriate quantum number. The partition function for 

one degree of translational freedom is consequently given, according to 
equation (S7.3), by 

I 


2^ 



DETERMINATION OF PARTITION FUNCTIONS 


365 


the summation being carried over all values of the quantum number n from 
zero to infinity. Since the translational levels are very closely spaced, that 
IS to say, the quanta are extremely small, the summation may be replaced 
by integration; hence 

Replacing the constant factor hy the symbol X, the expression for 

the translational partition function in one degree of freedom becomes 



1 ( K r 

(27rm^r)*« 

f li 


(57.4) 


The contributions for the three translational degrees of freedom are the 
same, and so the complete partition function Qt for a single molecule is 
obtained by multiplication of the three identical expressions; thus 



{lirmkTyf^ RT 


(57.5) 

(57.6) 


where P has been replaced by the molar volume or by RTjP, It will be 
observed that these equations for the partition function Qt are identical 
with that assumed previously, e.g., equation (55.29), in defining Qt, 

Attention should be drawn to the fact that equation (57.5) is the general 
expression for the translational partition function of a single molecule moving 
in a vessel of volume irrespective of the magnitude of the latter. Pro- 
vided the interaction between them is small, as in an ideal gas, the presence 
of other molecules in the volume is immaterial. When using partition 
functions to calculate thermodynamic quantities for 1 mole of (ideal) gas, 
as in the present chapter, V becomes the molar volume, and then equation 
(57.6) is also applicable. The partition function is, nevertheless, still that 
for a single molecule; the question of the combined partition function for all 
the molecules in a mole of gas will be considered in Chapter IX. 

It is of interest at this point to consider the equivalent of the partition 
function in classical statistical mechanics; this is often useful, for under 
correspondence principle limits it gives the same results as does the quantum 
statistical treatment. Utilizing the definition of g given by equation (51.2), 
the classical expression for the partition function becomes 

G = ^ J* ' " J' ‘ ‘ * ^pS‘ 


(S7J) 
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The energy « should be expressed in Hamiltonian form, 5.c., as a function 
H{py q) of the coordinates and the momenta, so that equation (57.7) is often 

written in the form 



. , . dpf. 


(57.8) 


These equations for the partition function are satisfactory und^ spcK con- 
ditions that the quantum states of the appropriate energy are very close 
together; in general, the difference of energy between two successive states 
should be small in comparison with kT if the classical equations are to be 
adequate. This condition is particularly applicable to translational energy, 
and so it is possible to write, for a single molecule. 



H {p, q) 





and hence the translational partition function is 


^-<p* + p1+p*> z*"* ^dxdydzdp^p^p g. 

Integration over the coordinates x,y, z gives the volume V of the containing 
vessel; hence 

«D 


and comparison with the integrals in Section 48b shows that 


Q 




y. 


as found above. 

57c. Translational Thermodynamic Functions.^The partition functions 
just derived may be used to illustrate the calculation of thermodynamic 
functions corresponding to translational energy. The molar translational 
entropy Siy for example, may be derived from equation (56.12), which takes 

the form 




d In Qt\ 


St kin RTy j 


^ Rln 


i2irmkT)*i* 


A* 


f\ ~ kin m + iR. 


(S7.9) 


Since In N\ is equal to In iV - iV by tne Stirling approximation, 

klnN\^kNlnN-kN 

= RlnN-R. 
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and if this is inserted in equation (57.9) the result is 



R In 






(57.10) 


which is the original form of the Sackur-Tetrode equation. It gives the 
translational entropy of one mole of any ideal gas, or the total entropy, 
apart from the nuclear spin contribution, of a monatomic ideal gas [cf. 
equation (55.26)). The molar- volume ^ may be replaced by kNTjPy so 
that equation (57.10) becomes 



R\n 


{lirmkTyi^ 



(57.11) 


If the universal constants /?, ir, ky h and N are separated from rriy T and Py 
which are characteristic properties of the gas, it is seen that 


= /? In A/ + f In T - In P + In 

Inserting the values of the constants, and converting the units so that the 
pressure is in atmospheres, it is found that 



*5*1 = 4.576(§ log M -f f log T - log /> - 0.5053) (57.12) 

in calories per degree per mole. 

The total translational energy Et is given by equation (56.13) in the form 

and using the value for Qt derived above, it follows that 

= §pr, 

in agreement with expectation. This is identical with the total energy for 
an ideal monatomic gas, since the nuclear spin statistical weight is inde- 
pendent of temperature and makes no contribution to the energy. The heat 
capacity at constant volume is, of course, equal to ^R. 

The pressure of a gas, which is entirely due to the translational motion, 
can also be derived from the partition function by using the thermodynamic 
relationship 


(57.13) 


(57.14) 
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in conjunction with equation (56.10) for A\ the result is 


P ^ RT 


^In g 

dV 



(57.15) 


For an ideal gas, the only portion of the partition function that is dependent 
on the volume is the translational contribution; hence Q may be replaced 
by Qt so that 


RT 


RT 


T7>ln TZ r 

dV h} IT 


V * 


(57.16) 


as required for one mole of an ideal gas. 

58a. Atoms and Monatomic Molecules.— For a system consisting of 
atomic particles the contribution of the internal quantum states to the par- 
tition function is restricted to the nuclear spin and electronic angular mo- 
mentum factors. Single particles have no vibrational or rotational energy, 
at least none that affects the heat capacity or entropy, and so the internal 
partition function Qi is the product of the two factors just mentioned; thus, 

Qi = QnQe, (58.1) 

where Qn may be called the nuclear spin partition function, and Qt is the 
electronic partition function. 

If i is the number of units of spin momentum of the atomic nucleus, 
there are 2i + 1 possible orientations, of almost equal energy, that may be 
taken by the nucleus in a perturbing field (cf. Section 31e). Since the 
differences between the energies of the nucleus in the various orientations 
are negligible, the situation is equivalent to a nuclear spin degeneracy equal 
to 2/ + 1. The nuclear energy may be taken as that corresponding to the 
atom in its lowest state; hence the expression for the partition function 
becomes 

e« = E = (2f + 

= li -f 1. (58.2) 

The nuclear spin contribution of an atom or a monatomic molecule to the 
complete partition function is thus a factor of 2i + 1. For example, the 
nuclear spin of the hydrogen atom is \ unit, and consequently the spin factor 
for this atom is (2 X J) + 1 = 2. 

The total electronic angular momentum of an atom is determined by the 
quantum number which has only positive values given by / ± J, where / 
and s have been defined in Section 1. For every j value there are 2j + 1 
different possible orientations in a magnetic field; these orientations repre- 
sent states of the atom with almost identical energies. The degeneracy g 
of each electronic state is thus 2j + 1 where j is the appropriate value of 
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the rwultant quantum number; the electronic contribution to the partition 
function is then given by 


e. = E (58.3) 

the summation being carried over all the electronic states of the atom. For 
the lowest electronic state, i.e., the ground state, e is zero, and the value of 

for this state is just 2j + 1. If the energy of the next highest 
electronic state is considerably greater than that of the ground state, the 
corr^ponding factor is so small that it may be neglected. As a very 
rough rule, it may be stated that if hcvjk is greater than ST, where v cm.“^ 
IS t e energy of the electronic level above the ground state, expressed in 
terms of wave numbers, then the contribution of that particular level to 
the partition function may be neglected, since f-® is equal to 0.0067. For 
the ground state of atomic hydrogen, for example, the term is ^^ 1 / 2 , so that 
J IS and 2y + 1 is thus equal to 2. For the first excited states, hcvjk is 
equ to 1.18 X 10®, and so a temperature of several thousand degrees would 
be necessary before this level made any detectable contribution to the par- 
tition function. The value of for atomic hydrogen at all reasonable 
temperatures is thus 2. As seen above, the nuclear spin contribution is also 
, and so the total partition function for the internal quantum states of 
atomic hydrogen is given by 



The ground state of the chlorine atom is a *Pa /2 term so that_; is f, and 
the de^neracy 2j + 1 is 4. The frequency separation of the next highest 

‘uuu • lowest state is 881 cm.-^ so that hrvik is 1268; this level 

will thus begin to contribute appreciably to the partition function at tem- 
peratures of about 250® K and higher. Since j for the higher electronic 

state IS J, the degeneracy is 2, and hence the electronic partition function 
for atomic chlorine is 


i?. = 4 -h 

the energy of higher levels being so large that their contribution can be 
neglected.^ The nuclear spin / of the chlorine atom is f units, and so Qn, 
equal to 2i + 1, is 6; it follows, therefore, that for atomic chlorine 


Qi = 6(4 -f 

A slightly more complicated case is presented by atomic oxygen; the 
ground term is an inverted triplet state, the j values being 2, 1 and 0; 
the frequency separations of the two higher levels are 157.4 cm.“‘ and 226.1 
cm. respectively, above the lowest level. Since the nuclear spin of the 
oxygen atom is zero, Qn is equal to unity; hence 

Qi = (2^0 + + (2yi + l)<f-i/tr + (2^*2 

= 5 -|- -f- ^-22«.IAe/Ar 


370 


STATISTICAL THERMODYKAMICS 


At very high temperatures the contributions of excited states must be 
included. 

The complete partition function of an atom or monatomic molecule is 
obtained by multiplying the value of (2,-, calculated as just described, by jj*, 
given by equation (57.5) or (57.6); the resulting expression for Q may be 
inserted in the equations for the various thermodynamic properties. It 
should be noted that the Sackur-Tetrode equation for the entropy of a 
monatomic gas, e.g., equation (55.26) or (55.28), is strictly applicable only 
if Qi is a constant, independent of temperature. This will, of course, not 
be the case if Qi includes terms for excited electronic states, as is obvious 
from the expressions for the internal partition functions of atomic chlorine 
and oxygen given above. In other words, the Sackur-Tetrode equation in 
its simple form is applicable, strictly, to the ground state only of an ideal 
atomic species, even if the correct value of Qi is employed. The general 
expression for the entropy, e.g., equation (56.10) can, however, always be 
used, and from it a modified Sackur-Tetrode equation can be obtained if 
desired; this will include a term involving 3 In QijBT^ which is significant 
only if higher electronic levels make an appreciable contribution to the 
partition function. 

It may be of interest in this connection to observe that the translational 
energy of \RT per mole of ideal gas, as given by equation (57.14), will also 
represent the total energy of an ideal monatomic species in its ground state. 
If there are excited electronic states of relatively low energy, these will make 
a contribution to In Qi that is temperature dependent, and hence will affect 
the total energy value. The translational part of the energy, however, is 
still \RT per mole. Similar considerations apply, of course, to the heat 
capacity. On the other hand, the pressure as expressed by equation (57.16) 
remains unaffected, since the expression for P involves the derivative of 
In Q with respect to the volume at constant temperature. 

58b. Diatomic Molecules. — In passing from a consideration of atoms to 
that of molecules, it is convenient to discuss first the properties of diatomic 
molecules. The internal partition function now includes contributions from 
one vibrational and two rotational degrees of freedom, in addition to the 
factors due to electronic and nuclear spin degeneracies. In general, the 
effect of electronic levels above the ground state can be neglected, since the 
energy of even the first excited state is usually so high that it makes a 
negligible contribution to the partition function except at very high tem- 
peratures. The frequency separation between the lowest and first excited 
states of the oxygen molecule is probably one of the smallest for any diatomic 
molecule, namely 7881 cm.“^, yet the latter does not contribute appreciably 
to the partition function at temperatures below about 2000® K. For other 
molecules, therefore, still higher temperatures would be necessary before 
excited electronic states made any noticeable contribution to the partition 
function. Consequently, it is evident that for all ordinary purposes, any 
electronic state of a diatomic molecule above the ground state can be ne- 
glected. Nearly all stable molecules, with the notable exceptions of oxygen. 
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sulfur (S 2 ), and nitric oxide, which will be considered later, have *2 ground 
terms. The lowest states of such molecules are thus singlets, and the value of 
Qey the electronic partition function, is unity. For the majority of stable 
diatomic molecules, the situation as regards the electronic contribution is thus 
very simple. As just mentioned, a few stable molecules and, in addition, 
a number of radicals, such as CN and OH, do not have *2 ground states; 
these substances require special treatment which will be deferred for the 
present, 

58c. Separation of Internal Partition Function. — Because of the relation- 
ship between nuclear spin and rotational levels (cf. Section 31), it is con- 
venient to include the nuclear spin factor with the rotational contribution 
to the partition function. For the present, therefore, the internal partition 
function of a stable diatomic molecule may be regarded as made up solely 
of the contributions from rotational and vibrational degrees of freedom. If 
the rotational and vibrational energies of a molecule are quite independent, 
then the energy €,■ due to internal degrees of freedom would be equal to the 
sum of €ry the rotational energy, and €«, the vibrational energy. It can be 
seen, therefore, by means of arguments similar to those used previously, that 
the internal partition function of a stable diatomic molecule can be separated 
into two parts, one Qr for rotational, and the other Qv for vibrational, degrees 
of freedom; thus, 

Qi - Q.Qry (58.4) 

where 

Qr = Y. and Qv ^ Y 

The determination of the partition function for internal degrees of freedom, 
in a case of this type, resolves itself into the evaluation of the separate 
partition functions for rotation and vibration. 

It will be observed that the expressions for all the thermodynamic quan- 
tities, viz., entropy, total energy, heat content, heat capacity, free energy 
and the maximum work function, involve either the logarithm of the parti- 
tion function, or a derivative of this logarithm. Since the total partition 
function may be resolved into the product of the partition functions for 
various degrees of freedom, assuming that the respective energies are inde- 
pendent of each other, it is obvious that the thermodynamic quantities may 
be represented as the sum of the contributions of the separate degrees of 
freedom. As it is sometimes convenient to consider the effect of rotational 
and vibrational energies individually, it is of interest to see how the separa- 
tion of the thermodynamic quantities can be made. 

S8d. Rotational and Vibrational Energies. — The expressions for the vari- 
ious parts of the total energy and heat capacity present no difficulty; taking 
the complete partition function Qy for a single molecule, as the product of 
the translational ((?<), rotational {Qr) and vibrational (Qp) contributions, 
so that 


Q ~ QtQrQvy 


( 58 . 5 ) 



372 


STATISTICAL THERMODYNAMICS 


and 

In Q — \n Qt In Qr 4- In Qv, 

it follows that the general equation (56.13) for the total energy per mole can 
be written as 


The first term on the right-hand side is, of course, the translational energy, 
and the second and third terms represent the contributions to the total 
energy of the one mole of ideal gas made by the rotational and vibrational 
degrees of freedom, respectively. Since the partition functions for rotation 
and vibration are independent of the volume of the vessel occupied by the 
gas, the subscript F may be omitted; it is thus possible to write 



where Cr and C„ are the rotational and vibrational contributions to the 
molar heat capacity. Since the respective partition functions are independ- 
ent of pressure or volume, these degrees of freedom make the same contribu- 
tions to the heat capacities at both constant pressure and volume. 

58e. Entropy Due to Internal Degrees of Freedom. — With the entropy 
the situation is not so simple, and hence it requires more detailed examina- 
tion; it will be seen that equation (56.12), for example, contains the term 
— ^ In N\y and it must be decided what is to be done with this when the 
total entropy is divided into its separate parts. It will be apparent from 
equation (55.33) that the — ^ In A^! term appears in the expression for the 
entropy of a monatomic molecule which, apart from possible nuclear spin 
and electronic contributions, is entirely translational in character; further, 
the same term is also found in equation (57.9) for the translational entropy. 
It would seem, therefore, that the corresponding relationship for the entropy 
associated with internal degrees of freedom should take the form 



= Rln Q, + RT 


d\n Qi 

dT 


(S8.9) 


where the suffix i may be taken to represent either the combined or separated 
internal, i.e., rotational and vibrational, degrees of freedom. This expres- 
sion would also give the contribution to the entropy due to the nuclear spin, 

if, as is often the case, it is desired to separate this from the rotational 
entropy. 
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58f. Localized Elements. — It will not be out of place to refer briefly to 
the physical significance of the fact that the whole of the — ^ In N\ term is 
included with the translational entropy. A general consideration of the 
arguments already developed will show that this term has its origin in the 
indistinguishability of the N identical molecules that constitute a given 
system. Because the molecules are not distinguishable, although the 
Maxwell-Boltzmann statistics implies that they are, it is necessary to divide 
the total number of eigenstates by A^l as mentioned in Section 50j; the result 
is that the entropy is reduced by k In A^! As long as the particles are in 
motion it is not possible to distinguish between them, and the term — ^ In A^! 
must be included in the entropy. However, if the atoms or molecules are 
fixed in space, for example, as in a crystal lattice, it is possible, in principle, 
to identify each unit by its position in the space lattice. A system of this 
type would consist of what has been called localized elements^ and the con- 
stituent atoms or molecules are to be regarded as distinguishable. For such 
systems the Maxwell-Boltzmann distribution law is applicable in its origmal 
form, provided the temperatures are reasonably high. In deriving an ex- 
pression for the entropy of a system of localized elements the term — In A^! 
would thus be omitted. If a system of molecules possessed only rotational 
or vibrational energy, or both, and no translational energy, it might be 
treated as a system of localized elements in the sense just considered. The 
separation of the energy of a system into two entirely independent parts, 
viz., internal and translational, thus permits the particles to be regarded as 
indistinguishable, as far as the translational entropy is concerned, but as 
distinguishable, localized elements, when the rotational and vibrational 
contributions are being considered. 

59a. The Rotational Partition Fimction. — If the vibrational and rota- 
tional energies of a molecule are treated, as a first approximation, as being 
independent, the diatomic molecule may be considered as a rigid rotator 
with free axis. The rotational energy for a single molecule is then given 
by equation (9,68); for the present purpose, as in Chapter IV, it may be 
written as 

*. = /(/+!) ^, (59.1) 

where 1 is the moment of inertia of the diatomic molecule. The rotational 
quantum number / can have zero or integral values. As in Section 28, 
this expression for the energy may be put in the form 

6. = /(/ + \)Bhc, (59.2) 

where B is equal to hj^-n^Icy and c is the velocity of light. It was also seen 
in Section 12 that for every value of J there are 2/4-1 eigenstates corre- 
sponding to approximately the same magnitude of the rotational energy; 
each rotational level thus has a degeneracy of 2/ •+- 1. The expression for 
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cue rotational partition function of a single molecule is consequently 

Sr “ L 

= E (2/ + l)^/(/+i)AV8»>/kr 

J-O 


*= E (2/ + 

j=o 


(59.3) 


ignoring, for the present, the effect of the nuclear spin. If the symbol p is 
defined in the following manner. 


Bhc A* 

~ kT ~ %-^IkT' 


(S9.4) 


it is seen that the rotational partition function may be expressed as 


!2r = Z (2/ + 


7-0 


(S9.S) 


The result of this summation can be obtained with a fair degree of accuracy 
by means of the Euler-Maclaurin formula; if p is less than unity, as will be 
the case at all temperatures above the very lowest, with the possible excep- 
tion of very light molecules, such as hydrogen and deuterium, then 





If p is quite small, e.g., less than 0.05, which will be true for nearly all 
substances at moderately high or high temperatures, all terms beyond the 
first in the parentheses may be neglected, so that the rotational partition 
function of a rigid diatomic molecule is given by 



Sir^IkT 


(59,6) 


The same result can be derived in an alternative manner; equation (59,5) 
may be written as 

Qr = E 2(7 + 

7-0 

and if p is small, summation can be replaced by integration so that 


Q, = J* (/ + 
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Utilizing standard integrals, this becomes 



1 



and if p is small, is virtually unity, so that the result is the same as given 
by equation (59.6). 

It is of interest to show that this approximate partition function, ap- 
plicable at high temperatures which represent correspondence principle 
limits, can be obtained by utilizing the classical definition of the partition 
function, equation (57.8). The energy of a rotator with free axis, expressed 
in Hamiltonian form, is 


- h{p'‘ + Si) ■ 


(59.7) 


and since the diatomic molecule has two rotational degrees of freedom, the 
classical partition function can be expressed* as 



//// ^(p|+py.i.* >^nnTdp,dp^dM'i, 


p e-olnitTdp, f“ .in* edp^ f' d6 C' d4>. 

CO c/o ^0 


(59.8) 

(59.9) 


The first two integrals are standard forms, and so it is readily found that 

^ lirIkT f' . , T' 

Qr ~ J Sindi/dJ 

%i^IkT 

in agreement with equation (59.6). 

The contribution of rotational degrees of freedom to the total energy 
and heat capacity of a diatomic molecule may be obtained by combining 
the foregoing result with equations (58.7). Since 


it follows that 


^In Qr 
dT 


r’ 



(59.10) 


This is just the contribution for two degrees of freedom to be expected from 
the classical principle of the equipartition of energy (Section 49c). 

59b, Nuclear Spin Effects. — As already seen, every atomic nucleus 
having i units of spin can have 2/ + 1 orientations of almost identical energy; 
the statistical weight (degeneracy) due to the different orientations of the 
nuclei in a diatomic molecule is thus (2/ -j- 1)(2/' -f 1), where i and i' arc 
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the spins of the two nuclei. This result is strictly true for a heteronuclear 
1 olecule, that is one with two different nuclei; for such a diatomic molecule 
the complete rotational partition function, including the nuclear spin con- 
tribution, at reasonable temperatures would then be given by 


Qr = (2/ + 1)(2/' d- 1) 




(59.11) 


A homonuclear substance, that is one with two identical nuclei, can exist 
in ortho and para states, which have different statistical weights, as shown in 
Section 31e. The statistical weight of the ortho states is (i + 1)(2/ + 1), 
whereas that of the para states is i{2i + 1), the sum being (2/ + l)(2x + 1), 
as is to be expected. As already seen, the rotational levels associated with 
the two states depend on the particular statistics followed by the nuclei and 
on various symmetry considerations. For molecules in states, e.g., 
hydrogen and deuterium in their ground states, the Fermi-Dirac statistics 
are obeyed if the atomic mass numbers are odd, while the Bose-Einstein 
statistics are followed if the atomic mass numbers are even. In the former 
case, the ortho states are associated with odd values of the rotational quan- 
tum number /, while the para states have even values of/; in the latter case, 
the situation is reversed. 

For homonuclear 2^ molecules obeying the Fermi-Dirac statistics, e.g., 
hydrogen, the complete rotational partition function is 


Q. = ;(2/ + 1) E (2/ + 

/-0.2,4. ••• 


+ (/ + l)(2i + 1) E (27 + (59.12) 


For homonuclear 2^ molecules obeying the Bose-Einstein statistics, e.g., 
deuterium, the complete rotational partition function is 

Qr - (/ + 1)(2/ + 1) E (2/ + 

J-0,2. 4. ••• 

+ m + 1) E (2/ + (59.13) 

where p is defined, as before, by 

_ 

“ %T^IkT’ 

With the exception of the hydrogen and deuterium molecules, which 
will be treated more fully at a later stage, the quantity p for the majority, 
if not all, homonuclear diatomic molecules, is very small at all temperatures 
except the very lowest. Under these conditions, i.e., with p 1, it is found 
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that apart from the nuclear spin factors, the summation included in the 
partition function when carried over the even values of the rotational 
quantum number, is equal to that for the odd values; thus 

Z (2/ + = Z (2/ + (59.14) 

/— 0 , 2 , 4 , ••• 


The total summation over all the values of /, both odd and even, is equal 
to 1/p, as seen by equation (59.6); hence each sum over either odd or even J 
values is equal to l/2p. It follows, therefore, from equations (59.12) and 
(59.13), irrespective of which type of statistics is obeyed, that 



<( 2 / + 1 ) 

2p 



(/ + 1 )( 2 / 4 - 1 ) 

2p 


(2/ + 1)^ 
2p 


= (2i + 1)^ 


%T^IkT 


(59.15) 


provided the conditions are such that p is small. 

Comparison of this result with equation (59.11), for a heteronuclear 
molecule, shows that the two rotational partition functions are similar, but 
a factor of J appears in the case of a homonuclear molecule. As derived here, 
this factor is the result of using quantum statistics, which require a distinc- 
tion to be rriade between ortho and para states, but the necessity for its 
introduction was realized even in classical statistical mechanics. A homo- 
nuclear molecule can occupy two equivalent orientations in space as a result 
of simple rotation; since the two nuclei are identical, the two equivalent 
orientations are indistinguishable, and the number of elementary cells in 
phase (y) space occupied by the system is reduced by a factor of two, as 
compared with the case of a diatomic molecule with dissimilar nuclei. This 
decrease of volume in phase space, and hence in the probability of the oc- 
currence of the system of homonuclear molecules, results in the introduction 
of the factor \ in the partition function on the basis of the classical statistics. 

59c. The Symmetry Number. — In general, if any molecule containing 
two or more atoms can take up <r equivalent orientations in space as the 
result of simple rotation, that molecule is said to have a symmetry number 
equal to cr; the partition function derived classically must then be divided 
by this symmetry number to give the correct value. The quantum sta- 
tistical calculations of the partition function include this factor automati- 
cally. The general expression for the rotational partition function of any 
rigid diatomic molecule, homonuclear or heteronuclear, at moderately high 
temperatures, is then 


Qr = (2/ + Dili' + 1) 




(59.16) 
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For a heteronuclear molecule o- is unity, and the result becomes identical 
with equation (59.11); if the molecule is homonuclear, i and are equal, 
and (T is equal to 2, so that the expression reduces to the same form as equa- 
tion (59.15). Attention may be called to the fact that a molecule is to be 
regarded as homonuclear only if both nuclei are isotopically identical; if the 
two atoms are of the same element, but are different isotopes, e.g., HD, the 
molecule is not to be treated as homonuclear. 

59d, Rotation and Entropy. — Combination of equation (59.16) with the 
general expression for the rotational entropy, equation (58.9), gives the 
result, for correspondence principle limits, 

Sr == R\n {2i + 1)(2,-' + 1) + In (59-17) 

The first term on the right-hand side represents the contribution to the 
entropy of the degeneracy resulting from the different possible orientations 
of the spinning atomic nuclei; it is consequently referred to as the nuclear 
spin entropy. When individual entropies are used, as they frequently are, 
to calculate entropy changes in a chemical reaction, the nuclear spin en- 
tropies will cancel, because there is no change either in the number or nature 
of the nuclei taking part in the reaction. The contribution of the products 
of the reaction to the nuclear spin entropy will thus be identical with that* 
of the reacting molecules. For this reason, and because nuclear spins are 
not always known, it is the common practice to omit the nuclear spin 
entropy; the result is called the virtual entropy or practical entropy. This 
practice applies to molecules of all types, monatomic, diatomic or poly- 
atomic. If it is required to obtain the total entropy, the nuclear spin 
entropy, given by R In (2/i + l)( 2/2 + 1) * • * (2/™ + 1), where ii, iiy - • •yin 
are the spins of the various atoms making up the molecule, must be added 
to the practical entropy. On the other hand, if the total entropy is known, 
the practical entropy may be derived from it by subtraction of the nuclear 
spin contribution. It should be emphasized that the symmetry number of 
the molecule is still retained in the expression for the rotational entropy; 
this must on no account be omitted, for symmetry is obviously not unchanged 
in a chemical reaction. 

Attention may be called to the fact that the considerations of the fore- 
going paragraph, which permit the subtraction of the nuclear spin entropy, 
are applicable only if the ortho-para ratio of the system is equal to its limit- 
ing, high temperature, value and remains unchanged. This condition al- 
ways holds, of course, for heteronuclear molecules, and for homonuclear 
molecules, with the exception of Ha and Da, at all temperatures above the 
very lowest. For hydrogen and deuterium molecules the practical entropies 
may be used at temperatures above 300® and 200® K, respectively, provided 
ortho-para equilibrium exists in the system, 

59e. Diatomic Molecules: Special Cases. — ^The few diatomic molecules 
that do not have ^2 ground terms present special cases which may be con- 
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sidered briefly. The lowest state of molecular oxygen is a term, 

and as the energy separations of the levels of the triplet are very small, 
these levels may be regarded as having the same energy. The value of / 
to be used in calculating the statistical weights are equal to iC + 1, /w and^ 
K — 1, respectively (cf. Section 30e), for the three levels, generally desig- 
nated by the symbols F 2 and Fj. Because the molecule is homonuclear 
and the nuclear spin is zero, alternate rotational levels are absent; those 
present correspond to odd values only of K. The degeneracies (2/ + 1) of 
the corresponding levels in the Fi, F 2 and F 3 series are thus 2/C -f 3, 2K + 1 
and 2K — 1, respectively, with K equal to 1, 3, 5, etc. Since the spin of 
the oxygen nucleus is zero, the nuclear spin degeneracy (/ + 1)(2/ + 1) is 
equal to unity. The complete rotationa partition function for molecular 
oxygen may thus be written in the form of the three summations, viz., 


(3r = L {2K + 3)e~^FiiK)i>‘T -f (2/C -h 

X-1.8. 5. ••• X-1.3, 8 . ••• 

+ L (2a: - 

/C-1.3. 8 . ••• 

Although it is not the case at ordinary temperatures, at relatively high 
temperatures, when a large number of terms make appreciable contributions 
to the total, the three summations become equal; further, since only alter- 
nate rotational levels are present, each of the summations will be equal to 
ip. Under these conditions, therefore it can be seen that 


2 _ . 

2p 2h^ ’ 

or, in general, 

^ ^TT^IkT 


where j’a is the electronic statistical weight, i.e., 3, and <r is the symmetry 
number, i.e., 2. 

For diatomic molecules that have other than 2 ground states, it is neces- 
sary to take into account the degeneracy known as A-type doubling (Section 
300> in addition to other types of degeneracy. Nitric oxide, for example, 
has a “111/2,8/2 ground term; for the lower level of the doublet the smallest 
value of /, which is here also the rotational quantum number (Hund*s case 
(ij)), is whereas for the upper level it is §, the subsequent values increasing , 
in steps of unity. The spins of the nitrogen and oxygen nuclei are 1 and 0, 
respectively; the statistical weight (2/ + 1)(2/' + 1) due to nuclear spin is 
thus 3. The complete rotational partition function of nitric oxide is then 
represented by 

g»r = 2x3 L (2/-i-l)^-y*r+2x3 E (2/-l-l)<?-v'/*^ 

/-l/2.3/2,5/2,-- 7'-3/2.6/2.7/2. 


where 2 and 3 are the A-type doubling and nuclear spin factors, respectively; 
tj and c/ refer to the rotational energies in the ^ni/2 and ^113/2 levels, for 
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various values of the rotational quantum numbers J and respectively. 
Since the frequency separation of the nitric oxide doublets is quite appreci- 
able, about 120 cm it is evident that the two summations cannot become 
exactly equal. However, by taking the factor ^no**/*!* out of the contribu- 
tion of the 2 ni /2 state, the two sums become equal at moderately high tem- 
peratures. The rotational partition function for nitric oxide may then be 
written as 



2 X 3 

P 


(1 ^ 


Sit^IkT 


where equal to 2(1 + 120r"'‘*/*^), is the product of the electron multi- 
plicity and the A-type doubling factors, and gn is the nuclear spin factor. 

From the foregoing results it is possible to write a general equation for 
the complete rotational partition function of any rigid diatomic molecule, 
provided the temperature is relatively high, viz., 


Qr - gegn . 


(59.18) 


The nuclear spin factor gn is equal to (2i + l)(2i' + 1), and v is 2 for a 
homonuclear molecule and 1 for a heteronuclear molecule. The electronic 
factor gey which is strictly speaking the electronic partition function, must 
include the allowance, if necessary, for A-type doubling and for the separation 
between the corresponding levels of multiplets. 

60a. The Vibrational Partition Function. — The vibrational energy of a 
linear harmonic oscillator is given by equation (29.1), as . 


= (p + |)Arw, 


(60.1) 


where w cm.“^ is the vibration frequency, and v is the quantum number 
which can have the values 0, 1, 2, etc. As explained in Section S6e, the 
energy generally employed in the evaluation of the partition function is based 
on that of the lowest level as zero; in the present case the energy of the 
lowest (u = 0) level is and so the vibrational energy to be used is 

given by 

€p = (y -f a)Arw — \hciji 
= i/Arw. 

The statistical weight of each vibrational energy level of different frequency 
is unity, and hence the vibrational partition function of a single molecule is 

!?» = E 


CO 

vh^thT 
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If hciajkT is replaced by the partition function becomes 


Qv - H = 1 + r-* + + • • • 

t— 0 

= (1 - 

The general equation for the partition function of a harmonic oscillator 
is thus 

(?, = (!- (50.3) 

The total energy Ev of a harmonic oscillator may be obtained with the 
aid of equation (58.8); utilizing the vibrational partition function in the 
form of equation (60.3), the result per mole is 


E. = RT^ 


d\nQ. 

JT 


RT 


hcu) 


_ 1 ^7' 



(60.4) 


This equation gives the vibrational energy per mole with reference to the 
energy of the lowest (zero-point) level; if the total energy is required, the 
zero-point energy £o> equal to \Nhcit3, must be added to the value of E^ 
according to equation (60.4). 

Differentiation of £r> with or without £o added, with respect to tem- 
perature gives the vibrational contribution to the heat capacity; thus 



dT 


R'n 


d In Q. 

dT 


R^clkT //ico>V 

(^ghcikT ^ iy\kT ) 



(60.5) 


It may be remarked that the functions of x in equations (60.4) and (60.5), 
referred to as Einstein functions^ have been calculated and tabulated for 
various values of x, i.e., of hcwjkT'y these tables greatly facilitate the calcula- 
tion of vibrational energies and heat capacities. 

The vibrational entropy per mole can be obtained by means of equation 

(58.9); thus 



^^d\n Qv . ^ ^ 

— RT jj. + i? In 

R hc(j> _ - . .. mv 

” ghcwikT _ \ * ^ 7 ' — i? In (1 — ^ ). 


(60.6) 


At moderate temperatures, hciolkTy i.e., x, is relatively large for many 
stable diatomic molecules, e.g., hydrogen, deuterium, oxygen and nitrogen; 
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when this is the case, both e* and e* — \ are very large. It can be seen from 
equation (60.4) that the vibrational energy Ev is then very small. This 
means that at moderate temperatures practically all the molecules arc in 
their lowest vibrational level, that is, the one for which v is zero. It will be 
observed that under these conditions the vibrational partition function as 
given by equation (60.3) is very close to unity. As the temperature in- 
creases, the value of hOiijkT decreases, and hence ^ — 1 becomes smaller; 
the vibrational energy should thus increase as the temperature is raised. 
The physical significance of this fact is that at higher temperatures an increas- 
ing number of molecules occupy the higher vibrational levels, for which the 
quantum number v is greater than zero. At relatively high temperatures, 
hctiilkT is small enough for <?* — 1 to be virtually equal to j :; in these circum- 
stances, the energy Ev given by equation (60.4) is equal to RT. The contri- 
bution of the vibrational degrees of freedom to the total energy at high 
temperatures is thus virtually equal to RTy which is the classical equiparti- 
tion value for energy, such as vibrational, expressible in two square terms 
(Section 49c). Since is approximately equal 1 + ;if at relatively high 
temperatures, the vibrational partition function becomes equal to 1/x, i.e., 
to kTjhcii). 

It is evident from the variation of the vibrational contribution to the 
total partition function that the vibrational heat capacity will be zero at 
low and moderate temperatures, and will increase to a maximum of Ry which 
is the classical value, as the temperature is raised. From these considera- 
tions, it is a simple matter to explain the fact that the molar heat capacity 
of a diatomic gas is generally appreciably less than the classical value at 
ordinary temperatures, but increases toward this value as the temperature 
is raised. At the lower temperatures nearly all the molecules are in their 
lowest (t; = 0) vibrational level, and the vibrational energy, in excess of the 
zero-point value, is zero; the contribution to the heat capacity is thus also 
zero. The latter is then made up solely of the translational and rota- 
tional {R) contributions, both of which become classical at relatively low 
temperatures. The total heat capacity at constant volume, at moderate 
temperatures, should thus be about ^72, as is actually found for hydrogen, 
oxygen, nitrogen, etc. As the temperature is raised, more and more of the 
molecules occupy higher vibrational levels, and at sufficiently high tempera- 
tures the contribution to the heat capacity increases to R. The total heat 
capacity at constant volume should then approach I-/?. Attention may be 
called to the fact that the molar heat capacity of chlorine at ordinary tem- 
peratures is about 6 cal.; this means that some of the higher vibrational levels 
of this molecule are then occupied. The reason is that the vibration fre- 
quency £0 of the atoms in the chlorine molecule, S6S cm.”*, is much smaller 
than for the other diatomic molecules. 

60b, Classical Vibrational Partition Function. — ^The calculation of the 
classical vibrational partition function is of interest because it brings out 
clearly the superiority of the quantum mechanical treatment. The total 
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energy of a diatomic harmonic oscillator in Hamiltonian form is 

where m is the reduced mass of the oscillator, and / is the restoring force per 
cm. displacement. Since a diatomic oscillator possesses one degree of 
freedom, the classical vibrational partition function is 


Q, = \ f“f 


JtT 


It 



(60.8) 


The frequency v sec.“^ of a harmonic oscillator is related to the reduced mass 
and the restoring force by the expression (cf. Section 2%) 




and introduction of this result into equation (60.8) leads to 



(60.9) 


where w, equal to y/c, is the frequency in cm.“^ This is seen to be the same 
as the high temperature limiting value of the partition function derived by 
the quantum method. However, whereas the latter allows for the variation 
in the extent of the vibrational contribution to the energy and heat capacity 
with temperature, the classical expression requires Ep to be always equal to 
RTy and Cv to as noted above, this is not in agreement with experiment. 

In a sense, of course, the classical method always fails to represent 
adequately the actual behavior of a system, but for translational and rota- 
tional degrees of freedom the energy quanta, or separations of successive 
levels, are so small that many of these levels are occupied at ordinary tem- 
peratures. The departure from classical behavior is therefore not very ap- 
parent, although it would be observed more definitely in connection with 
measurements at low temperatures. With vibrational energy, on the other 
hand, the energy separation of successive levels is quite large, and hence the 
molecules are distributed over very few levels at ordinary temperatures. 
The conditions are thus relatively remote from the correspondence principle 
limits, and the deficiency of the classical treatment is manifest. At high 
temperatures, the actual value depending on the magnitude of the energy 
separation, the higher vibrational levels are occupied to an appreciable 
extent, and the system approaches classical behavior. 


384 


STATISTICAL THERMODYNAMICS 


61 a. Combined Partition Functions: Nonrigid Diatomic Molecules.^ — 
The treatment of the preceding sections has been based on the assumption 
that vibrational and rotational energies are independent; in other words, 
the approximation has been made of taking the molecule to be rigid, in spite 
of the fact that it vibrates. As seen in Section 29e, allowance must always 
be made for the interaction of vibrational and rotational energies, and this 
can be done by the use of equation (29.26); the combined energies, in the 
ground state of a molecule, may then be represented by * 

“ (t' + (p + iyhcXtOe 

+ 5»/(/ + - D,p(J + lyhc + • * •. (61.1) 


The combined rotational and vibrational partition function, apart from 
nuclear spin and symmetry factors, for a molecule, is thus given by the 
double summation 


= E E (2/ + 1)^— (61.2) 

J«0 

where is given by equation (61.1). Since the various constants We, Xy 
Bp, Dvi etc., can be obtained from spectroscopic data, as seen in Chapter IV, 
the complete evaluation of Qvr is possible, at least in principle. The sum- 
mation is first carried out over all J values for v =. 0, and then the process 
is repeated for i; = 1, 2, 3, etc., and the separate sums are added together. 
If the temperature is not high, e.g., 3(X)® K, virtually all the molecules are 
in the lowest vibrational levels, i.e., p = 0, 1 and 2, and so the calculations 
are restricted to these levels. Since the separations of rotational levels are 
small, an appreciable number of such levels are occupied even at ordinary 
temperatures, and hence the summation may have to be carried over a large 
number of J values. For light molecules, i.e., those of small moment of 
inertia, such as hydrogen and deuterium molecules, the rotational quanta 
are relatively large, and few rotational levels are occupied; the evaluation of 
the rotational sum, for the various possible J values, is then simple, since 
few terms are concerned. 

For relatively heavy molecules and high temperatures there are so many 
terms involved in both rotational and vibrational sums, that the process of 
summation becomes extremely tedious. In order to avoid the labor in- 
volved, various mathematical devices have been developed which permit a 
very considerable simplification in the evaluation of the partition function. 
The procedure adopted is first to devise an equation for the sum over the 
rotational states, using an expression of the type 

e. = BpJU + \)hc - DpPU + \yhc + • • • 

•Giauque and Overstreet, J. Am. Chem. Soe., 54, 1731 (1932); Johnston and Davis, ihii., 
56, 271 (1934); Gordon and Barnes, }. Chem. Phys., 1, 297 (1933); Kassel, ibid., X, 576 (1933); 
3, 115 (1935); ref. 3; Gordon, /. Chem. Phys., 2, 65 (1934); 3, 259 (1935). 

* For convenience in connection with the summation over the a and J values in equation 
(61.2), the symbol is used here instead of ctr. 


DETERMINATION OF PARTITION FUNCTIONS 


385 


for the rotational part of the energy of a nonrigid molecule. A further • 
stage in the treatment provides a formula for the summation over the vibra- 
tional levels of the molecule. The calculations can, in certain cases, be 
simplified by the use of tabulated values of functions that appear in the final 
expression for the rotational-vibrational partition function. Several sum- 
mation procedures have been developed; originally the forms were applicable 
to ^2 molecules, but they have been extended to *11 and *2 molecules. Since 
the formulas giving the total energy, heat capacity and entropy involve the 
first and second derivatives of the partition function with respect to tem- 
perature, expressions for these quantities have also been developed. 

61b. Approximate Partition Functions. — For most diacomic molecules, 
at temperatures that are not too low or too high, a simple approximate 
treatment gives partition functions that are sufficiently accurate for many 
purposes. The rotational and vibrational energies are treated as inde- 
pendent; the rotational contribution to the partition function is then taken 
as the classical value, given by equation (59.18), whereas the vibrational 
contribution is that for a quantized, harmonic oscillator, as defined by equa- 
tion (60.3). The translational partition function, as in all cases, is repre- 
sented by equation (57.5) or (57.6), so that a fair approximation to the 
complete partition function for the diatomic molecule is 

0 - I ■ f 1( 

Since most stable diatomic molecules have ^2 ground terms, the electronic 
factor ge is unity; the nuclear spin statistical weight gn is (2i + 1)(2/' + 1), 
but this can be omitted except for a process involving a change of ortho-para 
ratio. The symmetry number <r, which is 2 for a homonuclear molecule, 
must always be included, as already mentioned. 

In order to indicate the degree of accuracy attainable with equation 
(61.3), some data will be quoted. For molecular oxygen for ex- 

ample, the partition function derived in this manner, using spectroscopic 
data for the moment of inertia and the vibration frequency is 216.4 at 
298,16° K. The corresponding result obtained by careful summation over 
the individual vibrational and rotational energy levels, and allowing for 
anharmonicity and interaction, is 219.99. Similarly, for hydrogen chloride, 
the respective values for the partition function are 19.85 and 20.18. Since 
the expressions for certain thermodynamic functions, such as entropy 
and energy, involve the logarithm of the partition function, with or without 
its derivative with respect to temperature, small discrepancies between the 
accurate and approximate partition functions are not serious (see, however, 
Section 63d). It follows, therefore, that for many purposes equation (61.3) 
may be utilized for the calculation of the thermodynamic properties of a 
diatomic molecule. The errors are greater at temperatures of the order of 
1000° K or higher, and also at very low temperatures. If data are required 
under such conditions, then the detailed summation procedure, or its 
mathematical equivalent, must be employed. 
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62a. Polyatomic Molecules. — A molecule containing n atoms has 'hn de- 
grees of freedom; that is, 3w coordinates, using the term in a general sense, 
are required to specify the complete configuration of the molecule. Of these 
coordinates, three are the so-called external coordinates, which give the 
position of the center of gravity of the molecule in space. In general, except 
for diatomic and linear molecules, three coordinates, to which reference will 
be made shortly, are required to indicate the orientation of the molecule; 
this is equivalent to the statement that molecules, with the exceptions noted, 
have three rotational degrees of freedom. There are consequently 3w — 6, 
coordinates still remaining to be specified to give the relative positions of the 
atoms and the centers of gravity of internally rotating groups. Assuming, 
for the present, that there are no groups in the molecule that exhibit internal 
rotation, the 3w — 6 degrees of freedom represent vibrational modes. The 
orientation of a linear molecule in space can be represented by two coordi- 
nates, so that molecules of this type have but two degrees of rotational 
freedom; they consequently possess 3« — 5 vibrational modes. If there are 
present in the molecule groups capable of undergoing free internal rotation, 
the number of degrees of vibrational freedom is reduced by the number of 
such rotations. In many cases the molecules possess elements of symmetry; 
in this event some of the vibrational modes are degenerate (cf. Section 34). 
In the evaluation of the partition function of a polyatomic molecule the 
foregoing facts must be taken into consideration. 

After separating the translational degrees of freedom from those due to 
internal coordinates, in the usual manner, an exact evaluation of the partition 
functions of certain, relatively simple, polyatomic molecules has been 
achieved by the summation method. In most cases, however, the molecule 
has been treated as rigid, and the rotational and vibrational energies have 
been taken as independent. The combined rotational-vibrational partition 
function is then obtained as the product, of the separate contributions of the 
rotational and vibrational degrees of freedom. The classification of poly- 
atomic molecules according to their electronic configurations, as described 
in Chapter VI for diatomic molecules, is possible for a limited number of 
substances only; in other cases, it is assumed that the lowest electronic level 
of the molecule is a singlet state, and that excited states make no contribu- 
tion to the total partition function. Unless there is evidence to the contrary, 
therefore, the electronic factor is unity; exceptions to this rule are molecules, 
such as nitrogen dioxide, containing an odd number of electrons. 

62b. Rotational Partition Functions. — At all reasonable temperatures, 
the rotational levels of a polyatomic molecule, like those of diatomic mole- 
cules, are occupied in sufficient numbers for the behavior in respect of rota- 
tion to be virtually classical in character. In the derivation of the rotational 
contribution to the partition function of a polyatomic molecule, it is therefore 
adequate, and actually much simpler, to use the classical method of calcula- 
tion. For this purpose it is most convenient to employ the so-called 
Eulerian angles to define the orientation in space of the molecule, assumed 
to be a rigid body, while three cartesian coordinates are used to determine 
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the position of its center of gravity. Let at, y, z, be the cartesian axes fixed 
in space, and JC, Y, Z, the three principal axes, at right angles, within the 
molecule itself; both sets of axes are referred to the same origin 0. The 
planes containing the axes xy and XY meet at the line ON^ which is called 
the nodal line. The Eulerian angles 0, </> and ^ are then defined in the 
following manner. The angle 0 is that between the body axis Z and the 
space axis z; the angle between the modal line and the x axis is <i>. The third 


z 



N 

Fic. 41. Eulerian angles 


angle ^ is the one between the nodal line and the X axis in the molecule 
(Fig. 41). These three angles define the orientation of the molecule with 
fixed center of gravity. The angle 0 may vary between zero and tt, while 
the other angles <l> and 4' can vary from zero to 27r. 

The rotational energy of the molecule is expressed in Hamiltonian form, 
that is, in terms of the Eulerian angles, 0, and their conjugate momenta, 
pe, p^j pit by the equation 


H{p, q) = 


sin* \p 

~2Z 


cos ^ 
sin 0 sin ^ 


(/>^ - p* cos e) 


COS* 4' f sin ^ ^ 

+ IF + sin e cos Vt 


— pi COS 0) 


+ 


where Ay B and C are the three principal moments of inertia of the molecule. 
For ease of integration, this expression is put into the alternative form 


H(pyq) \p9 -\- 


sin ^ cos ^ / 1 1 \ / 

Fsm0 U" a)^^ 

1 1 

2AB sin’ e' F^* 


— cos 0) 


— p^ cos 0)* -f ^ pit (62.2) 
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where is a function of ^ defined by 



sin* 4' cos* ^ 

B 


The classical partition function for three rotational degrees of freedom is 

1 r* f**' f** 

Jo J J J ( 62 . 3 ) 

the value of q) being given by equation (62.2). The integration is first 
carried out with respect to pty and p^, in turn, making use of the fact that 






er'^dx 



Integrating first over/>«, there is obtained the factor (27rit77F)*/*; integration 
with respect to p^ then gives F^^^{2wkT sin 0 , while finally integration 
over p^ leads to the factor {IvkTCy^^; multiplication of these three factors 
yields {2TrkT)^‘^{ABCy^^ sin so that 



h} 



sin BdQ 




87r*(87r*^5C)i/*(^r)*/* 


(62.4) 


The calculation, so far, has not taken into account molecular symmetry, 
or the nuclear spin statistical weight; allowance must, of course, always be 
made for the former, while the latter may be excluded if desired. The 
complete rotational partition function, including the nuclear spin factor, 
is thus 




87r*(87r*^^C)»/*(ifeD*^* 


(62.5) 


in which <r is the symmetry number, and gn is equal to the product of the 
2i + 1 terms, where / is the nuclear spin, for every atom in the molecule. 
The symmetry numbers of some polyatomic molecules are as follows: HaO 
and SOa(2); NHz{3); CH 4 and C«He(12). 

If the moments of inertia A, B and C are known from spectroscopic data 
(cf. Section 35), the rotational partition function can be calculated directly 
from equation (62.5). Alternatively, if the molecular dimensions are known, 
e.g., from electron diffraction measurements, the product ABC may be 
derived from the determinant 


ABC = 





( 62 . 6 ) 
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where the moments of inertia /xx> lyyy defined by 

/« = 2] mi{yl + 2 ?) etc., 

% 

and the products of inertia are given by 

/xv = S rniXiyiy etc.. 


where nti is the mass of the /th atom, and a-,-, z,- are its coordinates in any 

system of cartesian coordinates whose origin coincides with the center of 
gravity of the molecule. The summations are in each case carried over the 
coordinates of all the atoms. 

The contribution Er to the total energy of a polyatomic molecule made 
by the rotational degrees of freedom may be derived from the partition 
function, given by equation (62.5), by making use of (58.7). It is readily 
seen that for 1 mole 



which is in agreement, as it should be, with the classical value derived from 
the equipartition principle for a rotator with three degrees of freedom, i.e., 
with energy in three square terms. The contribution of the rotator to the 
molar heat capacity of the polyatomic molecule is obviously 

The general expression, equation (62.5), for the rotational partition 
function of any polyatomic molecule can be put in a simpler form. If p^, 
pB and pc are defined in a manner similar to that employed previously for p 
[equation (59.4)], viz., 

“ 'ii^AkT ’ “ 9,-^CkT’ 


it is seen that 



{paPdPcY^^ ' 


(62.7) 


This is the equation applicable to all polyatomic molecules, and particularly 
to asymmetrical tops, for which Ay B and C are different (cf. Section 350; 
for planar molecules of this type, e.g., water and benzene, A B ^ C, 

For a symmetrical top molecule, two of the three moments of inertia, 
e.g., A and .5, are equal while the third, i.e., C, is different; equation (62.7) 
then becomes 



PAPC^^^ ' 


(62.8) 


If the three principal moments of inertia Ay B and C are all equal, as for a 


390 


STATISTICAL THERMODVKAMICS 


spherical molecule, the partition function for rotation is 



(62.9) 


As already seen, the orientation in space of a linear molecule can be 
defined by means of two coordinates; hence, such a molecule has only two 
degrees of rotational freedom. As far as rotation is concerned a linear 
molecule behaves like a diatomic molecule (cf. Section 3Sb), that is, as a 
rigid rotator with two identical moments of inertia. The rotational parti- 
tion function is thus represented by the expression 





(62.10) 


The molecules HCN, N 2 O, CO 2 , COS, CS 2 and CsHj, are all linear, and to 
these equation (62.10) is applicable. For acetylene, carbon dioxide and J 
carbon disulfide the symmetry number is 2, but in the other cases it is unity. A 
The contribution to the total energy made by the two rotational degrees of 
freedom of a linear polyatomic molecule is found to be RT^ as for a diatomic 
molecule. 

62c. The Vibrational Partition Function. — As seen in Section 34b, the 
vibrational energy of a polyatomic molecule may be regarded as the sum of 
the energies corresponding to the various normal vibrations. If the energy 
is reckoned from that in the lowest vibrational level as zero, the total can 
be expressed by the sum 

= Vihcoii + V2hc(t}2 + • • • + Vihccoi -!-••• 

where wi, wj, * • •, oj,-, • • •, are the normal vibration frequencies, and Pi, pj, 

• • Pi, • • are the quantum numbers. The vibrational partition function 
can then be written as 

= E 


-- ^ g'-v\hev\lkT ^ ^vt\M2lhT . . . 


vihcuilkT 




*1 




(62.11) 


The vibrational partition function, as defined by equation (62.11), is the 
product of a number of sums, one for each of the vibrational modes of the 
molecule. It will be evident that each of the summation terms is of exactly 
the same form as the partition function of a diatomic molecule, equation 
(60.2); hence each of the terms is equivalent to (60.3), and the vibrational 
partition function for the polyatomic molecule may be written in the form 

0* = n (1 " (62.12) 

i 

The number of terms included in the product depends on the number and 
nature of the normal vibrations. For a nonlinear polyatomic molecule thenc ^ 
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arc 3« — 6 vibrational modes, and if these are all nondegenerate, the vibra- 
tional partition function will consist of the product of 3w — 6 different terms 
of the type (1 — g-heatikT'^-i^ normal modes of vibration are de- 

generate, then the corresponding terms will be identical, since the frequencies 
are equal. A linear polyatomic molecule has 3w — 5 vibrational modes, 
and hence the partition function will be the product of this number of terms. 

As a general rule, the contribution of each vibrational mode to the total 
partition function is not greatly different from unity at moderate and low 
temperatures. For approximate purposes, therefore, an error in the assign- 
ment of frequencies to the vibrational modes is not serious. Most molecular 
vibration frequencies are greater than 500 cm.~*; at ordinary temperatures 
(300® K) the corresponding factors in the vibrational partition function are 
closer to unity than 1.09. At lower temperatures and for higher frequencies, 
the contribution would approximate more nearly to unity. At elevated 
temperatures and for low frequencies, the vibrational partition function may 
be replaced by the classical value kTIkcu) for each mode. Of the 3w — 6 
vibrational modes, n — \ are stretching (valence) vibrations, and these 
generally have frequencies higher than 1000 cm.“*; the remaining 2w — 5 
bending (deformation) vibrations usually have lower frequencies. Even if 
the normal frequencies of a particular molecule were not available, an ap- 
proximate estimate could thus be made of the vibrational partition function 
from general considerations. 

Attention must be called to the fact that so far in the discussion of the 
vibrational partition function, it has been tacitly assumed that the molecule 
does not contain any groups capable of internal rotation. If there are such 
groups, the number of vibrational modes is reduced accordingly. The 
problem of free internal rotation involves some complications in actual 
practice, and so the treatment of this subject will be deferred for the present. 

Since the vibrational partition function is the product of a number of 
terms, its logarithm will be the sum of the logarithms of these terms. It has 
been already pointed out that all the expressions for thermodynamic func- 
tions in terms of the partition function involve the logarithm of the latter 
and its temperature coefficient. It follows, therefore, that the contribution 
of each vibrational mode can be made by means of the appropriate one of 
the equations (60.4), (60.5) and (60,6). The sum of the resulting 3« — 6 
(or 3» — 5, for a linear molecule) quantities gives the total vibrational 
contribution to the particular thermodynamic property. The calculations 
are greatly facilitated by the use of the tabulated Einstein functions. 

Applications of Partition Functions 

63a. Entropy. — One of the important applications of partition functions 
is to the calculation of the entropy of gases; if the necessary spectroscopic 
data are available, so that the partition function and its temperature coeffi- 
cient can be evaluated, the entropy can be determined with a considerable 
degree of accuracy. Even when the spectroscopic information is not avail- 
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able, surprisingly good results can be obtained by the use of the more ap- 
proximate methods described above, provided the moments of inertia, or 
the dimensions, of the molecule and its normal vibration frequencies are 
known. The entropies, and other thermodynamic properties, derived from 
partition functions are based on the supposition of ideal behavior of the gas 
concerned, and so it is necessary to apply a correction to give the values of 
these properties for the actual gas. For this purpose the appropriate equa- 
tion of state is required, and that of Berthelot has been found to be par- 
ticularly convenient. 

The entropies of a number of gases have been calculated from the par- 
tition functions and the results compared with the values obtained from 
thermal (specific heat) measurements, based on the assumption of the third 
law of thermodynamics that the entropy of the solid is zero at the absolute 
zero. In the great majority of cases studied, the agreement between the 
third law and statistical entropies, exclusive of the nuclear spin contribution, 
is excellent, thus providing support for the general accuracy of the postulate 
of zero entropy in the solid at 0° K. There are, however, a few substances 
exhibiting exceptional behavior; apart from molecules, such as ethane, 
methyl alcohol, etc., in which there is a possibility of free rotation, to be 
considered shortly, the abnormal results are obtained with hydrogen, water, 
carbon monoxide, nitric oxide and nitrous oxide. For the three latter com- 
pounds the thermal (third law) entropy is about 1.1 cal./deg./mole smaller 
than the spectroscopic (statistical) value in each case. This result suggests 
that the entropy of the respective solids at 0® K is not zero, as has been 
supposed, but that it is about 1.1 cal./deg./mole. It will be seen in Section 
67c that the third law of thermodynamics can be expected to hold, i.e., the 
entropy of the solid is zero at 0° K, only if there is no degeneracy in the solid 
at low temperatures. It is possible, in the cases under consideration, that 
because of the similarity of the two ends of the respective molecules, the 
crystal lattice is unable to distinguish between the alternative arrangements 

CO OC NO ON NNO ONN. 

Instead of all the molecules being oriented in one direction in the crystal, 
two alternative orientations are thus equally probable. In other words, 
there is a degeneracy of two, since there are two states corresponding to the 
same energy. The entropy of the solid at 0® K will thus be R In 2, i.e., 1.38, 
instead of zero. The observed discrepancy of 1.1 cal./deg./mole shows that 
the arrangement in the solid of the two molecular orientations is not 
completely random. 

The difference between thermal and spectroscopic entropies of water 
vapor can be accounted for by random orientation in a somewhat analogous 
manner, although the situation is complicated by the distribution of hydro- 
gen bonds in the ice crystal, and also by other possibilities. The hydrogen 
molecule, however, presents a case of special interest, and a complete under- 
standing of this requires a consideration of the ortho-para equilibrium. 
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63b. Ortho- and Para-Hydrogen.’ — As already noted, the para state of 
molecular hydrogen is associated with the even values of the rotational 
quantum number /, whereas the ortho state is associated with the odd levels. 
According to the distribution law, in the classical limit, the number of 
molecules in the /th rotational level with energy e,- is given by 



(63.1) 


where gi is the statistical weight of the particular level. In the para 
states the complete statistical weight of any rotational level, as seen earlier, 
is i(2i “h l)(2y + 1)> whereas that of the levels in the ortho states is 
-j- 1)(2/ + 1)(2 J + 1). It follows, therefore, that the ratio of the number 
of hydrogen molecules in the para form to that in the ortho form is 


Para-H2 

Ortho-H2 


1(2/ + 1) E (2/ + 

(/-hi)(2/ + i)i:(2y + i)^--^/*^‘ 

/“l.S.S.-*- 


(63.2) 


Since the nuclear spin / for hydrogen is J, it follows that 


Para-H2 

Ortho-H 2 


1 ^ 5^— 4- 4. 13^— 4- . . 

3(3^-.i/*r 4_ jg-uikT 4_ ly-nikT 4- . . .) 


(63.3) 


The ratio of para- to ortho-hydrogen can be evaluated from equation 
(63.3) by inserting the rotational energies of the various levels as determined 
from the spectrum of molecular hydrogen. The terms in both numerator 
and denominator are summed as long as they contribute appreciably to the 
total at a series of temperatures. Actually falls off rapidly as J 

increases, especially at fairly low temperatures; hence, the number of terms 
that must be included in the summation is not large. The results obtained 
in this manner are recorded in Table XIX, which gives the calculated per- 



TABLE XIX. 

EQUILIBRIUM PROPORTIONS 

OF PARA- AND 

ORTHO-HYDROGEN 


Temp. 

Para-Hj 

Ortho-Hi 

Temp. 

Para-Hj 

Ortho-Hj 

20‘’K 

99.82% 

0.18% 

120* K 

32.87% 

67.13% 

40** 

88.61 

11.39 

170* 

27.99 

72.01 

60* 

65.39 

34.61 

230* 

25.42 

74.58 

80* 

48.39 

51.61 

273* 

25.13 

74.87 

100* 

38.51 

61.49 

00 

25.00 

75.00 


centages of para and ortho forms of hydrogen at various temperatures. It 
is seen that at low temperatures hydrogen, at equilibrium, consists almost 
exclusively of the para form; this is because nearly all the molecules are tjien 
in the lowest (y = 0) rotational level, and this being an even level must be 
a para state. As the temperature is raised, higher rotational levels are 
occupied to an increasing extent, and hence molecules in the ortho form are 
present at equilibrium. At high temperatures a limiting ratio of three parts 

^ Dennison, Ptoc. Roy. Soc.j A, 115, 483 (1927); Giauque, J. Am. Chem. Soc.^ 52, 4808, 4816 
(1930); Farkas, “Orthohydrogen, Parahydrogen and Heavy Hydrogen.’* 
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of orthohydrogen to one of parahydrogen is obtained (cf. Section 31e). This 
limiting value is equal to (/ + l)/i (cf. Section 31e), since the two summa- 
tions in equation (63.2) become identical when the temperature is sufficiently 
large Ccf. equation (59.14)]. 

For ordinary hydrogen the limiting ortho-para (equilibrium) ratio is 
reached at about 273° K; hence, above this temperature the effect of the 
nuclear spin factor has become virtually constant, and so it can be omitted 
from the partition function. Below 273° K, however, the nuclear spin 
multiplicity affects the ortho-para ratio and it must always be included in 
all ca culations. 

63c. Entropy of Molecular Hydrogen. — When the entropy of molecular 
hydrogen is calculated from spectroscopic data, using the complete rota- 
tional partition function given by equation (59.12), the value at 298.1° K 
is found to be 33.98 cal./deg./mole. This result is based on the tacit as- 
sumption, implied in the use of the proper partition function, that ortho-para 
equilibrium is always attained. The experimental (thermal) entropy of 
molecular hydrogen at 298.1° K is 29.64 cal./deg./mole, so that there is a 
discrepancy of 4.34 units. Since the spectroscopic value includes the nuclear 
spin contribution, a difference of R In (2i + 1)^, i.e., In 4 = 2.75 cal./deg./ 
mole might have been anticipated, but the actual discrepancy, which is 
much larger than this, has been explained in the following manner. Owing 
to the difficulty of reversing nuclear spins, the ortho-para equilibrium in 
hydrogen is not established continuously as the gas is cooled. As a result, 
solid hydrogen at low temperatures, e.g., 10° K, which should consist almost 
exclusively of the para (/ = 0) form, is actually made up of one part of 
parahydrogen to three parts of orthohydrogen. The former molecules are 
all in the rotationless / = 0 level, but the latter will be in the / = 1 level, 
and hence must still rotate in the solid. The statistical weights of these 
forms is i(2i + l)(2y + 1), i.e., 1, for the para, and (/ + 1)(2/ + 1)(2/ + 1) 
i.e., 9, for the ortho; hence the solid consists of one-fourth of parahydrogen 
of one kind, and three-fourths of orthohydrogen divided equally between 
nine kinds. Each of the latter must, therefore, represent one-twelfth of the 
total, whereas the former is one-fourth; the entropy of mixing of the ten 
molecular species (mole fraction Xi) is, therefore, given by 

AS = ~ In 

% 

= -2?{llnJ+9(AlnA)l 

= 4.39 cal./deg./mole. 

* 

This is the entropy the experimental solid would have at 0® K, instead of 
the value of i? In 4 which it would have had if ortho-para equilibrium had 
been established; in the latter event all the molecules would have been in 
the rotationless (/ = 0) para state. In order to obtain the thermal entropyi 
therefore, it is necessary to subtract 4,39 from the statistical value of 33.98) 
giving 29.59 cal./deg./mole, in excellent agreement with that obseimedi/ 
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However, if the entropy of molecular hydrogen is to be used in conjunction 
with thermal entropies of other substances, the nuclear spin entropy 7? In 4 
i.e., 2.75, should be subtracted from 33.98, giving a value for the virtual 
(or practical) entropy of 31.23 cal. /deg./mole at 298.1° K. 

A discrepancy analogous to that just described has been observed be- 
tween the spectroscopic and thermal entropies of molecular deuterium. It 
can be explained in a manner similar to that for the lighter isotope. 

63d. Heat Capacities.— Partition functions have also been applied to the 
calculation of heat capacities, by utilizing the equations derived in Section 
56c. At all temperatures above the very lowest, the translational contribu- 
tion to the heat capacity is the classical value and so it is sufficient to 
consider the electronic, rotational and vibrational contributions only. Since 
the heat capacity depends on the second derivative of the partition function 
with respect to temperature, or to 1/7', as seen from equations (56.20) to 
(56.22), it is evident that the value of the partition function must be known 
accurately. At sufficiently high temperatures the rotational heat capacity 
becomes equal to §7? lor each rotational degree of f^reedom, while the con- 
tribution of every vibrational mode is /?, in agreement with the classical 
equipartition principle. Nevertheless, it is possible for the total heat 
capacity derived from the partition function to exceed the classical value; 
this is Wause the latter does not take into account the effects of electron 
multiplicity in the ground state and of excited states. 

One of the most interesting applications of heat capacity calculations 
from partition functions arises in connection with the ortho-para hydrogen 
system. At temperatures below 300° K all the molecules are in their lowest 
vibrational state, and so under these conditions the vibrational heat capacity 
is zero. Since there are no excited or multiplet states of molecular hydrogen 
to consider, the treatment may be restricted to the rotational contribution 
to the heat capacity. If the ortho-para equilibrium in hydrogen gas were 
always established at every temperature, the rotational partition function 
of the system would be given by [cf. equation (63.2)] 

= E (2/ + 1)^-'^/*^ + 3 E (2/ + (63.4) 

2 , 4 , ••• 3 6 ••• 

since the nuclear spin / of the hydrogen atom is ^ The first term in this 
expr^sion is for the para form, and the second is that for the ortho form. 

Since the rotational energy levels of the hydrogen molecule are known 
with considerable accuracy, from the band spectrum of this substance, the 
partition function, and hence the rotational heat capacity, can be calculated 
at various temperatures. When the results obtained in this manner were 
compared with the observed values, marked differences were found at 
temperatures below about 270° K. The explanation of the discrepancies 
lay 'in the fact that the experimental heat capacity determinations were 
made with hydrogen in which ortho-para equilibrium had not been estab- 
lished at every temperature, for the reason given in the preceding section. 
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The gas used actually consisted of a mixture of three parts of orthohydrogen 
and one part of parahydrogen. The heat capacity of such a system can be 
calculated by considering the ortho and para forms as separate gases, whose 
rotational partition functions are 


= E (2/ + 


(63.5) 


J-0.2. 4. ••• 


and 


Sortho = 3 E (2/ + 
/-I. 3.6,— 


(63,6) 


respectively. 


From these the separate rotational heat capacities, Cp„m and 

_ Cortho can be calculated, and the experi- 

mental values will then be given by the 
expression 




Or — -\- fCortho* 


iE. 


yOB 


i:-- 


Arbitrar7 Energy Zero 


Fic. 42. Change of energy zero 


The results obtained in this manner 
were found to be in excellent agree- 
ment with the experimental heat ca- 
pacities at ail temperatures down to 
about 60® K. It may be noted that pure 
parahydrogen has been prepared and its 
heat capacity determined over the tem- 
perature range from about 80® to 300® 
K. The values are very close to those 
derived by the use of equation (63.5). 

64a. Eree Energy 



Gaseous System s. — ^The free energy of 
a mole of an ideal gas can be related to the partition function by means of 
equation (56.9); since the methods of deriving partition functions for various 
types of molecules are available, at least in principle, it should be possible 
to calculate the free energies of the substances taking part in a reaction. 
The free energy change for reactants and products in their standard 
states, is related to the equilibrium constant K of the reaction by the equation 


- AF> = RT\n K. 


(64.1) 


Hence there should be a close connection between the partition functions of 
the substances involved in the reaction and the equilibrium constant of 
the system. 

It was seen in Section S6e that the choice of the energy zero for the 
evaluation of the partition function of a given molecule has no eflFect on the 
heat capacity and entropy, but it introduces an additive term in the expres- 
sions for the total energy and free energy. In the treatment of previous 
sections the convention has been adopted of taking the energy zero for ea 
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molecular species at its own zero-point (p = 0, / = 0) level. However, 
when it is required to calculate the change of free energy of a reaction, it is 
necessary to refer the energies of all the substances to one and the same, 
arbitrary, zero level. If the energy difference between the arbitrary zero 
from which all energies are to be reckoned and the zero-point level of a 
particular molecular species is represented by Eq per mole, (Fig. 42), then 
according to equation (56.36) 

(64.2) 

where Qb^ is the partition function based on the new energy zero, while Q is 
the value used in earlier parts of this chapter. It should be noted that Eq is 
the energy per mole, instead of per molecule; for this reason RT is used in 
the exponent instead of the familiar kT. If the new expression for the 
partition function is inserted into equation (56.9), the free energy per mole, 
based on the new energy zero, becomes 

F=:-RT\n^, (64.3) 

and consequently, by equation (64.2), 

F = - /?rin^+ £o. (64.4) 

For the evaluation of equilibrium constants, it is necessary to consider 
the free energy changes when the substances are in their standard states; 
using the superscript zero, in the usual manner to represent the standard 
state, it follows that 

F» = - (64.5) 


the partition function being now for the given species in its standard 
state. For gases, and it is only to idea! gas systems that the partition func- 
tion concept as developed in this chapter is applicable, the standard state 
is chosen as the ideal gas at 1 atm. pressure. This choice does not affect 
any of the contributions to the partition function associated with internal 
degrees of freedom, since these are all independent of the volume or pressure 
of the system. The only contribution that has to be considered is that due 
to the translational degrees of freedom; this may be written in the form of 
equation (57.6), viz., 

{lirnikTyf^ RT 



and hence for the standard state of 1 atm., this becomes 






where R is expressed in cc.-atm, per degree units. 


(64.6) 
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64b. Pitftiton Functions and Equilibrium Constant. — Consider the 

simple rcac^oiT — 

A^B 

involving ideal gases; the standard free energy per mole of the reactant A is 

Fl= - RTln ^ + £S^, 

while for a mole of product By 

— ”■ RTXti + £ob- 

The standard free energy decrease — AF® for the reaction is then 

$ 

- RTln - AEi, (64.7) 

where AEq is given by 

= £ob ~ -ESa. (64.8) 

As seen in Fig. 42, AE^ is the difference in energy between the zero-point 
levels of the product A and the reactant B; in other words, A£o is the energy 
change in the reaction calculated for the absolute zero of temperature, i.e., 
when all the molecules are in their lowest (zero-point) vibrational and rota- 
tional states. Making use of equation (64.1) in the form 


- AF® = RTlnK^ 

since the standard state is 1 atm., it follows from equation (64.8) that 


RTlnK^ = RTln 


(!?/iV)A 




(g^/AQB 

(g*WA 


r 


(64.9) 


where the partition functions g* refer to 1 atm. pressure. 

It is obvious that equation (64.9) is of fundamental importance, for it 
gives a direct connection between the equilibrium constant of an ideal gas 
reaction and the partition functions of the reacting substances and products. 
This expression can be readily extended to cover the case of a reaction of 
greater complexity; thus, for the general reaction 


aA + + • • ■ ^ /L + wiM + 






b 

B 


• « • 


• » « 




(64.10) 




As before, the partition functions refer to the standard state of 1 atm. pres- 
sure, and A£o is the standard change in the (total) energy of the reaction 

atO“K. 
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64c,- Fcgg Epwgy Functions . — For convenience in calculating equilibrium 
constants, it has become the' practice to tabulate values of the function 
“ (F® £o)/^ for various substances, rather than the partition function 

itself. It can be seen from equation (^.S) that 


Xv in « . 

N 


(64.11) 


and hence the left-hand side, sometimes called the free energy functioHy can 
be readily obtained from the partition function. It will be recalled that Q* 
is the ordinary partition function, as calculated in earlier sections of this 
chapter, based on the 2ero-point level of the molecule itself as the energy 
zero. Hence, the methods whereby it can be derived may be regarded as 
known; the only change necessary is that equation (64.6) should be used for 
the translational partition function, because of the postulated standard state, 
viz., 1 atm. 

The change in the free energy function accompanying a particular reac- 
tion can be readily obtained from the tabulated data for various substances 
at a series of temperatures. In order to calculate the equilibrium constant, 
use is made of the following equations 


or 




- Fg 

T 





R\nK^-\- 


A£X 


£ In £, = 




- £g 

T 




(64.12) 


so that from a knowledge of the - (F® - £g)/r functions, or of the partition 
functions, of reactants and products of a chemical reaction, it is possible 
to calculate the equilibrium constant, provided AFg for the process is known. 

64<L Evaluation of AFg* — Several methods are available for obtaining 
A£g; by definition 

H ^ E-\- PVy (64.13) 

and for one mole of an ideal gas // = £ + FT, or in the standard state 


= £> + RT, 


For the standard change in the heat content of a reaction, 

A//0 = a£o + A«(£r), (64.14) 

where Aw is the increase in the number of molecules in the reaction. At the 
absolute zero of temperature, i.e., T is 0° K, equation (64.14) becomes 

A^ = A£g. (64.15) 
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If the heat of reaction at constant pressure, with reactants and products in 
their standard states, i.e., at a definite temperature is known, and if 
the heat contents of reactants and products are available, A/f© can be derived 
from the familiar form of the KirchhofF equation, viz., 

= hHl + £ b.CpdT. (64.16) 

If ACp can be represented as a function of temperature, 

ACp = o£ + + 7T® + • • *, 


and since A//© is equal to A£S, by equation (64.15), then 1 
becomes 

= A£S + aT + 


A//® 


(64.17) 


It is evident that A£o may be calculated if, in addition to the change in 
heat content A//® of the reaction, the heat capacities of reactants and 
products are known as functions of the temperature. 

A second procedure for evaluating AE© from A/f® does not require a 
knowledge of heat capacities, but it derives these, indirectly, from the par- 
tition functions. Subtracting the quantity £? from both sides of equation 

(64.13), the result is 

= (£® - £S) + RT. (64.18) 


The energy based on the arbitrary zero, as described in Section 64a, is 
obtained by utilizing the familiar equation for the energy in terms of the 
partition function, where the latter is now i*e., Qbh in the standard 

state; thus ^ 

= (64.19) 

Introducing equation (64.2) so as to eliminate Qb^ and replace it by the more 
usual function 0, equation (64.19) becomes 

= (64.20) 

Combination of equations (64.18) and (64.20) now gives 






= RT^ 



dT 



+ RT 


(64.21) 


(64.22) 


The values of — £o for various substances, derived from the 
tion function by means of equation (64.22), have been tabulated, ot thatp 
A(//“ - K) for a reaction can be readily determined. From this 
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together with the known change in the heat content A//° of the reaction, 
it is possible to evaluate AEl; thus, since 


it follows that 


A(/fo - £g) = A//0 - A£S, 


A£S = A//0 ~ - £j). 


A third method for obtaining A£j that can be employed in certain in- 
stances is to make use of spectroscopic data for the heats of dissociation 
(cf. Section 32d); these are the AE^ values for the respective reactions. 
Suppose it is required to determine AE^ for the reaction 

Ai B 2 = 2ABj 


then the spectroscopic heats of dissociation of the three reactions, 


(1) A 2 = 2A; (2) Bj = 2B; (3) AB = A + B, 

must be known. If these are Di, Dz and D 3 , respectively, reckoned from 
the zero-point level in each case, then the required A£S is Di Dz — 2Dz. 

64e. Entropies and Entropy Changes in Chemical Reactions. — It is of 
interest to call attention to the fact that the tabulated data for — — £S)/7’ 

and for {W — E^)IT can be utilized directly to derive the entropy of a sub- 
stance or of the entropy changes in a reaction, at any temperature. Since 
F = H — TS^ it follows that, for the standard state, 




- Eg 

T 


Fo - Eg 
T 


(64.23) 


If the entr^y change of a process is required, the values of A(//° — Eg)/?' 
and - A(E? - £g)/r can be obtained from the tables for the substances 
involved in the given reaction. 

64f. Equilibrium Constant in Terms of Concentrations. — Although the 
standard state for a gas is generally taken as the ideal gas at 1 atm. pressure, 
so that the equilibrium constant is obtained in terms of partial pressures 
expressed in atmospheres, it is sometimes desirable to make use of an alter- 
native standard state, namely, the ideal gas at unit concentration. A simple 
(hypothetical) form of such unit concentration would be 1 mole per cc., and 
with this standard state the equilibrium constant Kc is determined by the 
expression, 

- AE« = RT\n Kc, 

in terms of the same concentration unit. The relationship between Ke and 
the partition functions for a general reaction is thus given by an equation of 
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the same form as (64.10), that is. 



(g?/Aoi(g;/iv)5 ■ • • 

• • • 


^AR{/jer 


(64.24) 


The subscript r, as applied to the symbol 0? for the partition function in the 
standard state, is meant to indicate that the standard state is here unit 
concentration; the problem now arises as to how 02 differs from the partition 
functions 0® employed previously. As before, all contributions other than 
that for the translational degrees of freedom are unaffected; the latter is 
now employed in the form 



(27rW7^D*'* 



and if the standard state is 1 mole per cc., V is unity, and so 





(64.25) 


This is the value of the translational partition function to be used in the 
calculation of 0?. 

64g. Effect of Nuclear Spin. — It was mentioned earlier that the omission 
of the nuclear spin factor does not affect the value of the free energy change 
in a reaction provided, of course, there is no change in ortho-para ratios. 
This can be shown more explicitly by means of the equation derived above 
for the equilibrium constants. Consider the simple reaction 

Aa H~ Bj ^ 2AB; 


the equilibrium constant is here independent of the chosen standard state, 
because there is no change in the number of molecules in the reaction, and 
it is given by ^ 

K = (64.26) 




Suppose that from the complete partition function the nuclear spin factor, 
which is 2i + 1 for every atom, is extracted, leaving a residual contribution 
Q' for all other degrees of freedom; i.e., 


!? = e' n (2/ + 1). 


Then equation (64.26) would become 


K = 


K2u + 1)(2 «b + 1)((?7A0ab)» 

{(2»\ + l)He'WA.l{(2«B + 1 )‘((?'Wb.) 




(evAo 


AB 


(e7A0A.((27A0B. 
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which is exactly of the same form as equation (64.26), the partition functions 
(2® being replaced by Q\ It follows, therefore, that in calculating the equi- 
librium constant of a reaction, the nuclear spin factors may be omitted from 
the partition function; the symmetry number must, of course, always be 
retained. It should be understood that this rule does not apply for reactions 
involving ortho-para changes (cf. Section 63b). 

64h. Isomolecular Reactions. — When there is no change in the number 
of molecules as the result of a reaction, a very simple, if somewhat approxi- 
mate, expression can be derived for the equilibrium constant, particularly 
if diatomic molecules only are involved. Consider, for example, the reaction 

AB + CD;^ AC + BD; 

12 3 4 


the equilibrium constant, independent of standard state, is given by 







(64.28) 


where, for simplicity, the symbols Qu (Ja, and Qk are used to represent 
the partition functions of the diatomic molecules AB, CD, AC and BD, 
respectively, in their standard states. As there is no change in the number 
of molecules in the reaction, it follows that 

^ (64.29) 


Since the nuclear spin factor may be ignored, and the electronic statistical 
weight may be taken as unity, it is possible to write, in general, 

Q = (64.30) 

The expression for Qxy the translational partition function, is 


Vi = n ^ 




(64.31) 


where M is the molecular weight, and is a constant, at definite temperature 
and volume, that is independent of the nature of the substance. In a 
similar manner, the equation for the rotational partition function may be 
put in a simplified form; thus. 



WIkT 



(64.32) 
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where b is also independent of the substance, at constant temperature. 
Making the reasonable approximation that the contribution of the vibra- 
tional terms is unity, and utilizing equations (64.30), (64.31) and (64.32), 
equation (64.29) becomes 



MxM% ) IJi 


a$<ri 


or 


In TC 


A£S . , , MtM, 
^ 


. , vi<rs 

+ In T-r + In 


hh 


<rt<rA 


(64.33) 


The value of the equilibrium constant may thus be derived from a knowledge 
of A£? for the reaction, and of the molecular weights, moments of inertia, 
and symmetry numbers of the reactants and products. Equations of the 
type of (64.33) have been employed particularly in the study of isotopic 
exchange reactions, where the error due to the cancellation of the vibrational 
partition functions is very small, especially if the temperature is not 

too high.® 

64i. Calculation of Equilibrium Constants and Free Energies —The most 
convenient and accurate method for employing partition functions for the 
calculation of free energies and equilibrium constants is to utilize the tables 
of free energy functions obtained from spectroscopic data, when they are 
available. An interesting case, for which all the necessary quantities have 
been calculated, is the so-called “water gas” reaction, 

CO2 + H2 CO -b HjO. 


The free energy functions - (F® - Ei)IT for reactants and products at 
1000° K, excluding the nuclear spin contribution in every case, are as follows: 

CO2 H, CO H2O 
- (F> - £S)/T 54.137 32.752 48.876 46.999 

^ = 8.986 cal./deg./mole at lOOO" K. 

By means of the methods described in Section 64d, the value of A£S for the 
reaction is found to be 9,640 cal., and hence 

= RlnK = -0.6S4 
K = 0.719. 

The extrapolated experimental value at 1000° K, which is probably less 
accurate than that just calculated from spectroscopic data, is 0.71, 

« Urey and Rittenberg, /. Chtm. Phys , 1, 137 (1933); Urey and Greiff, /. Am, Chem, Jw., 
57, 321 (1935). . ; 
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Another important datum that can be derived from tabulated free energy 
functions is the free energy of formation of water, that is, of the reaction 

H2(^) + 

at 25®; this is utilized in the calculation of the standard E.M.F. of the 
hydrogen-oxygen cell and of the standard potential of the oxygen electrode. 
From the tables the following results, from which nuclear spin effects have 
again been excluded, are obtained at 298.16® K: 

H2 1O2 H 20 (^) 

24.436 21.041 37.179 

8.297 cal. /deg./mole at 298.16® K. 


- (F- - Ei)/T 
A(P> - £S) 


The value of A£o for the reaction is found to be — 57,120; hence. 


AF^ 

T 

AF^ 


= - 8.297 + 


57,120 


= 298.16(8.297) - 57,120 
= - 54,650 cal. at 298.16® K 


This value is in good agreement with the best experimental data. 

When the free energy functions are not available, surprisingly good 
results may be obtained, particularly at fairly high temperatures, by the 
use of the approximate expressions for the partition functions, e.g., equation 
(61.3) for a diatomic molecule. The procedure may be illustrated by refer- 
ence to calculation of the equilibrium constant for the dissociation of molecu- 
lar iodine into atoms, viz., 

12 ^ 21 . 


According to equation (64,9), it is seen that 

2 


1 


j. (g^/AQ 

^ (go/AO 

where the subscripts 1 and 2 refer to the atoms and molecules, respectively. 
Hence, by means of the results already derived, 


= 


( (IwmikTyf^ 

RT] 

2 

A 3 

■ N 1 

. 


Si 


RT Sn^IkT 


(64.34) 


N 




(1 ^ g~hMlkT^-\ 


where gi and gz are the electronic statistical weights; the nuclear spin fac- 
tors have been omitted in each case. Except at very high temperature, 
all the iodine atoms may be presumed to be in the lowest, i.e., ^Pz/ 2 y state; 
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hence j is §, and the electronic contribution gx to the partition function is 
(2 X I) + 1 = 4. As with most molecules possessing an even number of 
electrons, g^ for the iodine molecule may be taken as unity. From its elec- 
tronic spectrum, the moment of inertia I of molecular iodine is known to be 
742.6 X 10“*® g. cm.^, and the vibration frequency « is 213.67 cm.“^ Spec- 
troscopic data (cf. Section 3 2d) also show that is 35,480 cal., and since 
(T is equal to 2, all the information is available for the calculation of Kp by 
means of equation (64.34). The results obtained in this manner by Gibson 
and Heitler (1928) are compared with the experimental values of Starck 


and Bodenstein (1910) in 
markably good. 

Table XX; • the 

agreement is seen to 

TABLE XX. Ei^UlLIBRlUM 

CONSTANTS FOR DISSOCIATION OF MOLECULAR IODINE 

Equilibrium Constant 

Temperature 

Calculated 

Observed 

800® C 

1.13 X 10-^ 

1.14 X 10-* 

900® 

4.79 X 10-* 

4.74 X10-* 

1000® 

1.65 X lO-i 

1.65 X lO^i 

1100® 

4,94 X ICr^ 

4.92 X 10-^ 

1200® 

1.22 

1.23 


64 j. Reaction Rates. — It was seen from the quantum mechanical 
calculations in Section 25a that when two molecules undergo reaction, their 
energy first increases to a maximum and then decreases as the products of 
the reaction separate. The difference between the maximum energy and 
that of the reactants is the activation energy of the process. The general 
conclusions reached in the consideration of two molecules may be extended 
to all chemical process. It may be supposed that in any atomic or molecular 
process requiring an activation energy, the atoms or molecules must first 
come together to form an activated statCy or activated complex. These com- 
plexes may be regarded as situated at the top of the barrier, on the potential 
energy surface (cf. Fig. 19), lying between the initial and final states. The 
rate of the reaction is then given by the velocity with which the activated 
complexes travel over the top of the barrier from the initial to the final state. 
It can be shown that the configuration corresponding to the system in the 
activated state, i.e., at the top of the energy barrier, has all the properties 
of an ordinary molecule, except that one normal vibration frequency has 
an imaginary value. In other words, the activated complex may be re- 
garded as possessing translational and rotational degrees of freedom like a 
normal molecule; in addition, it remains stable for all modes of vibration, 
i.e., for all atomic displacements, except one, and this one, which corresponds 
to motion along the reaction path on the potential energy surface, leads to 
decomposition. Since the activated complex must presumably retain its 3» 
degrees of freedom, where n is the number of atoms it contains, the imaginary 

• Cf. Perlman and Rollefson, /. Chem, Phys,y 9, 362 (1941). 

” Eyring, J. Chem. Phys,y 3, 107 (1935); for further details and applications, see Glasstone, 
Laidler and Evring, **The Theory of Rate Processes.^* 
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vibration must be replaced hy another degree of freedom, and this is taken 
to be the motion in the reaction path, i.e., in the decomposition coordinate. 
If the top of the energy barrier, where the activated complex is situated, is 
relatively flat, this degree of freedom may be treated statistically as a 
one-dimensional translation. 



Fio. 43. Potential energy curve for chemical reaction 


If the activated complexes are regarded as being always in equilibrium 
with the reactants, it is possible to apply the results of statistical mechanics 
to the former^ as well as to the latter. It was seen in Section 49b that the 
means value x of the component of velocity of a molecule in a particular 
direction is given by 



(64.35) 


and consequently this may be taken as the average rate at which the acti- 
vated complexes pass over the energy barrier in one direction along the 
coordinate of decomposition. In this equation, m is to be regarded as the 
effective mass of the activated complex along the coordinate of decomposi- 
tion. It is now convenient to define arbitrarily an “activated state, “ which 
may be imagined to exist at the top of the energy barrier (Fig. 43) in a po- 
tential box of length 5; as will be seen shortly, the actual length is immaterial, 
as it cancels out in the final expression. The average time r for an activated 
complex to cross the barrier, that is, to pass through the “activated state,” 
is thus equal to the length 6 divided by the mean velocity x; so that 



(64.36) 


The fraction of the activated complexes crossing the barrier in unit time is 
1/t; hence, if is the number of activated complexes in unit volume lying 
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in the “activated state,” the quantity e^jr gives the number of complexes 
crossing the barrier per unit volume in unit time. If every complex that 
moves across the barrier in the direction under consideration falls to pieces, 
then r+/r must be equal to the reaction velocity; that is, 



i 


Rate of reaction 


T 



(64.37) 


If the substances. A, B, •••, etc., are reacting to form the activated 
complex, and kr is the specific reaction rate,*‘ using concentration units, the 
rate of reaction is equal to krC\c^ • • where the concentration terms are 
expressed in molecules per unit volume. It follows, therefore, from equation 
(64.37), that 


and hence 


Rate of reaction = krCxCB • • • = 




/ kT 1 

cjlCb * • * \ 2Trm / 6 * 


« 

1 

(64.38) 


It was postulated above that the activated complex is in equilibrium with 
the reactants, and so it is possible to write the equilibrium constant for the 
system as 



CaCb • • • ’ 


(64.39) 


the various components being assumed to behave ideally. This equilibrium 
constant may be written in terms of the respective partition functions by 
means of equation (64,25); however, since the standard state chosen here, 
for convenience, is that of one molecule (instead of one mole) in unit volume, 
the A^s are omitted from this equation. Consequently, it is possible to write 


where is used, in place of AE?, for the energy difference per mole between 
the zero-point levels in the final and initial states of the equilibrium (see 
Fig. 42), The partition functions are the values for the standard states, the 
translational contribution being given by equation (64.25). By combining 
equations (64.38), (64.39) and (64.40), it is seen that 

“ In order to avoid confusion between the symbol k for the spedfic reaction rate and that 
for the Boltzmaiin constant, which will appear in the same equations, the former is distinguished 
by the use of the subscript r, i.e., kt. 
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The partition function of the activated complex, as used in equations 
(64.40) and (64.41), includes the contribution of the translational degree of 
freedom in the decomposition coordinate; this may, for convenience, be 
extracted, so that 

(64.42) 

where Qmy represents the partition function for one degree of translational 
freedom, and is the partition function of the activated complex exclusive 
of this factor. According to equation (S7.4), the value of ^((i) in the present 
case is given by 



h 



(64.43) 





where 5 is the postulated length of the potential box containing the “acti- 
vated state.” Insertion of the results of equations (64.42) and (64,43) into 
(64.41), then gives 




g-BoIRT^ 


(64.44) 


It should be noted that the combination of the two terms involving the 
properties of the activated complex along the decomposition coordinate, viz., 
{2TrmkT)^f^lh and {kTIlirmY^^y has given the quantity kTjhy which is inde- 
pendent of the nature of the reactants or the reaction. It is, therefore, a 
universal constant, with the dimensions of a frequency, for any definite 
temperature; its value is practically 2 X 10‘or sec.”'. The result expressed 
by equation (64.44) is the basis of what has become known as the theory of 
absolute reaction rates; it provides, in principle, a method for calculating the 
rate of a chemical reaction. The partition functions of the reactants may 
be regarded as known, and the necessary information for evaluating that 
of the activated complex, viz., dimensions and vibration frequencies, can 
be derived from the potential energy surface obtained from the quantum 
mechanical calculations. Further, £o, which is the (hypothetical) activation 
energy of the process at the absolute zero of temperature, can also be 
obtained from the height of the barrier on the potential energy surface. 

The complete data required for calculating the rate of a reaction are 
available in a few simple cases only, but even where the full information 
cannot be obtained, many useful conclusions can be drawn by introducing 
the appropriate expressions for the partition functions in equation (64.44). 
For this purpose it is most convenient, and sufficiently accurate, to utilize 
the approximate equations given in Sections 61b, 62b and 62c. As a very 
simple illustration, the reaction between two atoms A and B, viz.. 


A + B — ^ A • • • B — » AB, 


may be considered, where A • • • B represents the activated complex. The 
latter will have three degrees of translational freedom and two of rotation. 
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just like a normal diatomic molecule; however, the one vibrational mode 
usually possessed by such a molecule is now absent, since it has been re- 
placed by the contribution of the degree of freedom in the decomposition 
coordinate. The latter is not included in as seen above, and so it 
follows that 



{2ir{mK -f Zi^IkT 


( 64 . 45 ) 


where the first factor, the ordinary translational contribution, is obtained 
from equation (64.25) by inserting mx -f wb for the mass of the activated 
complex. The moment of inertia I of the complex is given by 



mxmB 
ntx + wb 



( 64 . 46 ) 


where r is the distance between the nuclei of A and B in the activated state. 
The atoms A and B have only translational degrees of freedom, and so the 
respective partition functions are 



(iTrmxkT)^^^ 

¥ 


and 



¥ 


( 64 . 47 ) 


It follows, therefore, from equation (64.44), by inserting the results of 
equations (64.45), (64.46) and (64.47), that 


{ 2ir(mx + mB)kT] 


kr = 


h 


¥ 


¥ 


piK + 







SirkT 



¥ 


BdRT 


mxmB 


( 64 . 48 ) 


It is of interest to observe that this expression is identical with that based 
on the collision theory of reaction rates; however, it is only in this particular 
case, when the reaction involves two atoms, that the statistical theory de- 
scribed above leads to the same result as does the simple collision theory. 
For more complex reactions, both numerator and denominator in the rate 
equation (64.44) will contain the partition functions associated with a va- 
riety of internal degrees of freedom. As a result of the introduction of 
these additional factors, the specific rate is found to be much smaller than 
required by the collision theory, as is actually found in practice. 


Free and Restricted Rotation 


65a. Internal Rotation. — If there is a possibility of free internal rotation 
within a molecule, it is necessary to make allowance for this in the total 
partition function; in the first place, the number of vibrational factorsfis 
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decreased by one for every type of internal rotation, but it must be replaced 
by a factor for each of the degrees of freedom of the latter type. The 
simplest molecule exhibiting internal rotation is ethane, in which there is 
rotation of two symmetrical tops, the methyl groups, about an axis coinci- 
dent with the C — C bond; internal rotation of a similar character is possible 
in many organic compounds. Whenever a methyl, or other, group is at- 
tached to a molecular residue, internal rotation must be taken into con- 
sideration. In general, the simplest molecular structure in which internal 
rotation occurs, consists of a rigid framework to which one or more rigid 
symmetrical tops are attached. The term symmetrical top here refers to a 
rotating group (top), whose two moments of inertia about axes perpendicular 
to the top axis are equal. Such molecules have been called pseudo-rigid^ 
because the external moments of inertia, i.e., of the molecule as a whole, are 
independent of the internal rotation. Examples of such pseudo-rigid mole- 
cules are all the methyl derivatives of methane, ethylene, benzene, water, 
hydrogen sulfide, ammonia and formaldehyde. It will be noted that while 
isobutane, methyl alcohol and methylamine fall into this category, w-butane, 
ethyl alcohol and ethylamine are not included. 

Until relatively recent years, it was generally supposed that the rotation 
of a methyl group about the C — C bond in ethane, and similar compounds, 
was quite free and unrestricted. Although there are good reasons for 
changing this view, the consequences of completely free internal rotation 
will be considered first. The contribution to the partition function of a 
free internal rotator, forming part of a pseudo-rigid molecule, can be most 
easily derived by the classical method. If 0 is the angle of rotation about 
the axis and p^ is the conjugate momentum, the energy of rotation can be 
expressed in the Hamiltonian form [|cf. equation (59.7)], 

= (65.1) 


where 1 is the reduced moment of inertia of the rotating group, defined by 

/l + ’ 


/i and 1% being the moments of inertia, about the axis of rotation, of the 
two parts of the molecule which are rotating with respect to each other. 
The classical partition function, exclusive of a symmetry factor, is then 


1 r* 

- -d L 


'I'K 

~h 


(27r7/&r)i/* 


h 


(65.2) 
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There still remains to be considered the question of the symmetry num- 
ber; two procedures are possible. One is to include the total symmetry 
number for the external rotation, equation (62.5); the other is to split the 
total into two factors, one for external rotation, assuming a completely 
rigid molecule without internal rotation, and the other for the internally 
rotating groups. The latter procedure is the one generally adopted, so that 
the partition function for each internally rotating group is represented by 






(65.3) 


where <r, is the symmetry number of the internally rotating group.^ The 
situation may be illustrated by reference to ethane; the total symmetry 
number of the molecule is 18, and this may be included in the rotational 
partition function as a whole. However, it is perhaps more convenient to 
consider the symmetry number of the molecule as made up of two factors. | 
If the internal rotation were frozen, the symmetry number would be 6; this 
arises because of three equivalent positions resulting from rotation of the 
whole molecule through angles of Jtt, and 27r, about the C — C axis, each 
of which is duplicated when the molecule is rotated through 180® about an 
axis perpendicular to that of the C — C bond. The symmetry number for 
internal rotation a,* is 3, since the methyl group has three equivalent positions 
when rotated about the C — C axis. In writing the partition function -of 
ethane, therefore, it is permissible to take <r as equal to 6 in equation (62.5), 
and to reserve the factor 3 for use with the contribution of the degree of 
freedom for internal rotation. 

The classical treatment of the free internal rotator has been extended to 
the most general case of a molecule with r — 3 degrees of freedom of internal 
rotation, i.e., there are j — 3 internally rotating groups, and three degrees 
of freedom of external rotation, making s in all.^® The kinetic energy of 
rotation, including both external and internal forms, can be represented by 
the expression 

r = § E E RiMiy (65.4) 

t-i >-i 


where the Ri^ factors involve the ^-coordinates which, in this case, are the 
three Eulerian angles, which orient the molecule as a whole (Section 62b), 
and s — Z angles which orient the rotating groups. The kinetic energy 
may also be written in a form involving the momenta, viz.. 


^ H P<}piph 

i-l />! 


(65.5) . 


“ A factor that is equivalent to this symmetry number is frequently represented by n in the 
original literature, 

Eidmoff and Aston, /, Ckem, Phys.^ 3, 379 (1935); Aston, ref. 1; Kassel, /. Ckem, Phys 
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where the Pi/s, which now contains the y’s, can be evaluated in terms of 
the Ri/s of equation (65.4), Since all the rotations, internal and external, 
are assumed to be free, all the rotational energy will be kinetic, and hence 
equation (65.5) gives the total rotational energy in the Hamiltonian form 
The classical expression for the complete rotational partition function is 



(65.6) 


and if the value of H{p,q) as given by equation (65.5) is inserted, and 
integration carried out with respect to the momenta, the result is 


^ \(iirkTY^ C 

!?r = - ( j J ■ ■ ■ J 

^OD 


where is the determinant of the Ri/s, i.e., 




•^11^12 * * ' /? 

R21R22 * * * /? 

• ♦ • 

• • • 

* • • 

RtiRt2 • • • R 


2* 


(65.7) 


(65.8) 


In equation (65.7) the symmetry number <r refers to the value for the mole- 
cule as a whole, including both external and internal rotation. 

In particular cases that are not too involved, equation (65.7) may be 
used to evaluate the rotational partition function, but some simplification 
is first possible. As mentioned above, the q*s include the three Eulerian 
angles, and integration can be carried out with respect to these variables. 
The result for the most general case is still complicated, but it can be con- 
siderably reduced for a pseudo-rigid molecule, in the sense defined above. 
For such a molecule, equation (65.7) becomes 



8^(27r)-3[^J^ 


(65.9) 


in which Q*?] is defined by 


= K 1 K 2 ’ • • 


- XX 

— Ixy — 

— Ixx — Xv 


— Ixy — Xm 

lyy — till 

- /y, — IIV 


— Ixx — Xf 

— lyx “ MV 

Ixz — VV 


. . . , are 

the moments of inertia, about the 


In this expression Ki, K 2 , 
bonds joining them to the rigid framework, of the j — 3 internally rotating 
groups; /**, lyy, I,„ Ixy, and /y, have the same significance as in Section 
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•-t 

i-l 


with the other terms involving X, n and p defined in a similar manner^ where 
\i, fii and Vi are the direction cosines of the axis of the ith group with respect 
to the axes x, y, 2 , fixed in the molecule. 

The quantities with X, fi and v, in the determinant contained in [ 4 ?], 
which is part of the expression for the partition function as given by equation 
(65.9), arise because of the interaction between internal and external coordi- 
nates. If these terms are small, so that they can be neglected in comparison 
with the moments and products of inertia, /«, /yy, /*y, /*,, etc., it is seen, 
by comparison with equation (62.6) that the determinant becomes'cqual to 
ABCy the product of the three principal (external) moments of inertia. In 
this event, equation (65.9) reduces to 

1 / 2'trkT\*'^ 

Qr = j . • • K..z{ABC)YfK (65.10) 


The significance of this result can be seen if this expression is divided into 
two parts, as follows 






dh 


(65.11) 


where the total symmetry number <j is equal to the product of the external 
factor or,j and the factors <r< for the internally rotating groups. The expres- 
sion in the first brackets in equation (65.11) is seen to be the same as equation 
(62.5), apart from the nuclear spin factor, and hence gives the contribution 
of the external rotation to the partition function; the quantity in the second 
brackets is the product of j- — 3 terms of the form of equation (65,3). It 
appears, therefore, that it is possible, at least as a first approximation, not 
only to separate the contributions of the external and internal rotations to 
the partition function, but also to separate the factors for the individual 
rotating groups; thus, the result may be expressed briefly in the form 


i2r = X if Qir, (65,12) 

t-1 

where Qet refers to external rotation, i.e.,, rotation of the molecule as a whole, 
n Qir is the product of the contributions of the r — 3 internally rotating 
groups considered separately. It will be noted that the internal rotation 
factors in equation (65.11) are not exactly identical with equation (65.3); the 
difference is that the former contains /C,-, the moment of inertia of the ro- 
tating group, while in the latter the corresponding quantity is 7, the reduced 
moment. It is probable that when the approximate equation (65.12) is^ 
used to calculate the complete rotational partition function, it is better tpl 
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use the reduced moment of inertia about the axis of rotation, rather than 
the actual value. 

65b. Restricted Internal Rotation. — In the calculation of the thermo- 
dynamic properties of ethane by the method of partition functions, prior 
to the year 1936, it was generally assumed that the two methyl groups ro- 
tated freely with respect to each other about the C— C axis. It appeared, 
however, that this assumption led to results that were not in agreement 
with experiment, and the view developed that the rotation of the groups in 
ethane was not free, but was restricted in some manner.^ For example, the 
entropy of ethane determined experimentally, on the basis of the third law 
of thermodynamics, was found to be 49.54 cal./deg./mole at 184.r K, and 
54.85 cal./deg./mole at 298.1® K; the values calculated from partition func- 
tions at these temperatures, assuming completely free internal rotation, 
were 51.09 and 56.36 cal./deg./mole, respectively. Discrepancies were also 
found with other molecules in which free internal rotation had been expected; 
among these may be mentioned tetramethylmethane, w- and iso-butane, 
methyl and dimethylaniline, methyl, ethyl and isopropyl alcohols, silicon 
tetramethyl and acetone. In similar compounds that do not contain groups 
which might be capable of rotation, e.g., methyl chloride and bromide, 
methanCi etc., no discrepancies were observed^ It may be stated that in 
recent years evidence for the existence of restricted rather than free rotation 
of groups in organic compounds has accumulated, and the concept of re- 
stricted rotation is now widely accepted. It should be pointed out that this 
does not really contradict the vitfws concerning ‘‘free rotation” about bonds, 
in so far as isomeric structures with different configurations do not exist. 
The reason why the two ideas do not conflict is that the energy barriers 
which prevent completely free rotation are of the order of 3 kcal., and so the 
rate at which one configuration changes into another is rapid at ordinary 
temperatures. The energy barriers restricting rotation would have to be 
much higher, e.g., about 20 kcal., if the different configurations were to be 
stable and different isomeric forms were to exist -at ordinary temperatures. 

65c. Potential Barrier Restricting Rotation. — For the development of the 
partition function of a molecule in which there are groups undergoing internal 
rotation that is restricted, rather than free, it is necessary to know, in the 
first place, how the restricting potential energy varies with the angle of 
rotation. No definite information is available as to the exact nature of the 
potenti^ function that is appropriate to any particular case, but a simple 
expression, which is at least of the correct form, has been proposed. It is 
probable that the final results are not very sensitive to the exact shape of the 
barrier, as represented by this potential function. The general conditions 
which the function must satisfy can be seen by considering a simple case, 
such as the ethane molecule. For the sake of the argument, it will be sup- 
posed that the restriction to free rotation is due to the mutual repulsion of 

“ Kemp and Pitzer, /. Phys., 4, 749 (1936); ]. Am, Chem. Soc.^ 59, 276 (1937); sec 
also, Smith and Vaughan, /. CJum. Phys., 3, 341 (1935); Howard, ibid,y 5, 451 (1937). 
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the hydrogen atoms of one methyl group and those of the other methyl 

C — C axis, the repulsion reaches a 
maximum when the configuration of the molecule 1s such that the hy- 
drogen atoms in the two groups are opposite each other (eclipsed position). 
Upon continued rotation, the repulsion diminishes until the intermediate 
(staggered) position of the hydrogen atoms is reached; it then increases, 
until after a total rotation of Jir the eclipsed position, with a maximum 
repulsion, is again reached. It can be easily seen that the potential for the 
restriction of rotation in ethane should be of such a form as to lead to equal 
maxima at intervals of fa-, with equal minima in between. In view of the 
symmetry of the rotating groups, it is evident that the potential function 

must satisfy these conditions, irrespective of the cause of the restriction 
in rotation. 

In general, the potential function of a restricted internal rotator which, 
in the course of its rotation, passes through n equivalent positions niay be 
represented by an equation of the form 

y = i^o(l - cos n<i^)y (65.13) 

where V is the restricting potential when the angle of rotation is /^o is 
the maximum height of the potential barrier If the n positions are exactly 

equivalent, n is identical with the 
internal symmetry number o-,-, and so 
equation (65.13) becomes 

V = \V d( 1 — coso-,^), (65.14) 

For ethane, <Fi is 3, and so a possible 
expression for the restricting poten- 
tial is 


^ =1^,(1- cos 3i^), 65,15) 

$ 

and this function is represented graph- 
ically in Fig. 44. It is seen that, as 
required, there are equal maxima, 
spaced |t apart, with minima between. Although it is not certain that 
the actual barrier is of the type represented by Fig. 44, it is reasonably sure 
that the genwal form is correct. Since the mathematical treatment of a po- 
tential function like equation (65. IS) is relatively simple, this has invariably 
been used in the discussion of restricted internal rotation. 

6Sd. Partition Function for Restricted Rotation.— In order to derive the 
partition function for restricted rotation, it is necessary to know something 
of the possible energy levels, and these can be derived, at least in principle, 
by means of wave mechanics.** For the special case of a molecule, such 
as ethane, consisting of two identical symmetrical tops rotating about a' ' 

“Pauling, Phyi. Rn., 36, 430 (1930); Nielsen, iiii., 40, 44S (1932) 



Fio. 44. Rc.stricting potential for 
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common axis, the treatment is not difficult, and so it will be given here. It 
is probable that the results hold, with a fair degree of approximation, to 
other pseudo-rigid molecules in which the rotating groups are not identical, 
provided the tops are of the symmetrical type. 

The general wave equation for a restricted rotator is similar to that given 
by equation (9.21), with the addition of a potential energy term, viz., 


1 


sin Q 


d ( , 




1 


sin^ 6 d<l>^ 


^ = 0 , 


A* 


(65.16) 


where I is here, as in Section 65a, the reduced moment of inertia of the 
rotating group. In the particular case under consideration the restricted 
rotation takes place about a definite axis, and so all terms involving 6 may 
be ignored; the wave equation is now 


d^\f/ 



871^/ 

A* 


(E- n4' = 0, 


(65.17) 


where the eigenfunction is a function of the angle <i> only. Inserting equation 
(65.15) for the potential energy the result is 


+ —TT' (£ — J^o(l — cos <7,«^)!^ = 0. 


d<f> 


A2 


If the variable is changed, by defining a new variable x as 

X = 

so that the function ^ is replaced by M, where 


M(x) = ^(<^), 


then 
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^ d^Mjx) 

4 * dx^ 


It follows, therefore, that equation (65.18) can be written as 

d^M , 327r2/,^ , /I Mir n 

— T -I ITT !•£ *“ 2 ^o(l — cos 2x)\M = 0. 


dx 




(65.18) 


(65.19) 


(65.20) 


Two quantities a and q may now be defined in the following manner 


and 


327r2/^^ 


2ir»/ro 
1 ~ <j\h^ ’ 
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and if these are introduced into equation (65.20), the result is 

+ (^ + 16y cos 2x)M = 0. (65.21) 

This differential equation is known to mathematicians as Mathieu's equa- 
tion; It has solutions only for specific values of the Mathieu function M{x). 
Many of these, together with the corresponding values of as a function 
of y, have been tabulated. It follows, therefore, that if q is known, the 
possible eigensolutions a of equation (65.21) can be obtained, either from 
the tables or by calculation in a definite manner. From the definition given 
above, it is seen that q depends on the reduced moment of inertia I of the 
rotator, and on the maximum a of the potential barrier; consequently, if 
these quantities are known, the permitted values of and hence of the 
energy E of the restricted rotator, can be determined. The partition func- 
tion for restricted rotation can then be derived by direct summation of the 
^xfkT terms, using the values of E calculated in the manner just described. 
The energy levels of the restricted rotator arc nondegenerate, and so the 
statistical weight factor g is equal to unity in each case. 

6Se. Evaluation of Restricting Potentials, If the approximation is made 
of regarding external and internal rotations as independent, the foregoing 
treatment provides, in principle, a solution to the problem of the restricted 
rotator, in the simpler cases. The difficulty in applying the results arises 
because there is, as yet, no independent method of evaluating the height Fo 
of the energy barrier restricting the rotation. Approximate indications of 
the magnitude may possibly be derived from spectroscopic data or from 
quantum mechanics, but these are not sufficiently accurate for the calcula- 
tion of partition functions. The procedure that has been adopted hitherto, 
therefore, is to estimate the value of the restricting potential Fo that is 
necessary to make the calculated thermodynamic property, such as entropy, 
heat capacity or free energy, equal to the value determined by direct experi- 
ment. The magnitude of the particular property due to electronic multi- 
plicity (if any), translation, vibration and external rotation is subtracted 
from the observed value; the difference is then due to restricted (or free) 
internal rotation, and the potential F o necessary to account for this differ- 
ence can be evaluated. An alternative treatment, which is fundamentally 
the same as that just described, is to calculate the value of the thermo- 
dynamic property on the assumption that the internal rotation is completely 
free, and then to find the restricting potential that will correspond to the 
discrepancy between this figure and the experimental result. 

In order to facilitate these computations, double-entry tables have been 
prepared in which the value of the entropy, heat capacity or free energy for 
restricted rotation is given as a function of Fo/RT and of another variable. 
In the earlier tabulations this second function was <r?//ro, which is seen to 

1 ,. ” ** (1937); Pitzer and Gwinn, /W/., 10, 428 (1942); see also, 

Pitzer, tM,, 8, 711 (1940); Chm. Rtv., 27, 39 (1940). 


FREE AND RESTRICTED ROTATION 


419 


be proportional to 1/y, but since both variables contained the unknown Vo, 
there was a slight difficulty in their use; it was necessary to utilize also their 
product from which Vq was eliminated. In the more recent tables, the 
second function is 1/0/r where Q/r is the partition function for internal rota- 
tion if this is completely free, e.g., equation (65.2), (65.11) and (65.12). 
These tables are, of course, much simpler to use, since Qjr can be readily 
calculated and requires no knowledge of the restricting potential. The 
principle employed in the preparation and use of these tables is briefly as 
follows. A series of arbitrary values of V^IRTy from zero to 20.0, and of 
HQ fry from zero to about O.S, are taken; noting the definition of Q/ry as 
given, for example, by equation (65.2), it is seen that the product of VaIRT 
and Q% is proportional to IV^j&il^y and hence is related to the variable q 
of the Mathieu equation. Each pair of arbitrary values of V^^jRT and 
HQfr thus yields a value of and this is found, from the tables of Mathieu 
functions, or from the analogous calculations, to correspond to a series of 
permitted a values. It is from these that the eigenvalues of the energy of 
the restricted rotator can be derived. The equation giving the definition 
of a may be put into the form 

** ffUAkT IkT)' 

The appropriate values of IkTjoih^ and of FojlkT are obviously determinable 
directly from the arbitrarily chosen FJRT and lIQ/n since Q% is equal to 
ST*IkTltTih^; consequently, the permitted values of EjkTy which are the 
quantities required for the evaluation of the partition function for the re- 
stricted rotator, can be obtained from the known a values. The procedure 
is repeated for every combination of the arbitrary values of V^IkT and 
l/l?/r> and the partition function is determined by actual summation of the 
g-BikT terms in each case. From a knowledge of the allowable EjkT values it 
is possible to calculate also the temperature derivatives of the partition func- 
tion (cf. Section 56c); hence the contributions to various thermodynamic 
properties of the restricted rotator, for a given V qIRT ^nd lIQf can be evalu- 
ated, In this way, the information for the preparation of the double-entry 
tables is made available. The calculations are, of necessity, carried out for 
a number of specific (rounded) values of the two variables, but the results 
for intermediate case can be readily derived by graphical interpolation. 

In using the tables to determine ^o, the maximum of the restricting po- 
tential barrier, the value of a particular thermodynamic property must first 
be obtained by direct experiment The contributions of all degrees of 
freedom, except that for internal rotation, are then calculated from the 
partition functions in the usual manner. Subtraction of this value from 
the experimental result gives the contribution to the thermodynamic prop- 
erty of the restricted rotation. From this datum and l/Q/ry obtained by 
means of equation (65.2), the double entry tables can be used to give the 
appropriate o/kT, Since the temperature is known, the restricting po- 
tential Fq is determined. 
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Although the foregoing treatment should strictly be applied to cases 
nvolving a restricted rotator consisting of two coaxial tops, it appears from 
n extension of the calculation that the results apply with sufficient accuracy 
to any case of a pseudo-rigid molecule, provided the n maxima in the poten- 
tial function are almost identical. It should be noted, however, that al- 
though the tables referred to above may be used for evaluating the potential 
function maximum all cases of pseudo-rigid molecules, the number of 

maxima n will not necessarily be the same as the symmetry number (r,-. 
The former must be used in the calculations of the energy levels of the 
restricted rotator, but the latter should be included in the partition function, 

65f. Alternative Calculation of Restricting Potential.^’ — An alternative 
method for evaluating the contribution to various thermodynamic properties 
of a symmetrical top undergoing hindered rotation makes use of the fact 
that in the lower energy levels the movement is approximately vibrational 
in character, whereas the higher levels approach pure (free) rotational be- 
havior. When the energy of the rotator is well below the maximum of the 
potential barrier, the rotating group undergoes a torsional oscillation (libra- 
tion) that is virtually a vibration. On the other hand, for energy levels that 
are in the neighborhood of, or above, the maximum of the barrier, the 
group will rotate freely. These conclusions may be reached in a more 
precise manner, as will be shown in the following paragraphs. 

According to the trigonometrical relationship 

1 — cos <Ti<t> = 2 sin^ 

the expression for the potential function, equation (65.15), becomes 

V = sin* (65.22) 

For the lower energy levels of the hindered rotator, the angle of rotation is 
always small, and hence it is possible to make use of the approximation 
sin X ^ Xj which is applicable under these conditions; hence 


so that 


sin as 

F - Fo(M\ 


(65.23) 


The general expression for the potential energy of a harmonic oscillator is 

^ ~ ^ torsional harmonic oscillation, or libration, this takes 

the form 

^ = Wy (65.24) 

and the corresponding oscillation frequency is 

% 

(6S,2S) 

"Crawford, /. Chem. Phys., 8, 273 (1940); Price, ihid., 9, 807 (1941); Wilson, Oem. geo., 
27, 17 (1940); see, however, Pitaer and Gwinn, J. Chtm. Phys., 9, 48S (1941). 
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where 7, as before, is the reduced moment of inertia. Comparison of equa- 
tions (65.23) and (65.24) shows that the lower energy levels of the restricted 
rotator are equivalent to a libration, as mentioned previously. The ap- 
propriate force constant / is given by 

/ = 

and hence by equation (65.25) the corresponding frequency of oscillation is 

' - f-; 


For the higher energy levels of the restricted rotator, on the other hand, it 
is possible to neglect the potential energy V in comparison with the total 
energy E\ the wave equation (65.17) then becomes 

d^}J/ 87r*7£ 

A* 


which is the equation for a completely unhindered rigid rotator with fixed 
axis. In the higher levels the restricted rotator may thus be treated as 
rotating freely. 

The suggestion has been made that the partition function for a hindered 
rotator may be separated into two appropriately weighted parts; one repre- 
sents the summation over the lower energy levels which are vibrational in 
character, while the other is the summation over the upper levels having 
the properties of a free rotator. The energy values are determined, as before, 
from the solutions of the Mathieu equation (65.21), but the significance of 
the variables a and y is modified somewhat so as to allow for interaction 
effects in the molecule. The partition function is then given by 


Qrr = + G.), 

where Gr represents the sum over the upper “rotationar* levels, and G, is 
the sum over the lower “vibrational** levels; the factor is defined by 



in which B and C are the principal moments of inertia of the whole 
molecule, D is the moment of the rotating group about its axis of rotation, 
and Xa> Xa and Xc are the cosines of the angles between the group axis and 
the principal axis of the molecule. The quantity 1) evidently allows for 
the interaction of the rotation of the group under consideration with the 
rotation of the molecule as a whole; when Q is unity, and the interaction is 
negligible, the results obtained by the method under discussion become 
identical with those previously described. 
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The evaluation of thermodynamic properties of the hindered rotator by 
this alternative procedure, if the maximum potential is known, or vice 
versa, is also facilitated by means of tables. The calculations appear to be 
slightly more involved than in the other method. However, the question of 
which treatment is the more accurate is still a matter for controversy. 

65g. Application of Restricted Rotation Potentials. — ^The potentials re- 
stricting rotation in a number of simple molecules have been determined, 
by the procedures described in the foregoing sections, with the aid of both 
heat capacity and entropy measurements.^® Some of the results obtained 
are recorded in Table XXI; the actual values are dependent on the form of 
the postulated potential function [equation (65.13)^, but the deviations 
are probably small. 


TABLE XXI. POTENTIALS RESTRICTINO FREE INTERNAL ROTATION 


Substance Va 

Ethane 2.75 kcal. 

Propane 3.40 

Propylene 2.12 

Tetramethylmethane 4.50 


Substance 

Methylamine 
Methyl alcohol 
Acetone 

Dimethylacetylene 


1^0 

3.00 kcal. 
3.40 

1.00 
<0.50 


The importance of a knowledge of the restricting potential lies in the fact 
that once it has been determined, e.g., from a single heat capacity measure- 
ment, for a given substance, it can be applied to the calculation of any of 
the thermodynamic properties of that substance at any temperature. For 
example, in the derivation of the free energy change, or equilibrium constant, 
of the reaction 

C2H4 + Hi ^ CjHe 


from partition functions, use is made of the restricting potential ^0 of 2.75 
kcal. in ethane, obtained from a comparison of the observed heat capacity 
of this substance with the calculated value. With this restricting potential 
the correct value of the free energy function for ethane can be derived, and 
hence the free energy change of the aforementioned reaction can be de- 
termined. The equilibrium constants calculated in this manner are in 
excellent agreement with the best experimental values over the temperature 
range from 673® to 973® K.*® Similar calculations have been made for other 
equilibria, e.g., 

C2H4 + HjO ^ CaHsOH 


and 

CO -i- 2Ha ^ CH 5 OH, 

involving substances in which there is restriction to internal rotation. 


« Kisdakowsky, et al, /. Chem, Phys,, 6 , 18, 407, 900 (1938); 7, 289 (1939); 8 , 610, 970 
(1940); Aston, et aL, J. Am, Chem, Soc,, 59, 1743 (1937); 61, 1539 (1939); /. Chem, Phys,y 6, 480, 
48S (1938); 8, 743 (1940); Chem. Rev., 27, 59 (1940); Kemp and Egan, /. Am. Chem, Soc,, 60, 
1521 (1938); Crawford, /. Chem. Phys., 8, 744 (1940); Telfjur, ihid., 10, 167 (1942); Thompson, 
Ann. Rep. Chem, Soc., 38, 49 (1941), 

Guggenheim, Trans, Faraday Soe,, 37, 97, 271 (1941); Kisdakowsky, /. Chem, Pkys,, 10, 
78 (1942). 



CHAPTER IX 


INTERMOLECULAR FORCES ‘ 

Molecular Potential Function 

66a. Attraction Between Molecules. — The very existence of liquids and 
the occurrence of such phenomena as the Joule-Thomson effect indicate that 
there must be attractive forces between molecules even when they cannot 
interact chemically. These forces of attraction are generally referred to as 
van der IVaals forces^ because van der Waals made allowance for their effect 
in the familiar equation of state that bears his name. Although the existence 
of molecular attractive forces has been accepted for many years, it is only 
in recent times that a satisfactory explanation of their origin has been pro- 
posed. It is easy to understand that a molecule possessing a resultant dipole 
will attract another dipolar molecule, whether it be of the same kind or not, 
by ordinary electrostatic forces. Similarly, a molecule with a permanent 
dipole will attract a nonpolar (homopolar) molecule as a result of the induc- 
tion of a dipole by the former in the latter. However, there is no doubt that 
van der Waals attractive forces exist between two nonpolar or symmetrical 
molecules, such as hydrogen, oxygen, nitrogen, carbon dioxide, methane, and 
the inert gases, among others; in these cases electrostatic, or coulombic, 
forces of the usual kind cannot account for the attraction. An important 
suggestion concerning the origin of the attractive forces, which involve 
nonpolar as well as dipolar molecules, was made by London.* 

The fundamental basis of the theory is that as a direct consequence of 
the uncertainty principle, the nuclei and electrons of every molecule, even 
a monatomic molecule, must be regarded as undergoing some kind of oscilla- 
tion with respect to each other. An instantaneous picture of all the mole- 
cules in a gas, for example, should show various relative displacements of 
nuclei and electrons, that is, of positive and negative changes; such displace- 
ments are equivalent to the possession of dipole moments by the molecule. 
The magnitude of the dipole moment of each molecule is not constant, but 
will vary with the relative displacements of nuclei and electrons at any 
instant. As a result of the oscillations of these particles, every molecule of 
a gas, whether it has permanent polarity or not, behaves as an oscillating 
dipole. If the molecule possesses no permanent moment, that is to say, if 
it is of the type generally described as nonpolar or homopolar, these rapidly 

^ Fowler, “Statistical Mechanics”; Fowler and Guggenheim, “Statistical Thermodynamics”; 
Margenau, Ret}. Mod. Pkys.^ 11, 1, 25 (1939); Mayer and Mayer, “Statistical Mechanics”; Mott 
and Gurney, Rep. Process Phys. (Phys. Soc. London), 5, 146 (1938); General Discussion, Trans. 
Faraday Soc.^ 33, 1-282 (1937). 

* London, Z. phys. Chem., Bll, 222 (1930); Z. Phssik, 60, 491 (1930); Trans. Faraday Soc., 
33, 8 (1937). 


423 


424 


INTERMOLECULAR FORCES 


varying dipoles give a resultant of zero when averaged over a large number 
of configurations, that is, over a period of time. Nevertheless, the tem- 
porary dipoles are able to induce, in other molecules, dipoles that are in 
phase with themselves so that there is a resultant attraction between the 
molecules. 

66b. Linear Oscillating Dipoles. — An indication of the manner in which 
the magnitude of the interaction may be calculated can be seen by consider- 
ing the relatively simple case of two interacting molecules treated as equiva- 
lent to linear harmonic oscillators, free to 
oscillate ( along the same straight line.® 
Suppose that at any instant the displace- 
ment of the nuclei and electrons is in 
one molecule and X 2 in the other, as shown 
in Fig. 45; let r be the distance between the 
positive ends of the two resultant dipoles. The mutual potential energy 
of these dipoles may now be calculated by means of Coulomb's law; ac- 
cording to this law, the potential energy of a system of two charges of 
magnitude e separated by a distance in a medium of dielectric constant 
unity, which is assumed to be the case here, is equal to Hence it is 

readily seen from Fig. 45, that for the four possible interactions between 
the two charges on one dipole with the two charges on the other, the mu- 
tual potential energy Ve due to electrostatic forces is given by 

= + r + l + (66 D 



) • 

Fig. 45. Linear oscillating dipoles 


in which the positive terms give the interaction between charges of the same 
sign, while the negative terms refer to charges of opposite sign. If the 
difference between x\ and X 2 is not large, at least in comparison with r, it 
follows that 



r + xt) 



2r 

(r — Ari)(r + a;j) 


« _ ,2 ^ 

r(r - jri)(r + Xi) ' 


( 66 . 2 ) 


If r is large compared with xi and ^ 2 , as is very probable, this expression 
may be reduced to the simple form 



2€^XiX2 

r» ■ 


(66.3) 


In addition to the electrostatic contribution to the potential energy of 
the dipole, allowance must; be made for the ordinary (displacement) potential 

* Lennard-Jones, Prof. /’Ayr. ^oc., (London), 43 , 461 (1931), 
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energy of the oscillators. This is equal to hfx\ 4* i/^ii where /is the ap- 
propriate force constant; it follows, therefore, that the total potential energy 
of the system is given by 


y = hM + ^2) 


r» 


(66.4) 


It will be observed that when the two oscillators are relatively far apart, 
i.e., when r is large, the last term in equation (66.4) is negligible, and the 
potential energy corresponds to that of two oscillators having the same 
restoring force constant /, and the same frequency ^0 determined by 




(66.5) 


where m is the reduced mass of each oscillator. 

The complete wave function of the system of two oscillators may be 

written as 


d^\J/ 6^4/ 

dxi dxl 


+ ^ ( £ - iA! - y = 0, (66.6) 


and in order to solve this equation in a simple manner it is convenient to 
make a normal coordinate transformation (cf. Section 34a) by introducing 
the new coordinates Zi and 22 , defined by 


zi = ^ (^1 + ^2) 


and 


22 = (Xi - Xi), 


It follows, therefore, that 


and 


A-i = (21 + Z2) 

X2 ~ 

X\X 2 = J(z 5 — 22). 


Introduction of these quantities into equation (66.6) yields 




where 


/.=/- 




and 


. 26* 

/2 = / + 75" • 


(66.7) 


( 66 . 8 ) 


It is apparent that equation (66.7) can be separated into two independent 
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d-^crcntial equations, so that 





(£i - 




1^ 


{Rt — = 0 > 


(66.9) ^ 

( 66 . 10 ) 


where the product of ^i(zi) and ^ 2 ( 22 ), is equal to and £1 and £2 add up 
to the total energy E. It is evident from a consideration of the case of the 
harmonic oscillator treated in Section 8 that the solutions of equations (66.9) 
and (66.10) are 

Ex = (wi + \)hvi 

and 


£2 = (w2 H“ h)hvt^ 


so that the eigensolutions of equation (66.7), giving the possible energy 
values E of the system of two linear dipolar oscillators, is represented by 

E = {ttx + + (w2 + (66.11) 


where vi and V 2 are the frequencies of the interacting oscillators. 

The values of Pi and P 2 can be expressed in terms of the respective force 
constants /i and /*, given by equation (66.8), by means of the familiar 
relationship of the type of equation (66.5); thus 



( 66 . 12 ) 


after introducing the definition of vo given by equation (66.5). In an exactly 
similar manner, it follows that 

/ 2e2 

. (66.13) 

It was seen above that when far apart, i.e., in the unperturbed state, the 
two oscillators may be regarded as having the same frequency fqj but it is 
evident from equations (66.12) and (66.13) that when the oscillators are 
sufficiently close to interact, they behave as if they are vibrating with 
different frequencies, one (fi) being less than fo and the other (vj) being 
greater than fq. This is, of course, an illustration of the phenomenon of 
resonance. The energy of the system in the lowest energy state, i.e., the ^ 
zero-point energy, is obtained by putting both and Wa in equation (66.11) 
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equal to zero; the result is 

Eq ~ 4- t/j), 


and if the values of vi and V 2 given by equations (66.12) and (66.13) are 
introduced, it follows that 





/2 


Expanding the square roots in the brackets by means of the binomial 
theorem, and neglecting terms beyond the second, which is permissible since 
is not large, it is readily found that 



(66.14) 


The zero-point energy of each oscillator is \hvQ, and so the sum for the two 
oscillators is hvo\ if this result is subtracted from the energy £o, the inter- 
action, or coupling, energy w(r), expressed as a function of the intermolecular 
distance r, is seen to be 

, V hvot* 

= (66.15) 


The negative value of the interaction energy signifies an attraction between 
the molecules, and this would represent the van der Waals energy for a pair 
of linear oscillators. 


66c. Dispersion Forces.^ — In actual fact, of course, molecules are capable 
of oscillating in three directions, and the method of calculation described 
above must be appropriately extended. Without going into the somewhat 
complex details, it may be stated that the result is analogous to equation 
(66.15); it is found, in fact, that the total interaction energy fur a pair of 
three-dimensional isotropic oscillators is 



(66.16) 


This expression may be put into a more practical form by introducing other 
properties of the molecules. 

If a molecule, placed in an electric field of strength F, acquires an in- 
duced dipole of moment Mi> then this moment is related to the field strength 
by the expression = aF, where a is the polarizability of the molecule 
(cf. Section 33b). If x is the relative displacement of the unit charges t in 
the dipole then, by definition, the dipole moment p,- is given by 

iii = aF = A-€, 

= (66.17) 


* London, ref. 2. 
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The potential energy Vi of the induced dipole is obtained by multiplying the 
field strength F and the magnitude € of the displaced charge, by the dis- 
placement dxy and integrating over the range from zero to x\ thus 


■=r 


Ftdx 


= e £ Fdx. 


Introducing the value of F given by equation (66.17), it follows that 


a Jo 


xdx 


€V 


2a 

\aF^. 


(66.18) 


The displacement potential energy of the oscillator in the earlier 

discussion may be regarded as arising from the displacement of the positive 
and negative charges, i.e., nuclei and electrons, in an electric field; it is thus 
possible to equate this quantity to the potential energy given by equation 

(66.18), viz.. 




a = 






(66.19) 


Since F is equal to txjay as given by equation (66.17), it follows immediately 
that 


a = 




( 66 . 20 ) 


and if this result is introduced into equation (66.16), it is seen that the 
interaction energy «(r) for the three-dimensional oscillator is given by 




( 66 . 21 ) 


This energy is frequently referred to as the dispersion energyy and the corre- 
sponding part of the van dcr Waals forces is called dispersion forces. 

The reason for the use of this adjective is because the oscillators producing 
the attractive forces are also responsible for the dispersion of light by the 
particular molecules. 

The polarizability a may be calculated from the refactive index n for 
light of long wave length by means of the expression 


n*- 1 M 


»* + 2 p 


— -firiVa, 


u 

/ 
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where M is the molecular weight of the gas, and p is its density; N is the 
Avogadro number. Alternatively, for a molecule that does not possess a 
permanent dipole moment, use may be made of the expression 

a = 

where d is the diameter of the molecule, regarded as a perfectly conducting 
sphere. 

The hypothetical unperturbed frequency can be derived from measure- 
ments on the dispersion of light by the gas under consideration; the necessary 
information is, however, rarely available, and so an approximate procedure 
is adopted. According to classical electromagnetic theory, an oscillator of 
a certain frequency will emit radiation of that frequency; the maximum 
frequency Vm of the radiation that can be emitted by a given atom or 
molecule is determined by its ionization potential I and the electronic 
charge c, such that 

= hv„. 

As an approximation, when other data are not available, Vm may be identified 
with vq in equation (66.21), and then the latter becomes 

S/ea* 


where I is, as usual, expressed in volts and e in coulombs, thus giving the dis- 
persion energy in joules. Some justification for this approximation is found 
in the fact that in the cases for which vo has been derived from optical dis- 
persion measurements, the results generally agree, within a few per cent, 
with those obtained from the ionization potential. 

It will be noted that the dispersion forces have been referred to as part 
of the van der Waals attractive forces. Actually for a molecule not possess- 
ing a permanent dipole moment, this is believed to constitute the whole of 
the van der Waals attraction. For dipolar molecules, however, there are 
additional forces due to the mutual attraction of the dipoles (orientation 
effect), and to the attraction between a dipolar molecule and the dipole it 
induces in an adjacent molecule (induction effect). The expressions for 
these two interaction forces are as follows: 


■ 2m' 

Orientation effect = — 


( 66 . 24 ) 


^ 2aM* 

Induction effect = — > 


( 66 . 25 ) 


where m is the permanent dipole moment. The relative magnitudes of the 
orientation, induction and dispersion effects for a number of homopolar 
and dipolar molecules are given in Table XXII. It is seen that the disper- 
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sion effect alone is capable of producing considerable molecular attraction, 
and only for substances with relatively high dipole moments is the orienta- 
tion effect of any great importance; the induction effect is always very small. 
For most simple molecules, therefore, the van der Waals attraction is almost 
exclusively determined by the dispersion forces. 


TABLE XXII. RELATIVE MAGNITUDES OF MOLECULAR INTERACTION FORCES 


Molecule 

Dipole Moment 

Orientation 

Effect 

Induction 

Effect 

Dispersion 

Effect 

H, 


— 

— 

11.3 

A 

— 

— 


57 

Ni 

— 


— 

62 

CH 4 

— 

— 

— 

117 

CU 

— 



461 

HCl 

1,03 X 10-« 

18.6 

5.4 

105 

NH, 

1.5 

84 

10 

93 

HjO 

1.8 

190 

10 

47 


The results given above for the dispersion effect allow for the interaction 
between a dipole in one molecule with a dipole in another; the calculation 
has been extended to include dipole-quadrupole and quadrupole-quadrupole 
interactions. The former of these is represented by a term involving 
and the latter by for most purposes, however, these may be neglected. 

66d. Repulsive Forces: Complete Potential Function. — So far account 
has been taken only of the attractive forces between molecules; however, 
it is obvious that repulsive forces must exist, otherwise two molecules would 
not repel one another after impact. The quantum mechanical treatment ^ 
of a system of two atoms or two molecules must evidently give the correct 
form, at least, of the repulsive forces, as is apparent from the shape of the 
potential energy curve obtained in this manner for a number of cases, e.g., 
Fig. 9 for two hydrogen atoms; it is seen that at relatively large distances 
the attractive forces predominate, but at short distances the repulsive forces 
are of chief importance, as is to be anticipated. According to the calcula- 
tions of wave mechanics, the repulsive potential should be represented, by an 
expression of the form where R{r) is a polynomial containing 

positive and negative powers of r, the intermolecular distance, and p is a 
constant for the given molecules. As a first approximation the polynomial 
may be replaced by a constant, yielding but even this simpler expres- 

sion for the repulsive potential is not very amenable to mathematical treat- 
ment. It has become the practice, therefore, to utilize an even simpler 
form, i.e., where ^ and « are constants; in spite of its somewhat 

approximate nature, this gives results which are fairly satisfactory in most 
cases. The attractive potential, as developed in the preceding sections, 
may be represented by — where P is a constant for the given substance, 

• Slater and Kirkwood, Phys. Rev., 37, 682 (1931); Born and Mayer, Z, Physik, 75, 1 (1932); 
Huggins, /. Chem, Phys., 5, 143 (1937); Buckingham, Proc, Roy» Soc*, A, 168, 264 (1938). 
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and ft% is probably equal to 6 in most cases; hence the complete potential 
function for the interaction of two molecules may be written in the form 

w(r) = Ar-^ - Er-^. ( 66 . 26 ) 

Application of this equation, often referred to as the bireciprocal potential 
functiony will be made later; it will be seen that n may be taken as approxi- 
mately equal to 12 for several gases. 

Systems of Dependent Particles 

67a. The Phase Integral. — In the treatment of gases in Chapter VII, it 
was frequently mentioned that the particles (or molecules) were assumed to 
interact weakly with one another. The results can thus be regarded as 
applicable only to perfect gases or to those which do not depart markedly 
from ideal behavior; for conditions in which the mutual attraction of the 
molecules is appreciable, the conclusions of the previous chapter require 
some modification. In .an ideal gas the energy of a molecule is independent 
of its positional coordinates, and has a definite value; it is thus possible to 
derive equations, such as the Maxwell-Boltzmann equation, for the distribu- 
tion of molecules with respect to their individual energies. If the gas is 
imperfect, however, this is no longer possible, as will be evident from the 
following arguments. Consider, for simplicity, a system consisting of two 
molecules only; when these molecules are far apart, each will have a definite 
energy. As the molecules are brought together, however, they begin to 
interact, in the sense that forces of attraction and repulsion are operative. 
The energy of each molecule will then depend on its position with respect 
to the other molecule. The individual molecular energies are thus no longer 
definite quantities, and a distribution law involving these energies has no 
significance. In general, the energy of the pair of molecules may be ex- 
pected to depend on their velocities, as well as on their positional coordinates. 
However, if the speeds are small in comparison with the rates of electronic 
and nuclear motions, the energy of the molecules may be regarded as de- 
pendent only on their position. For this reason, it is the practice to treat 
the interaction energy between molecules as being exclusively potential 
energy whose magnitude depends on the coordinates only. 

In order to use the methods of statistical mechanics in connection with 
a system of particles that interact appreciably, that is, a system oi dependent 
particleSy as it is sometimes called, it is necessary to define a partition func- 
tion for the whole system of molecules, rather for an individual molecule, 
as was done in the treatment of perfect gases. This partition function, 
apart from the factor 1/A-'', where / is the total number of degrees of freedom 
of the system, is equivalent to the G\hhs phase integral. For simplicity the 
classical formula for the partition function will be employed; under the 
majority of ordinary conditions this is quite satisfactory. Further, the 
assumption will be made that the potential energy of molecular interaction 
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does not ciffect the energies associated with internal degrees of freedom; in 
other words, the potential energy is dependent on the external (positional) 
and not on the internal coordinates. The contribution of the internal de- 
grees of freedom to the partition function of each molecule will thus be the 
same as for a system of weakly interacting particles. The potential energy 
due to interaction, since it depends on the coordinates of position, will then 
be considered in conjunction with the translational energy in the evaluation 
of the partition function. 


67b, Partition Function for System of Independent Particles. — It is con- 
venient in the derivation of the partition function of a system of dependent 
particles to consider first a system of weakly interacting, or independent, 
particles; the results may then be compared directly with those obtained in 
Chapter VIII. If a system consists of N identical molecules which do not 
interact, the classical expression for the partition function due to 3N 
external degrees of freedom will be given by 




£^B{p,q)lkT^q^ . . , dqzndpY • • • dpzNf 


( 67 . 1 ) 


where dqi - * ^ dq^^ is equivalent to dx\dy\dz\dx%dy 2 dz% • • ■ dx j^dy i^dzjf^ the 
positional coordinates of the /th particle being represented by Jf,-, z,-; 

the significance of dpi'** dp:^^ is analogous, the corresponding momenta 
being involved. It should be noted that the factor IjNl has been introduced 
in equation (67.1) to allow for the indistinguishability of the particles; in 
other words, the particles are not localized elements, the whole of the volume 
being available to all of them. Since the particles interact weakly only, the 
energy represented in the Hamiltonian form by H{p^ q) is purely kinetic in 
character; hence, for the system of N molecules 

H{p,q)=^ Z {pi + pi + pl) i. ( 67 . 2 ) 


Since the molecules are independent, it is possible to integrate over the 
variables in equation (67.1) in turn, and by comparison with Section S7b, 
the result can be readily seen to be 






( 67 . 3 ) 


where V is the total volume of the system. It will be noted that the expres- 
sion in the brackets, i.e., {2irmkT)^^^FIk^y is the translational partition func- 
tion Qt for a single molecule, as given by equation (S7.S). 

In the evaluation of the partition function for internal degrees of 
freedom of the iV particles, the latter may be treated as localized (distinguish- 
able) elements (cf. Section 58f); this contribution is thus seen to be equal to 
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where Qi is the internal partition function for a single molecule. The 
complete partition function for the system of N molecules is thus given by 


Q = Q^Qi 


1 

A^! 

1 

A^! 






N 


Qi' 




(67.4) 


where 0, equal to QiQty is the complete partition function for a sing/e mole- 
cule. It follows, therefore, that the equations of the preceding chapter, 
giving the various thermodynamic properties in terms of the partition func- 
tion for a single molecule, may now be modified by using the partition func- 
tion Q for the whole system. By combining equation (56.11) with (67.4), 

it is seen that 

A = - kT\n O, (67.5) 


and from this it follows that 



(67.6) 


Since the internal contribution to the partition function is independent of 
the volume, equation (67.6) can be written in the form 



The expressions for other thermodynamic functions in terms of Q may be 
readily derived; thus. 



Further, 




PV 


itrl - In Q + 


d In Q 


XI- 




A +TS 

5 In Q 


din Q \ 
dT ) 


= k'T 


dT 




(67.^) 

(67.9) 

(67.10) 


Although the foregoing equations have been derived for the special case 
of a system of weakly interacting particles, they are actually of quite general 
applicability. It can be shown by the methods, of Section 56d, that pro- 
vided the complete partition function Q is calculated properly, with due 
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allowance for interaction, these equations may be used to determine the 
thermodynamic properties of systems of dependent particles. 

67c. Thermodynamics of Atomic Crystals. — A simple application of the 
use of the partition function for the whole system is to be found in the study 
of the crystalline state. A crystal may be regarded as a system of localized 
elements, whose energy is entirely vibrational in character. One gram atom 
consists of N individual atoms, each of which possesses three degrees of 
vibrational freedom, making a total of 3N vibrational modes for the system. 
Assuming the oscillations are simple harmonic in character, it follows that 
the complete partition function will be given by the product of 3N terms of 
the type (1 — as indicated by equation (60.3); it should be noted 

that the frequency Vi is here expressed in sec.~‘. As seen in Section 60a, this 
partition function is based on the lowest vibrational level as the energy zero- 
if the energy is expressed with reference to the actual zero, i.e., the bottom 
of the potential energy curve, of the oscillator, it is necessary to multiply 
each term by where ^hvi is the zero-point energy of the particular 

oscillator. Inserting a factor Go to allow for possible degeneracy of the 
lowest (zero energy) level, the partition function for the whole one gram 
atom of crystal will be 

3S 

Q = n (1 - (67.11) 

t-1 

If all the atoms vibrated with the same frequency v, in accordance with the 
Einstein theory (cf. Section 54a), this partition function would become 

Q ^ Go(l - (67 12 ) 

where Eo is the total zero-point energy. At high temperatures, the partition 
function for a single oscillator becomes kTjhv [cf. equation (60,9)], the 
classical value; under these conditions, equation (67.11) would reduce to 

f kT\^^ 

From equations (67.12) and (67.13) it is possible to derive the Einstein and 
classical expressions, respectively, for heat capacity; it is of more interest, 
however, to return to the complete equation (67.11) and deduce from it the 
Debye equation (54.19). 

Upon taking logarithms of equation (67.11), viz.. 



ay 

Q = In Go — In (1 — 



3N 



iikT) _ y: 



hvi 

IkT* 


and combining with equation (67.10), the total energy is given by 





hvi 





( 67 . 14 ) 
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Replacing summation by integration, this becomes 



and if equation (54.14) is used to change the variable, the result is 





(67.15) 


This is seen to be identical with equation (54,15) of the Debye treatment 
From this, the Debye equations (54.20) and (54.21) for the energy and heat 
capacity, respectively, can, of course, be derived as shown in Section 54b. 

The entropy of one gram atom of a crystal can also be obtained from the 
partition function, by using equation (67.9) ; in the present case, combination 
with the definition of Q, according to equation (67.11), gives 


3.V 


^ In Go “h ^ 


t-i 


1 


gh^ilkT _ \ 


r - ^In (1 - 


. (67.16) 


It will be observed that the zero-point factor disappears from this expression 
for the entropy, in agreement with expectation. On replacing the summa- 
tion in equation (67.16) by integration, and changing the variable, as before, 
it is found that 


9Ar \ 

s=k\nG,+ -^j^ 


hv^ ^Nk 

(67.17) 

i VfTl •Jo 


Introduction of the quantities 6, i.e., hvmik, and x, i.e., hvjkTy as defined by 
equations (54.16) and (54.17), then yields the result 

( T\i f v3 neiT 

j) I ln{l-e-~-)x^Jx . (67.18) 

The second integral in equation (67.18) may be integrated by parts; thus, 


9Nk 


m 


$IT 


In (1 - e-^)x^iix 


- ™ I f)' f" 7^ 


so that equation (67.18) becomes 

/ T\^ X* 

S = kin Go + UNkijl ~ 

The remaining integral in equation (67.19) may be evaluated by the methods 
described in Section 54b; at low temperatures, in particular, the expression 
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for the entropy reduces to the form 


iS* — ^ In Go "h Nk 




(67.20) 


It will be observed that at the absolute zero of temperature, i.e., T = 0, 
the entropy *5*0 of a simple crystal is given by 

So = k\n Go, (67.21) 

where Go is the degeneracy, or statistical weight, of the state of zero energy. 
If Go is unity, that is to say, there is only one eigenstate, then the entropy 
at 0° K will be zero, as required by the third law of thermodynamics. If, 
however, for any reason, the crystal exhibits a degeneracy in the state of 
zero energy, the entropy cannot be zero at the absolute zero, and the third 
law will appear to fail. Illustrations of. this type of behavior have already 
been referred to in Section 63 a. 

67d. Partition Function for System of Dependent Particles. — F<# a 
system of N dependent particles which are not localized, the partition func- 
tion for the external coordinates is still given by equation (67.p, but the 
energy is now not merely kinetic energy of translation; it must include the 
potential energy of interaction. The Hamiltonian expression for the 
(external) energy is thus 

7 ) = 2 ^ ^ "b P*)* ^(?)> (67.22) 


where U(q)y the potential energy of the whole system of AT molecules, is a 
function of the 3N positional coordinates. If this result is introduced into 
equation (67.1), it is possible, as before, to carry out the integration over 
the momenta, which are independent, but not over the coordinates, since 
the value of the function U{q) is not known. The result is consequently 





in which expression the portion involving the integrals is sometimes referred 
to as the configuration integral. If the latter is represented by the symbol 
Q«, then 


If 


% « « 


Jo 


iff 


(67.24) 


and 



A* I 


(67.25) 


It will be seen that the quantity in the brackets in equations (67,23X and 
(67.2S) is the translational partition function for a single molecule, with the 
omission of the volume F. For a perfect gas, when the molecules do not 
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attract one another, U{q) is zero, and hence the configuration integral, 
equation (67,24), becomes equal to thus supplying the missing factor. 
However, for real gases, U{q) is not zero, and the value of the configuration 
integral must differ from it will, nevertheless, always be a function of 
the volume of the system. 

In the foregoing treatment the contributions of the external and internal 
degrees of freedom to the complete partition function of the system have 
been regarded as independent, and examination of equation (67.23) or 
(67.25) shows that a further separation is possible. It is seen that the two 
factors making up the partition function Qe, for the external coordinates, 
are due to kinetic and potential energies, respectively. The former is 
identical with that for an ideal gas, with the omission of the volume V but 
the inclusion of 1/A^!, while the latter is given by the configuration integral. 
It is seen, therefore, that this integral may be regarded as the contribution 
to the complete partition function of the system of the potential energy of 
interaction of the N particles. 

67e. Evaluation of the Configuration Integral. — There are several 
methods, of varying degrees of approximation, by means of which it is 
possible to obtain a more useful expression for the configuration integral. 
The most accurate are very complicated, but a similar result can be obtained 
by means of other, less rigid, procedures, due to the cancellation of errors. 
The following simplified, but inexact, treatment indicates one type of argu- 
ment that has been employed. It is supposed that the total potential energy 
U{q) can be represented as the sum of the interactions u{rij) between all 
possible pairs of molecules i and y, depending only on their distance apart 
r.j; thus, 

U{q) = E «(ro). (67.26) 

4 4 

M 

This assumption implies that the potential energy of a group of three ad- 
jacent molecules is equal to the sum of the energies for the three equivalent 
pairs treated as independent. For example, if there is a cluster of three 
molecules designated by ay b and c, the total energy of the group is assumed 
to be equal to the sum of the values for the separate pairs aby be and ac. 
The same idea is extended to any aggregation of molecules; in each case the 
potential energy is regarded as equal to the sum of the energies for all 
possible pairs that can be formed by the molecules in that aggregation. 

Using the approximation represented by equation (67.26), the expression 
for the configuration integral may be written as 

= / •••/ • • • dx^dyudz^y (67.27) 

and one possible way of evaluating the integral is to carry out the integration 
over the coordinates of each molecule in turn. Starting with the molecule 
indicated by the subscript Ny the expression for the potential energy may 
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be divided into two parts, viz., 

Z «(r.i) - E + E (67.28) 

in which the first represents the interaction energy of all pairs not including 
the i\^th molecule, while the second gives the potential energy for the inter- 
action of this molecule with each of the others in turn. Since the former 
is independent of the coordinates of the iV^th molecule, it follows that in- 
tegration over the coordinates jfjv, zn, in equation (67,27) gives 

In = Iff (67.29) 

It is, of course, possible to write 


^Zu{rw)fkT — 




and if a function /(nj) or, in brief, /i,-, is defined by 

/(^•;) =/./ = - 1, (67.30) 

then 

g-uinsmT « 1 (57 31) 

Introduction of this result into equation (67.30), gives 

= n (1 +fw) 

i^N 

= 1 + E fiN + • • •> (67.32) 

i^N 


where equation (67.32) is the result of the expansion of the product, all 
terms beyond the second being neglected. Utilizing this result, equatio^i 
(67.29) becomes 



/// + /// 


H fisdxNdysdzN^ 

i^N 


in which the first integral is equal to Vy the volume of the containing vessel; 
hence, using equation (67.31) to eliminate fujy it follows that 


^ [^u(riw)/fcr _ \\dxNdyNdzii, 


(67,33) 


For a system of particles which do not interact to any appreciable extent, 
the remaining integral would, of course, be zero; integration of the configura- 
tion integral over the coordinates of each of the particles then gives V only* 
in each case, and for all N particles the result would be as stated abore^ 
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In general, the integral in equation (67.33) is equal to the sum o( N 1 
identical terms of the type of 



uiriN)lkT _ \\dxildyiidZs = ft 


SO that, by equation (67.33), 

^ + (AT - Dft (67.34) 

where «(r,w) is the potential energy of interaction between the Mh molecule 
and any one of the remaining TV — 1 molecules. 

Actually the integral represented by ^ will be the same for any pair of 
molecules, which are assumed to be of the same species, and so it is possible 

to write 

(67.3S) 

in which «(r.i) is now the potential energy for any pair of molecules, y, 
as a function of their distance apart, r, 7 . In order to simplify this integral, 
the position of the molecule » may be taken as the origin of spherical co- 

ordinates, so that 



u(r)/4r « 1 j sin 0d(f>d0dr. 


(67.36) 


The integration limits should be determined by the size of the containing 
vessel, but since the interaction forces between molecules fall off very rapidly 
with increasing distance, the integration may be carried out over r from 
zero to infinity, and over all values of the angles 0 and The quantity 
^uir)ikT _ 1 falls off so rapidly with increasing r, that extension of the 
integration to infinity makes no appreciable difference to the result. Inte- 
gration over the angles gives 4x, and so 

/3 = 4t r - \}r^dr, (67.37) 

Jo 


and, as noted above, this has the same form for any pair of molecules. 

It can be readily seen from the foregoing arguments that while integra- 
tion of the configuration integral over the coordinates of the TVth molecule 
gives Jify as represented by equation (67.34), integration over the coordinates 
of the (N — l)th molecule will give 

In-i = ^ + (TV - 2)ft 


since there are now TV — 2 interacting pairs, the interaction of the molecules 
TV — 1 and TV having already been included in Similarly, integration 
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over the coordinates of the {N — 2)th molecule gives 

- 3)ft 

and so on. The configuration integral is equal to the product of the N 
separate integrals over the coordinates of the individual molecules; hence 

Qu = InIn-xIn-i • • • /l 

= {r+ (iST- {N-2)&\ ... V 

= + ){l + (iV-2)|,j ... 1 

« ...j, (67.38) 

where \N{N — 1) has been taken as equal to since N is large, and all 
terms beyond the second in the expansion of the product have been neglected. 

For the purpose of determining the contribution of the configuration inte- 
gral to the thermodynamic functions of the system, it is desirable to know 
the value of In Qu, rather than of Qu itself; hence, from equation (67.38), 

\nQu = Nlny + ln(^l + im^+ ...y (67.39) 

The approximation is now made of treating as small; this is justifiable 

when the integral ^ is small, as it will be for slightly imperfect gases in which 
the molecular interaction is not large, or when NjV is small, that is, for low 
gas pressures. In these circumstances 

and hence, 

In Q„ = iVln r + . (67.40) 

Introducing the value of given by equation (67.36), this becomes 

r* 

In Qu = ;Vln r + 2ir (67.41) 

Since an almost identical expression for In Qu can be obtained by much more 
precise methods than that given here, the result will be adopted for subse- 
quent discussion; as just indicated, it is particularly applicable under condir 
tions of slight gas imperfection, 


THE IMPERFECT GAS 


441 


The Imperfect Gas 


68a- Pressure of Imperfect Gas. — According to equation (67.7), the 
pressure of a gas may be expressed in terms of the external partition function 

Qo by 



and since, by equation (67.25), Qu is the only part of Q, that is dependent 
on the volume, it follows that 



Hence, utilizing equation (67.40), 


„ NkT , TPkT 

P = — -iP 


y2 


NkT 

V 




( 68 . 1 ) 


( 68 . 2 ) 


This is the general equation of state of a gas to the approximation that 
equation (67.40) is applicable, that is, under conditions of a fairly small 
degree of gas imperfection. It is apparent that when there are no inter- 
molecular forces, is zero, and equation (68.2) reduces to the ideal gas law, 

p = NkTlV. 

The equation of state of a gas is frequently written in the so-called 
virial Jorm^ viz.. 




cm 

yi 



> 


where B{T)y C(70, etc., which are functions of temperature, are known as 
the second, third, etc., virial coefficients. At moderate pressures, that is, 
for a slight gas imperfection, the terms C{T)IV^ and beyond in the virial 
equation may be neglected, so that 



(68.3) 


This expression should hold under the same conditions as equation (68.2), 
and so it is possible to identify the second virial coefficient as 


B{T) - - hm 


= - 2tN j - \]t^dr. 


(68.4) 


(68.5) 
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68b. Free Energy and Fugacity of Imperfect Ga8e8.-The general ex- 

doT(67.sr ^ ^ 


F = - kT\n Q + PF 

= - AT In Q.Q, + PV. (68 6) 

At extremely low pressures, when the gas may be regarded as behaving 

ideally, equation (68.6) may be written in the form 


F*= 


N\ 


A* 




r.. 


+ NkT, 


an asterisk being employed to indicate the low pressure state. For a real 


gu, 


F = - kT\n 


1 (2ir»»>tD»/» )J^ 

N] ■ h* I 


SO that 


F-F*= - kn\n Qu - Nln F*) + PF - NkT. 


Introduction of the expression for In Q., from equation ( 67 . 40 ), then yields 

/•-/■*= -Ar^r(id^+ln^ + l) + pr. (68.7) 

T\ic fugacity / of a gas may be defined in terms of the free energies as 


F-F* = ATitrin^, 


and hence, by equation (68.7), 


NkT\nji== - NkT(^hp^+\n^+\^Jf. PF, 

Since/* IS the fugacity at very low pressure, it may be replaced by the 

pressure, and hence by NkTll^, since the gas then approximates to ideal 
behavior, so that 


ln/ = 


y + \ri y ^ 


. J 
o 


Utilizing the value of PFjNkT according to equation ( 68 . 2 ), this becomes 


Inf- 

In/ = - ^ — 4. In -jy- , 
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and since PNIV is small, it follows that 


/ = 


NkT 


O-.f). 


(68.9) 


For practical purposes, equations (68.8) and (68.9) may be written as 


ln/ = 


1B(T) 


+ In 


NkT 


( 68 . 10 ) 


and 


/ = 


NkT 


1 + 


2B{T) 


( 68 . 11 ) 


It is possible, by means of equations (68.2) and (68.9) to derive a relation- 
ship between the fugacity and the pressure, first developed in another 
manner by Lewis and Randall.* It follows from equation (68.2), neglecting 
the term containing that 


The quantity NkTjV is the pressure an ideal gas would exert if N molecules 
occupied the volume V ; this is called the ideal pressure P,-, and hence 

^ P\{\ - . (68.12) 

Similarly, from equation (68.9), 

/=Pi(l-/3p), (68.13) 


and consequently, from equations (68.12) and (68.13), 



(68.14) 


68c. The van der Waals Gas. — The use of a simple model, in conjunction 
with the relationship already derived between the integral and the second 
virial coefficient, permits of the derivation of an equation of state which is 
identical with the van der Waals equation at low pressures. According to 
the proposed model, molecules act as completely impenetrable spheres of 
diameter ro; that is to say, two molecules will attract each other according 
to a definite law as long as the distance between their centers is greater 
than ro, but at the intermolecular distance ro the attraction ceases and is 
replaced by an infinite repulsion. The form of the potential energy curve 

• Lewis and Randall, “Thermodynamics,” p. 198. 
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for the postulated model is shown in Fig. 46. In these circumstances the 
integral ^ can be divided into two parts; one between the limits of zero and 
n, in which the potential term «(r) is infinite, so that — 1 is equal 

to — 1, and the other between ro and infinity, viz,, 

^ ^ [e-^wiuT _ (6g_lS) 

The first integral is clearly equal to Jr?, and the second may be simplified 
by assuming «(r) to be small (numerically) in comparison with >fcr, so that 


and hence 








According to equation (68.4), the second virial coefficient is 
and hence, 


(68.16) 


equal to — §/3Af, 



B{T) = JATTrr? + 



(68.17) 


If A^is taken as the Avogadro number, so that the system under considera- 



Fio. 46 . Potential function for 
van der Waals gas 


tion consists of one mole of gas, 
equation (68,17) may be written in 
the form 

(68.18) 

where b and a are defined by 

b = lATar? (68.19) 

and 

= - 2tA^ P u{r)t^dr. (68.20) 

•/fo 

Since ro is the effective (collision) 
diameter of a single molecule, the 
volume will be Jirro, assuming it to be 
spherical, and hence a^ given by 
equation (68.19), is seen to be equij 
to four times the actual volume of the 


N molecules. Further, since jjs 
the interaction energy between 

molecules, it appears, in view of the negative sign, that the quantity « is 
measure of the molecular attractive force. It is evident, therefore, 
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and h as defined above are equivalent to the van der Waals constants a 
and by which have, in fact, the significance just given. Utilizing the simpli- 
fied equation of state (68.3), for one mole of gas, namely 






and the value of B{^T) given by equation (68.18), then 


P = 


RT 



1 + * 7^1 ^ — 


RT 



PV = RT 



1 + *7>l b — 


RT 



( 68 . 21 ) 


Although it is not immediately evident that this expression is virtually 
identical with the van der Waals equation, the connection can be best shown 
by starting with the latter, viz., 

(p + - b) = RT, 


and rewriting it in the form 


\ 


pr = RT biP -\- 


= /?7-h 


bRT 
V - b 




If the approximation is made of writing V for V — ^ in the denominator of 
the second term on the right-hand side, it follows that 

bRT a 

PV=RT^-^--py 


which is identical with equation (68.21). It is seen, therefore, that the van 
der Waals equation may be expected to hold, for the particular model, under 
such conditions that virial coefficients beyond the second may be ignored 
in the general equation of state, i.e., under conditions of moderately small 

gas imperfection. , 

By the use of the expression for the attractive (dispersion) forc^ derived 
in Section 66c, it is possible to carry further the calculations relating to the 
van der Waals equation. Neglecting the repulsive forces, the potential 
function u{r) may be taken as equal to the interaction energy given by 
equation (66.21); hence the van der Waals constant a can be written 
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as 



( 68 . 22 ) 


Apart from the universal constants, the value of a is seen to depend on vo, 
a and ro, all of which are known, at least approximately, for a number of 
gases. It is thus possible to calculate the magnitude of the van der Waals 
constant a directly, but a more convenient test is to introduce the expression 
for by according to equation (68.19), and thus to eliminate rl; it is then 
found that 

ab = 


If the value of b is known, it should be possible to calculate a and to compare 
it with that derived experimentally; this comparison of the «*s, in atm. cc.* 
g.“^ units, for a number of gases is made in Table XXIII. The satisfactory 


TABLE XXIII. EXPERIMENTAL AND CALCULATED VAN DER WAALS CONSTANT 


Gas 

a (Calc.) 

a (Obs.) 

He 

4.8 

3.5 

Nc 

26 

21 

A 

163 

135 

H, 

46 

24.5 

N, 

147 

135 

CU 

680 

632 

CO, 

334 

361 


agreement may be regarded as confirming the general accuracy of the 
identification of the dispersion forces with the van der Waals attraction. 

69a. Generalized Model of Imperfect Gas.^ — In the simple molecular 
model treated in the preceding section, the repulsive forces were neglected 
for all distances greater than the distance of closest approach of two mole- 
cules; at smaller distances the repulsion was supposed to be infinitely great. 
The problem can be treated in a more general manner by postulating a model 
which satisfies the bireciprocal function 

« W = ^ ^ . (69.1) 

as derived in Section 66d, for the mutual interaction (potential) energy of 
two molecules. The first term on the right-hand side represents the contri- 

^ Lennard-Jones, Proc, Roy* Soc*, A, 106, 463 (1924); PhysicM, 4, 941 (1937); ace alao, de 
and Michels, Physics, 5, 945 (1938). i«lr 
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bution of the repulsive forces, while the second term, with the negative sign, 
is due to the mutual attraction of the molecules. As can be readily shown, 
n must be greater than w, in order that there may be a resultant attraction 
at relatively large distances and re- 
pulsion at very small distances of se- 
paration. The general nature of the 
potential function is illustrated in 
Fig. 47; curve ^ indicates the type of 
plot for the repulsive term /f/r", while ^ 

B shows the character of the attrac- 
tive term. The resultant of ^ 

the two terms is given by the full line; & 
it is seen that when two molecules ° 
are brought together from infinity, 3 
the attraction increases, as implied | 
by the decreasing potential energy. £ 

The latter passes through a mini- 
mum, which represents the equilib- 
rium state of the system, then at 
closer distances of approach there is 
rapidly increasing repulsion. If the 
two molecules do not interact chem- 
ically, the depth of the potential en- 
ergy at the minimum is of the order 
of 5 kcal. per mole below that for 
infinite separation; this is the order of magnitude of van der Waals forces. 

The potential function (69.1) may be written in the alternative form 

u{r) = 1 — - ~^(^y I , (69,2) 

n — m\r ) n — m\r ) \ 

where the constants A and B of equation (69.1) are related to «o and ro of 
equation (69.2) by 

^ r's, (69.3) 

n — m 


(69.4) 

The physical significance of ro and Uo may be readily seen by differentiating 
equation (69.2) with respect to r, and equating the result to zero; it is found 
that r is then equal to ro, and hence u is equal to uq. It follows, therefore, 
that ro must represent the distance between the centers of two molecules 
at the minimum of the potential energy curve, and is the corresponding 
value of the potential energy. 




d n 


Molecular Separation (r) 

Fic. 47. Attractive and repulsive 
forces between molecules 
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It IS apparent that there are two points at which the potential energy 
IS zero; one is when the two molecules are infinitely far apart, i.e., when r 

Mual" attractive and repulsive forces become 

equal. This second point is of interest because the corresponding inter- 

molecular distance may be regarded as a measure of the effective collision 

diameter of the molecule; if this distance is represented by d, then it follows 
from equation (69.2) that 


” ^ m /ro Y 

n ~ m\d) n - m\d) ^ 


='•(?) 


I/(n— «) 


(69.5) 

The second viri£ coefficient B{T) for a moderately imperfect gas is 
given by equation (68.5) as r 6 

B{T) = - lirN f 

«/0 


and integration by parts yields 


B{T) - - 


IttN " C'^duif) 
3kT Jn dr 




(69.6) 


(It may be observed that -du{r)ldr is equal to the resultant force between 
two molecules.) It is now possible to insert the expression for the potential 
function «(r), as given by equation (69.2), and to carry out the indicated 
integration. It may be noted, incidentally, that if the resulting value for 
B{T) IS to be finite, both m and n must be greater than 3; since n is equal to 
6, according to the calculation of the dispersion forces, and m must be greater 
than «, the conditions for B{T) to be real are satisfied. 

The integration of equation (69.6) has been carried out by Lennard- 
Jones (1924) who found that 


B{D = i^d^Fiy), 


(69.7) 


in which d is defined by equation (69.S), and F{y) is a function of y, viz.. 


|r - 3 £ r j . 


(69.8) 


where T is the usual symbol for the gamma function, and y is defined by 


B (kTY'" 


(69.9) 


Since y is a function of temperature only, it is evident that equation (69.7) 
expresses the second virial coefficient B{T) as a function of the variable 3G. 
If the variation o( B{T) with temperature is known from experiment, al ii 
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is for a number of gases, it should be possible, in principle, to find the values 
of the parameters w, niy A and B which make the calculated B{T) agree 
with the observed result. 

For reasons which will appear shortly, it is convenient to consider the 
plot of log I F{y) I against ^ log y. In accordance with the expression pre- 
viously derived for the dispersion (attractive) forces, m may be taken as 6, 
and the resulting log|F(y)| plotted against the corresponding s^logy, for 
a number of arbitrary values of y; n is chosen as a suitable integer which, of 
necessity, must be greater than 6, since n is greater than m. The results 
obtained in this manner, from equations (69.8) and (69.9), for n equal to 
8, 9, 12 and infinity, are shown in Fig. 48. It should be noted that it is the 



logarithm of the absolute value of F{y)y i.e., log|i^(y)|, that is plotted in 
this figure. Actually, for the curves on the left-hand side, F[y) is negative, 
while on the right-hand side F{y) is positive. 

According to equation (69.7), the second virial coefficient is proportional 
to F{y)y and since n is greater than w, it follows from equation (69.9) that 
y is larger the lower the temperature. It is seen, therefore, according to the 
theoretical conclusions represented by the curves in Fig. 48, that B{T) should 
be negative at low temperatures and should become positive at higher 
temperatures; this is in harmony with the experimental facts. 

At a certain temperature the virial coefficient B{T) is zero, and the 
equation of state for the gas becomes P — NkTjV ; in other words, the gas 
then obeys Boyle*s law and this temperature is known as the Boyle pointy 
Tb. It is evident from equation (69.7) that B{T) will be zero when F(y) is 
zero, and the appropriate value ofy, indicated byyB, may be found by setting 
equation (69.8) equal to zero and solving for y. The results for y^, for m 
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equal to 6 and n equal to 9, 10, 11 and 12, are given in Table XXIV. The 

corr^ponding temperature Tb can then be calculated from equation (69.9) 

provided A and B are known. An alternative mode of expressing Tb is 

based on the fact that ^ is proportional to Since « and m 

are known, for each case, u^jkT^ can be calculated; the results are quoted 

in Table XXIV as ^7 b/|«o|, with the absolute value of Uo since »o itself is 
invariably negative. 

TABLE XXIV. DATA FOE THE BOYLE POINT 

kTn 


” |«o| 

9 1.140 4.58 

0 1.119 4.07 

11 1.110 3.71 

12 1.082 3.43 


Before proceeding to consider the curves of the type shown in Fig. 48 
for actual gases, there is one further matter of general interest. It is seen 
that all the curves on the right-hand side of the figure, except that for 
« = «, exhibit a maximum. That is to say, if n is finite, F{j), and hence 
the second virial coefficient, should pass through a maximum with increasing 
temperature. Such a maximum has actually been observed for helium at 
about 150° K, and neon probably has a maximum value of B{T) at about 
600° K. It is likely that at sufficiently high temperatures other gases would 
behave in an analogous manner, and hence the exponent n in equation (69.1) 
must be finite. This conclusion proves the approximate nature of the 
assumption made in the simple model of a rigid molecule considered in 
Section 68c, which would require n to be infinite. 

It is seen from equation (69.7) that 

log 1 5(r) I = log I F{y) I + log I 
and from equation (69.9) that 

T = ^ l°g ^ log ^ - log k. 

It follows, therefore, that the plot of the experimental values of log|5(7^ 
against log T should be superposable on the theoretical plot of log|F’(y) 
against ^ logy, provided the postulated potential function (69.1) is reaMn- 
ably satisfactory. The shape of the curve essentially determines m and », 
and the change in the scale necessary to superpose the curves should permit 
the evaluation of y/, B and and hence of ro and Wo* In order to simplify 
the calculations, m is taken as 6, and then the value of n may be obtained 
by finding which curve in Fig. 48 best represents the plot of log|B(T)| 
against log T for the given gas. Unfortunately, for those gases, viz., helium, 
neon, argon, hydrogen and nitrogen, for which accurate experimental data 
for the second virial coefficient are available over a range of temperatures^ 
an equally satisfactory fit with the log|F(y)| against^logy curve can be 
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obtained for all values of n from 8 to 14. For each value of n there are, of 
course, corresponding but different results for Ay By dy ro and wo- There 
appears to be no method available, at present, for making an unequivocal 
decision as to the best value of n\ however, an average value of 12 is generally 
taken for w, with m equal to 6, so that the potential function is written as 



(69.10) 


Using these values of m and w, the results recorded in Table XXV have 
been calculated from the experimental variation of 5(T) with temperature 



Fio. 49, Potential energy curves for interaction of molecules 


for a number of gases; since wo is small, it is more convenient to evaluate 
|«o|M. All these parameters depend, of course, on the value chosen for n\ 
however, although A and B vary considerably with w, the important quan- 
tities dy To and «o do not change greatly, and hence the data recorded in the 
table may be taken as fair averages. Utilizing the values obtained for A 
and B for various gases, it is possible, by means of equation (69.10), to 
calculate the potential energy u(r) for a series of values of the intermolecular 
distance r; the results for the five gases mentioned in Table XXV are plotted 
in Fig. 49. 
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Attention may be called to the fact that the use of the values of 6 and 12 
for m and «, respectively, makes it possible to introduce a considerable 


TABLE XXV. PROPERTIES OF OASES FROM POTENTIAL FUNCTION 


Gas 

^ X 10»® 
(crgsA“) 

B X 10»» 
(ergsA*) 

d 

(A) 

ro 

(A) 

\utt\lk 

(degrees) 

He 

3.S6 

0.0108 

2.63 

2.95 

6.03 

Ne 

35.5 

0.0832 

2.74 

3.08 

35.7 

A 

1620 

1.03 

3.41 

3.83 

120.0 

Hj 

64.9 

0.105 

2.92 

3.28 

31.0 

Nj 

3700 

1.40 

3.72 

4.17 

96.7 


simplification in the relationships, of equations (69.3), between 5, «o 
and ro; thus, it is readily found that 



(69.11) 


Highly Compressed Gases: Condensation 

70a. Model of Gas Under High Pressure. — The derivation of the general 
equation of state (68.2), and of the van der Waals equation, which is a 
special case of the former, was based on the neglect of terms involving higher 
powers of This approximation is equivalent to ignoring the inter- 

action of any particular molecule with more than one other molecule at a 
time. In other words, the arguments are based on the assumption that 
encounters between molecules are never more than binary in character. 
This approximation is reasonably adequate to account for the behavior of 
gases at low densities, but it will undoubtedly fail for highly compressed 
gases, where encounters involving three, four or more molecules are of 
frequent occurrence. A direct method for the evaluation of interaction 
forces under these conditions has been developed, but the procedure although 
exact is very complicated, and does not lead to quantitative results of prac- 
tical value. The treatment will be considered in Section 71, and for the 
present an alternative, but more approximate, approach to the problem will 
be examined. It has the merit of relative simplicity, and the equations 
derived from it are capable of direct experimental test. 

The model of Lennard-Jones and Devonshire ® is based on the suggestion 
that as a result of the proximity of the molecules to one another in a highly 
compressed gas, each molecule may be regarded as confined to a cell (or 
cage). This hypothetical cell, resulting from the imprisonment of a given 
molecule by its immediate neighbors, may be supposed to be occupied by 
the molecule under consideration. Although there is a possibility that the 
molecule may occasionally escape from confinement, it will nevertheless 
spend most of its time within a cell. The significance of the migration of 
a molecule from one cell to another will not be considered here, but tKe 

• Lennard-Jones and Devonshire. Vtoc. Roy, Soc,, A, 163 , 53 (1937)j 165 , 1 (1938): see al^ 
Corner, Trans, Faraway Soc., 35 , 711 (1939); 36 , 781 (1940). ^ 
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matter will be taken up more fully at a later stage. For the present purpose, 
however, each molecule may be regarded as the sole occupant of a cell of 
average volume o, equal to VIN^ where V is the total volume of the highly 
compressed gas, and N is the number of molecules in this volume. 

As each molecule moves in its cell, it will be moving in the potential 
fields of the surrounding molecules that really constitute the “walls’* of the 
cell; this field will vary with time, and for purposes of calculation it must be 
replaced by a constant, average value. The simplest assumption to make, 
which will be adopted here, is that the average field in which any molecule 
moves is that due to its immediate neighbors when each is in its equilibrium 


z 



position at the center of its own cell. Since the interaction between mole- 
cules falls off rapidly with distance, it is sufficient to take into account only 
those molecules which are immediate neighbors to the given molecule. This 
is equivalent to a system consisting of a particle moving in the field of a 
number of other particles symmetrically arranged on the surface of a sphere. 
If the molecules surrounding a given molecule are closely packed, for ex- 
ample, in a manner analogous to a face-centered cubic lattice, the field 
within the cell produced by these molecules will be highly symmetrical. In 
these circumstances the actual field may be replaced by one which is spheri- 
cally symmetrica! about the center of the cell. The latter field may be re- 
garded as equivalent to the average potential produced as the molecule 
within the cell describes a sphere about the center. It is probable that the 
conditions for the postulated model are most closely approximated by 
nonpolar molecules, especially those possessing spherical symmetry. 

The adjective cooperative has been proposed for use in connection with sys- 
tems in which the interaction potential between molecules depends on the 
total volume of the system. It is evident from what has been stated above 
that the cell model for the highly compressed gas makes the latter a cooper- 
ative system in this sense. It will be seen subsequently that the phenomenon 
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of condensation follows as a direct consequence of the same model; for this 
reason condensation has been referred as a coo^etative phenomenon. 

Let a be the average distance between molecules that are immediate 
neighbors; suppose one of these molecules is kept stationary at Ay while the 
other is moved over the surface of a sphere of radius r, whose center O is 
at a distance of a from the molecule at A (Fig. SO). If P is taken as any 
position on the sphere, at a distance d from the point Ay the mutual potenti^ 
energy at P will then be represented by «(</) where d is given by 

^ = (<,2 + r* - lar cos (70.1) 

In accordance with the arguments presented above, the average mutual 
potential uif) of the two molecules is obtained by integrating ui^d) over the 
surface of the sphere and dividing by its area; thus, 


= ix r {u(a^ + r* — 2ar cos sin BdBd4> 


— {u{d^ — lar cos 0)’/*} sin BdB 




sin BdB. 


. (70.2) 


If c is the number of nearest neighbors of a given molecule, the average 
potential energy w{r) of the molecule within the cell, for which r is less 
than ay is 

w{r) = cu{r) = u(d) sin BdBy 


(70.3) 


where d is defined by equation (70.1). 

In order to proceed further with the calculations, it is necessary to 
postulate a function for the mutual potential energy of two molecules. A 
convenient choice, although not necessarily the only one, is to adopt the 
function of the form of equation (69.1) which was found to be satisfactory 
to account for the behavior of gases at low density. Further, in order to 
maintain, if possible, the continuity between these and the highly compressed 
gases now under consideration, the values of m and n will be taken as 6 and 
12, respectively. The potential function to be employed in this work is, 
therefore. 






so that equation (70.3) becomes 


= ic £ (^ - §) sin 


■ f 


Upon introducing the value of according to equation (70.1), and c; 
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out the integration, the result is 






aA 


lOra'^ 


K-O"- 


aB 

Ara' 


1 -h 


O'li 


(70.6) 


In the limit when r approaches zero, equation (70.5) becomes 




(70.7) 


and making use of this result, it is possible to write equation (70.6) in 
the form 

w(r) — tp(0) = c ^ ^ ^ 


- ^^Cy) 


(70.8) 


where 




(70.9) 


and the functions I(y) and m(y) are defined by 


/(y) = (1 + 12y + 25.2/ + \2y* + /)(! - - 1 (70.10) 


and 


^(y) = (1 + y)(l “ /“* - 1. 


(70.11) 


The volume v per single molecule is proportional to a*, and hence so also 
is the total volume F; consequently, equation (70.8) may be written in 
the form 


u>(r) - te(0) = A /O’) “ 2 (^) '"O) | . 

in which the constants A and F* are chosen so that 


(70.12) 


F* 


\* _iA 
) - 


(70.13) 


and 


^ , F*y cB 


(70.14) 


It will be observed from the definitions (70.13) and (70.14) that 


A = 


4^’ 


(70.15) 
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and hence, by equation (69.11), 


A = c\uo\, (70.16) 

where \uo\ is the potential energy at the minimum of the potential energy 
curve for the interaction between the two molecules (Fig. 47). Similarly, 
equation (70.7) may be written as 


w{0) 



(70.17) 


Of the two equations (70.12 and (70.17), the former represents the variation 
of the potential energy of a molecule as it moves in its cell, while the latter 
gives the potential energy at the center of the cell. It has been shown that 
the foregoing treatment is satisfactory only if the actual volume F is less 
than about 1.6^*; it will be seen shortly that at the critical point the volume 
is equal to 2F*, and so the arguments may be regarded as applicable at such 
high pressures that the volume of the gas is less than the critical volume. 

70b. Partition Function for Highly Compressed Gas.— The partition 
function for the external degrees of freedom for a single molecule moving in 
a potential field within a cell can be represented by [cf. equation (67.23)] 




(2wmkr)^f^ 


fff ^'‘^^^"‘^dxdydz. 


Changing to spherical coordinates, and integrating over all values of the 
angles, this becomes 



(2TrmkT)^‘^ 





(70.18) 


or, omitting the translational factor, the configuration integral for the 
single molecule is given by 

i?« = 47rj' (70.19) 

If the potential function is represented by equation (70.12), the energy zero 
being taken as that of the molecule in the center of the cell, i.e., when r is 
zero, then the configuration integral becomes 


r<x{i 

(?u = 4x J 


(70.20) 


The somewhat arbitrary choice of the upper limit of integration is justiiiei 
by the argument that contributions to the partition function from portion 
of the cell outside the sphere of radius must be small, owing to the re 
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pulsive field, except perhaps at high temperatures. Upon changing the 
variable in equation (70.20) from r to by means of (70.9), the result is 





(70.21) 

(70.22) 


where ^ is used to represent the integral in equation (70.21). 

The relation between the volume F and the quantity is given 

expression 



by the 


where y is a constant dependent on the type of packing of the molecules 
surrounding the given molecule; for face-centered cubic packing, for ex- 
ample, 7 is ^|2• Hence, it is possible to write equation (70.22) as 



(70.24) 


As mentioned above, the energy zero is taken as that of a molecule at the 
center of its cell, but if the partition function (or configuration integral) is 
referred to the more usual energy zero represented by infinite separation of 
the molecules, it is necessary to multiply equation (70.24) by where 

— €o is the average potential energy of a molecule at the center of its cell 
referred to the new zero value. Making this adjustment, the value of Qu 
for the single molecule in its cell becomes 

Qu = 27r7j^^-/‘^. (70.25) 


For N molecules, each of which is confined to its own cell, so that the gas 
may be treated virtually as a system of localized elements, the configuration 
integral Qu would be Qu» However, it is probable, in the gaseous state at 
least, that the molecules can move from cell to cell, so that the whole volume 
Fy instead of F/Ny is available to each of them. If this is the case, the 
molecules cannot be regarded as localized elements, and hence it is necessary 
to multiply Qu by N, before raising to the A^th power, to allow for the avail- 
ability of the whole volume, and then to divide the result by A^! because the 
molecules are not localized. This matter will be discussed more fully later, 
especially in connection with the problem of the liquid state, but for the 
present it will be assumed that 

n -^SuN}l 

> 


(70.26) 
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so that, introducing the Stirling approximation. 


and by equation (70.24), 


In Q. = A^ln + N, 


— eo = A 



(70.28) 


In Qu - In liryg ^ ^ 4. . (JQ.IT) 

introduced sor^rivn"?"’ i being 

of ne1grbtrng"2i:c"^^^^^^ t rd •’“"r 

LSrs^^us:" ‘bat are" not near«f 

- «a = |io(0) 4- a. 

It has been found that for a face-centered cubic structure, the effect of a 

)■ - (tT t . 

Combining this result with equation (70.27), it is found that 

InQ. = Ar[ln2Ty^^4-;^jl.2(^) “ 0-S (^y } -H l] . (70.29) 

The integral ^ is a function of A/kT and of F*/F only (cf. equation (70.21)1, 
and Its value has been determined for various values of P^IFx hence it mav 
be supposed that In Q« can be calculated, provided A and V*, which depend 

tinn'^ Zi definitions (70.13) and (70.14), are known. Examina- 

tion of these equations shows that a and r must also be available- for face 

centered packing is equal to <2F/N, as seen above, and under these 
conditions the number of nearest neighbors c is equal to 12. 

The problem of setting up the partition function for a highly compressed 

postulated model, may thus be regarded as solved; the 

omplete partition function Q, for the system of N molecules, equal to 
Q«Q»> IS given by ^ ^ 


Q 




I 


Q.Q 


(70.30) 


70c. Equation of State : The Critical State.-For the present it is desired 
to derive an equation of state, and hence use may be made of the relationship 
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which gives, from equation (70.29), 

where gt and gm, like g, are functions of A/kT and only; they are de- 

fined by 

^ Jo { ~ ^ T ) (70.32) 

and 

/'’»jCy)exp|-^^^^ /C>')+2^^^^ OT(_y) (70.33) 

Attention should be called to the fact that the equation of state (70.31) is 
independent of any assumption concerning the localized or nonlocalized 
nature of the molecule in its cell; this is because the partition functions for 



Fio. SI. Plot of equation of state for imperfect gas 


the two cases differ only by a constant factor, which in any event gives zero 
upon differentiation. For other thermodynamic properties, however, such 
as entropy and free energy, which involve In Q, the results are affected by 
the particular choice that is made (cf. Section 56e). 
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The values of g, gi and g„, obtained by numerical integration, have been 
determined and tabulated for two values of A/kT, viz., 9 and 10, and for a 
range of values; from these functions, the form of the isotherms, as 
represented by the plot of 7’ against T/P*, were calculated by means 

of equation (70.31). The results obtained in this manner are depicted in 
Fig. 51; it is apparent that the curve for A/kT = 10 corresponds to the ease 
in which liquefaction occurs as the pressure is increased, whereas the curve 
for A/kT = 9 appears to represent almost exactly the conditions for the 
critical isotherm. It follows, therefore, that the perfectly general rule 


or 



i 



(70.34) 


may be derived on the basis of the postulated model. Further, utilizing ^ 
equation (70.15), with c equal to 12, for face-centered cubic packing, it is 
seen that equation (70.34) may be written as 




(70.35) 


It is thus possible, by means of the |«o|M data in Table XXV, to calculate 
the critical temperatures of the various gases; these results .are compared 
with the experimental values in Table XXVI. The data for helium are not 



TABLE XXVI. CRITICAL 

l«o| 

TEMPERATURES OT OASES 

r. 

r. 

Gas 

k 

Calc. 

Obs. 

Ne 

35.7 

47.6*’ K 

44“ K 

A 

120.0 

160.0 

150 

H, 

31.0 

41.3 

33 

N, 

96.7 

128.9 

126 


included since the critical temperature of this gas is 5.2° K, and in this 
vicinity there is likely to be considerable gas degeneration; nevertheless, it 
is significant to record that the value of calculated from equation (70.35) 
is 8.0° K. The agreement between calculated and observed results in 
Table XXVI is seen to be satisfactory. It is of interest to mention, however, 
that there is some experimental evidence that the average value of c, the 
number of nearest neighbors to a given molecule in a normal liquid is 11, 
instead of 12. If this change were made, T« would be equal to ll|«o|/9it, 
and the agreement for neon, argon and hydrogen would be even better than 
that recorded above. 

According to the results in Table XXV, the value of ^7 b/| «o| , where Tb 
is the Boyle point, is equal to 3.43, in the case in which the indices m and^ 
in the bireciprocal potential function are 6 and 12, rgspectively. Accordin 




.. ^ 
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to equation (70.35), kTtl\uQ\ for the same potential function is equal to 
hence 



= 3.43 X } = 


2.57. 


The experimental ratio of these two temperatures for a number of substances 
lies in the range of 2.5 to 2.7. As might be expected, hydrogen and helium 
are exceptional in this respect, as these gases probably show gas degenera- 
tion, because of the failure of classical statistics, at the low temperatures 
involved. It may be mentioned, incidentally, that the van der VVaals 
equation leads to a value of 3.375 for the ratio of Tb to Tc 

The critical volume should be determinable from the position of the 
point of inflection in the critical isothermal in Fig. 51; it is evident from the 
shape of the curve that this point cannot be estimated with any degree of 
accuracy, but it occurs when is approximately equal to 2; hence, the 

molar critical volume is given by 

V, ^ IV*, (70.36) 


Combination of equations (69.4), (70.13) and (70.14) gives the result 

£2 _ ro 

V 


and hence from equation (70.23), 


so that (70.36) becomes 



(70.37) 


where N is the Avogadro number. If y is taken as V2, for face-centered 
cubic packing, the molar critical volume can be calculated from the ro values 
given in Table XXV. 

70d. Equilibrium Between Liquid and Vapor. — The cell model of a highly 
compressed gas treated in the preceding sections has been shown to be 
satisfactory in the vicinity of the critical point, and hence it should be 
equally, or more, valid at greater densities. It is therefore to be regarded 
as applicable to liquids although, of course, not to the vapors with which 
they are in equilibrium, since the density of the latter will not, in general, 
be sufficiently high. It is nevertheless possible to study liquid-vapor equi- 
libria by utilizing the partition function for the liquid based on the cell 
model, whereas the vapor is usually at a low enough pressure to be treated 
as an ideal gas. At equilibrium, the molar free energies of the two phases 
will be equal, and this fact can be utilized to derive an expression for the 
vapor pressure of a liquid as a function of temperature. 
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The molar free energy of the liquid is given by [cf. equations (67.5) 

and (67.8)1 


F, = - ^rin Q + PViy 

and from equation (70.30), together with the expression for In Q« Tequation 
(70.27)1, it follows that 

hr 

-mT\n Iryg ^ - NkT - Nto - NkT In Qi, (70.38) 


the term PVi having been neglected for the liquid since it is small in com- 
parison with NkT, It should be noted that the molar volume Vi of the 
liquid has been used for Fin the second term on the right-hand side; further 
Qi has been replaced by Qi', 

The free energy of a mole of vapor, assumed to behave as a perfect gas, 
can be represented in terms of the partition function per molecule by means 
of equation (56.9), viz.. 



— i\7^nn — iV^Tln 

h p 


(70.39) 


where the translational contribution to the partition function has been 
written in the form of equation (57.6^, so as to introduce the pressure^ of 
the vapor. When liquid and vapor are in equilibrium, Fi and Fg will be 
equal; the pressure p will then be the equilibrium vapor pressure at the 
temperature T, Comparing equations (70.38) and (70.39), and assuming 
that the internal partition function Qi is the same for both liquid and vapor, 
it follows that 


\np= 


• • 


P “ 


NkT 

27rygF 




I 


(70,40) 


The vapor pressure equation (70.40) may be rewritten in the form 


P = 


y* 


0 


( 70 . 41 ) 


where 0, defined by, 


y* kT 

In n = In -z jr -f In — 


<0 + kT 
kT 
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is a function of KjkT and y*IVi only; this will be evident from the fact that 
the integral gy as given by equation (70.21), and €o, defined by equation 
(70.28), are both functions of these two variables only. 

Since PVi for a liquid is usually negligibly small in comparison with 
NkTy the whole expression in the square brackets in equation (70.31) may 
be taken as approximately equal to zero; hence, it is possible to write with 
fair accuracy 



(70.43) 


It has been seen previously that|", and^m, are functions of A/^Tand V^jV 
only; hence, this equation provides a direct connection between KjkT and 
V*IVi, Since these two quantities are related, it follows that defined by 
equation (70.42), may be regarded as a function of KjkT only. As a result 
of calculating the values of 12 for various values of A/^T, it has been found, 
at least within the range of A/^Tfrom 12.8 to 21, that In 12 is given with good 
accuracy by the expression 


In 12 


1.916 - 0.678 


kT' 


and hence from equation (70.41), 

In /. = In ^ + 1.916 - 0.678 ^ . (70.44) 

Since A and are known in terms o( \uo\ and ro, respectively, by equations 
(70.16) and (70.37), it should be possible to derive from these two latter 

quantities the vapor pressure of a liquid. 

It will be noted that equation (70.44) is of the correct form for represent- 
ing the variation of vapor pressure with temperature, but a more stringent 
test may be applied by using it to calculate boiling points, that is, to calculate 
the temperature (Tb) at which the vapor pressures of various liquids become 
equal to one atmosphere. The results for neon, nitrogen and argon are 
quoted in Table XXVII; the agreement between calculated and experimental 


TABLE XXVII. CALCULATION OF BOILING POINTS 



A X 10« 

y*/N 

Boiling Point 

TbITc 

Gas 

(ergs/molccule) 

(A*) 

Calc. 

Obs. 

Calc. Obs. 

Nc 

58.7 

20.6 

29.6® K 

27.2® K 

0.62 0.61 

Ni 

159 

51.3 

79.0 

77.2 

0.61 0.61 

A 

199 

38.9 

94.3 

87.4 

0.59 0.58 


boiling points is good. The calculations based on classical statistics cannot 
evidently be applied to hydrogen and helium, but it may be noted that the 
calculated boiling point of the former is 26.4“ K, compared with the observed 

value of 20.3° K. 
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A further test of the liquid model under consideration may be obtained 
by evaluating the ratio of the calculated boiling point Th to the calculated 
critical temperature Tc as given in Table XXVI; the coincidence between 
the theoretical and observed ratios is excellent. It will be noted that the 
ratio ThITe is constant for various liquids, both theoretically and experi- 
mentally; since AjkT has a definite value, namely 9, at the critical tempera- 
ture, it follows that this quantity, i.e., AfkTb, should be constant for all 
substances at their boiling points. The results, indicate, in fact, that 
AjkTb is approximately equal to 16, for atmospheric pressure. Further, 
since kTc is equal to as given by equation (70.35), it follows that 

kTb « 0.8|«o|. (70,45) 

This relationship provides a simple method for calculation of the boiling 
point. 

70e. Heat and Fntropy of Vaporization, — Utilizing the thermodynamic 

relationship, 

/ d\np \ AH, 

\ dT )p NkT^^ (70;46) 

in which is the molar heat of evaporation, in conjunction with equation 
(70.44), it is seen that 

AH, = 0.678ArA, (70.47) 

and so the heat of vaporization of a liquid at the normal boiling point can 
be derived from the known value of A or of |«o|. If AH, is divided by the 
boiling point, the result is the entropy of vaporization, and an approximate 
calculation of the latter may be made by utilizing the fact mentioned above 
that AlkTb is approximately 16, where Th is the boiling point at atmospheric 
pressure. It follows, then, that 


= 0.67% X \6Nk 

1 b 

= 21 cal., 

should be constant in accordance with Trouton’s law. 

An examination of equation (70.44) shows that the entropy of vaporiza- 
tion will be strictly constant only if In AjV* is constant for all liquids. This 
is the condition for Trouton's law to be exactly applicable. According to 
the modified law due to Hildebrand, the entropy of vaporization is constant 
under sqch conditions that the molar concentration of the saturated vapors 
are the same. This rule is in better agreement with observation than is 
that of Trouton, and the reason is apparent from the following considera- 
tions. If fig is the number of molecules per unit volume of the vapor, then 

P = 

assuming the vapor to behave ideally; combination of this result with 
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equation (70.44) them gives 

In w, = In ^ -f In ^ + 1.916 — 0.678 ^ . 

It follows from this equation that if the entropy of vaporization, which is 
equal to 0.678A^A/7’6, is to remain constant at constant Wp, the value of In V* 
must be constant. It appears, in general, that V* for different substances 
is more likely to be constant than is A/^*, and hence the Hildebrand rule 
will be superior to that of Trouton. 

It may be remarked, in conclusion, that the results of this section, as 
well as those of preceding sections, are probably more strictly applicable to 
nonpolar molecules. This is undoubtedly one reason why the rules of 
Trouton and Hildebrand do not hold for polar and associated substances. 
For such compounds the potential fields are not symmetrical, and the model 
postulated at the beginning of Section 70a cannot be regarded as satisfactory. 

70f. The Free Volume of a Liquid.® — In the foregoing approximate treat- 
ment of the liquid state, the thermodynamic properties of the liquid have 
been developed from those of the highly compressed gas. Another ap- 
proach, based on essentially the same model, has been used in which some 
of the properties of the liquid are employed to derive others. It was seen 
in Section 67d that for a perfect gas, when the interaction potential is zero, 
the configuration integral, as defined by equation (67.24), becomes equal 
to where N is the number of molecules and y is the total volume of the 
system. It would seem reasonable, therefore, to represent the configuration 
integral in the alternative form 

Q„ = (70.48) 

where the significance of V/y which is called thtfree volume, will be considered 
shortly. The potential function U{q) in equation (67.24) is, of course, by 
definition, a function of the coordinates, and hence of the configuration of 
the molecules; in equation (70.48) this has been replaced by a mean value 
E per mole, averaged over all accessible configurations. Actually E may 
be identified with the hypothetical energy of vaporization, i.e., the difference 
in energy between the liquid and the gas, in which there is no interaction, 
at the absolute zero. According to equation (70.48), therefore, VjIN, the 
free volume per molecule, may be regarded as the effective volume accessible 
to the center of a molecule in a liquid. In this volume the potential is 
assumed to have a uniform value £, with a sharp rise to infinity at the 
boundary; the actual increase of potential is not so sudden as this would 
imply, but since repulsive forces decrease rapidly with distance, the approxi- 
mation is not too serious. The concept of free volume is an extension of 

® Lcnnard-Jones and Devonshire, ref. 8; Eyring and Hirschfelder, /. Phys. Oum.^ 41, 249 
(1937); Kincaid and Eyring, /. Chem. Phys., 6, 620 (1938); Hirschfelder, J. Chsm. Ed., 16, 540 
(1939); Kincaid, Eyring and Steam, Chem. Rev., 28, 301 (1941); Fowler and Guggenheim, ref. 
l,p. 331. 
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the idea that each molecule is enclosed by its neighbors in a cell; the free 
volume is, however, not the whole cell volume, but rather the average 
volume in which the center of the molecule can move inside the hypothetical 
cell due to the repulsion of surrounding molecules. 

If each molecule were confined within the cell, and were unable to escape, 
the complete partition function would be 








(70.49) 


since each of the N molecules behaves like an ideal gas molecule moving 
within its own volume FfjN. However, if, as indicated in Section 70b, the 
molecules are not to be regarded as localized elements, each completely 
confined to its own cell, it is necessary to introduce the factor IjNL Thus, 
if the whole of the free volume F/ is available to all the N molecules, the 
complete partition function for the system would be 



h} 



I"" 


(70.50) 


In order to distinguish between the two partition functions represented by 
equations (70.49) and (70,50), the former is indicated by the subscript s to 
indicate that the partition function would represent that for the solid state, 
in which the molecules are localized (cf. Section 67c), while the latter has 
the subscript I to show that it refers to the liquid state. 

By utilizing equation (67.9) for tjie entropy of a system of N molecules, 
it IS seen from equations (70.49) and (70.50) that the change of entropy Aj*/ 
in melting (fusion), which is equal to Si — *5,, is given by 


A^*/ ^ Si - S. 



(70.51) 


the assumption being made that Vf will be the same in solid and liquid, and 
that the contribution Qi of the internal degrees of freedom to the partition 

function is unchanged on melting. Introducing the Stirling approximation 
it follows from equation (70.51) that ’ 

= kN = R per mole per degree. (70.52) 

This increase of entropy accompanying melting is due merely to the postu- 
lates that the whole of the free volume is available to each molecule in the 
liquid state, whereas in the solid the molecule is restricted to its own cell 
For this reason the entropy change of 7? per mole arrived at in this manner 
has been called the communal entropy?^ This will not represent the whole 

896 Hirschfelder. ref. 9; Hirschfclder, Stevenson and Eyring, /. Qhem. ^ 
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of the entropy of fusion, but it should, according to the foregoing argu- 
ments, constitute the major portion, the remainder being due to the volume 
change accompanying fusion. 

It is an undoubted fact that for many metals, for which the contributions 
of internal degrees of freedom are usually the same in the liquid and solid 
states, the entropies of fusion are in the range of 1.7 to 2.3 cal./mole/degree 
(E.U.), in accordance with the requirements of the foregoing treatment. 
Further, where there is evidence of restricted rotation in the solid state 
changing over to free rotation Ln the liquid, the entropy of fusion, as is to 
be expected, is in excess of 2 E.U. In spite of this general agreement, the 
view is now usually accepted that the change from solid to liquid does not 
involve a sudden transition from complete restriction to complete freedom 
of movement of the molecules, accompanied by the introduction of the whole 
of the communal entropy. The expressions given above, viz., equations 
(70.49) and (70.50), for the partition functions of solid and liquid are thus 
not exact at the melting point, although they may be reasonably satisfactory 
at lower and higher temperatures, respectively. Various modifications of 
the treatment will be given later, but for the present the partition functions 
derived above will be employed. 

70g. Determination of Free Volumes. — Several methods have been pro- 
posed for the calculation of the free volume of a liquid. If the potential 
field is of the type postulated above, namely uniform within the cell but 
rising very sharply at the boundaries, it is possible to make an estimate of 
the free volume in the following manner. Suppose, for simplicity, that there 
is cubic packing of the molecules in the 
liquid; one molecule may be considered as 
oscillating about the origin, and the six 
nearest neighbors are regarded as being 
fixed in their mean positions along three 
axes. One of these axes is shown in Fig. 52; 
if V is the mean volume per molecule in the 
liquid, then each molecule is at a distance 

from the origin. If^/is the incompres- 
sible diameter of a molecule, — Id is the distance the central atom is 
free to move along each axis, and the free volume per single, molecule is then 
given by 

Vf = (2y*/3 _ (70.53) 

It is probable that a similar equation will hold for other types of molecular 
packing, so that, in general, 

Vf = — d)^ 

or 

- d)\ (70.54) 

where b depends on the packing and may vary with temperature. 

“ Rice, y. Chem. Phys.^ 6, 476 (1938); see also, ref. 18. 
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In order to make use of this expression, it is necessary to consider the 
subject from another angle. The general equation relating the pressure of 
a liquid to the partition function is 



and hence from equation (70.50) 




From equation (70.54), 


dlnF/ 1 dFf 
dF ~ Vf' bV 




(70.55) 


(70.56) 


where F is the molar volume of the liquid; if this result is introduced into 
equation (70.55), then 



y^izyiiz = bRT, 


(70.57) 


and upon solving for F it is found that 




(70.58) 


The variation of the mean potential energy E with volume is not known, but 
it appears from certain experimental data that it may be replaced without 
serious error by the quantity A£e/^, where AE* is the energy of vaporization 
per mole of liquid at the specified temperature. Further, the pressure P 
may be neglected in comparison with dEldFy so that 



(70.59) 


where, for many liquids, & is equal to 2. 

Another method of deriving the free volume makes use of the velocity 
of sound in the liquid. For most liquids the velocity of sound is S to 10 
times as great as the average kinetic-theory velocity of the molecules; this 
difference can arise in the following manner. Suppose there are three mole- 
cules B and C (Fig. S3), in a line, and suppose the wave front travels from 
the inner edge of the molecule to the adjacent edge of B by the velocity 
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of sound {Ug) applicable to an ideal gas; this is given by kinetic theory as 



(70.60) 


where y is here the ratio of the specific heats of the gas and M is its mo- 
lecular weight. As A collides with 5, 
however, the signal is transmitted almost 
instantaneously to the opposite edge of J?; 
thus, although the wave front moves ap- 
parently through the distance v}'^^ it ef- 
fectively travels a distance as seen in 
Fig. 53, and consequently 




m _ ( !L\'^ 
~ \ 0 // ’ 


(70.61) 


K-— 

* ' 

Fic, S3. Free volume from 
velocity of sound 


where ui is the velocity of sound in the liquid. It follows, therefore, from 
equations (70.60) and (70.61), that Vfy the free volume per mole, is given by 



(70.62) 


and so the value can be determined from the known velocity of sound in 
the liquid. The results for the free volumes of a number of liquids at 20® C 
calculated by the two methods described here are given in Table XXVIII; 


TABLE XXVIll. FREE VOLUMES OF LIQUIDS 

Free Volume 


Liquid 

From Energy of 
Vaporization 

From Velocity 
of Sound 

Acetone 

0.54 cc. 

0.45 cc. 

Ether 

0.65 

0.70 

Chloroform 

0.34 

0.29 

Toluene 

0.22 

0.22 

Carbon tetrachloride 

0.31 

0.28 

Carbon disulhde 

0.58 

0.30 


the agreement between the two sets of results is very fair, on the whole, but 
the velocity of sound method is probably more to be relied upon in cases 
of doubt. 

70h. Liquid Mercury and Monatomic Metals. — When applied to liquid 
mercury, the two methods for calculating the free volume give results that 
are appreciably different. The type of potential used in the first treatment 
is shown in Fig. 54 A, but it is probable that the form in Fig. 54 B is more 
satisfactory, especially at higher temperatures. This curve may be regarded 
as a combination of the potential of type A with the parabolic type of 
potential characteristic of a harmonic oscillator. The contribution to the 

“ Kincaid and Eyring, J. Chem. Phys.^ 5, 587 (1937), 
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free volume of the former potential energy will be similar to that already 
considered, and hence will be given by equation (70.S4); for the present 
purpose the linear dimensions of the free volume may be written as 





(70.63) 


where V o/Af is equal to d^y and would represent the total volume occupied 

by the N molecules when closely packed, 
as in the solid state. The second contri- 
bution may be regarded as due to 

the harmonic oscillations of the atom; 
thus 




(^')i/3 = Nut ( 70 . 64 ) 


in which/ is the force constant, defined in 
the usual manner, in terms of the vibration 
frequency v and the mass m of the par- 
ticle, by 





(70.6S) 


Fic. 54. Potential energy curves for 
monatomic liquid metal 


Carrying out the integration of equation 
(70.64), and introducing equation (70.65), 


the result is 


(^)l/3 = 


kT 

lirm 



(70.66) 


The frequency v may be determined from the Einstein characteristic tem- 
perature Bsy which may be taken as equal to kvjk}^ It is thus possible to 
evaluate both (f^/)*^^ and and the cube of the sum of these should 

give the total free volume. The value calculated for mercury agrees with 
that derived from the velocity of sound over a large range of temperatures 
and pressures. The modified method of determining free volumes should 
probably be used for all monatomic metals, and possibly also for the inert 
gases in the liquid state. 

70i. Applications of the Free Volume Concept.^^ — A simple equation for 
vapor pressure in terms of the free volume can be derived in the familiar 
manner, by equating *the free energies of liquid and vapor states. Assuming 

^ The Einstein characteristic temperature day which is related to the average frequency r, 
is equal to where $ is the Debye characteristic temperature defined in Secdon S4b. 

“ See refs. 9 and 12. 
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the latter to behave ideally, then [cf. equation (70.39)], 

F, = - NkT In . ’lL_ mT\n Q» (70.67) 

where ^ is the pressure of the vapor; further, since 


Fi= - kT\n Qi H- PFi, 
it follows from equation (70.50) that 

(iTrmkTV^ Vt 

F, NkT\n rr-^ • - NkTln Q< + E- NkT + PVt. (70.68) 


If Qi is assumed to be the same in both liquid and vapor, it is apparent that 

RT 

P = -p-^ (70.69) 

in which A/f* is the heat of vaporization, defined by 

A//, = - E-\-RT - PVi, (70.70) 

It is thus seen that equation (70.69) provides a simple relationship between 
the vapor pressure and the free volume. If equation (70.59) for the free 
volume is now introduced, it follows that 



(A£.)^ 

b^R^'nVi 


g-^H,IRT 


> 


(70.71) 


Vi being used in place of V to indicate the molar volume of the liquid. If 
the vapor behaves ideally, it is possible to write 

A//e = A£a RTy 

and hence equation (70.71) becomes 

or, taking b as equal to 2, for a simple cubic lattice. 

The vapor pressure of the liquid can thus be calculated from the heat of 
vaporization and the molar volume. 

From this equation it is possible to derive both the Hildebrand and 
Trouton rules. For example, if the vapor concentrations are the same for 
a number of substances, then pjRT will be constant; it follows then from 
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equation (70.73) that will be a function of V only. If the molar 

volumes of the various substances are approximately the same in the liquid 
state, then should be constant, in accordance with Hildebrand’s rule. 

In any event, since appears in the exponential term, the value of this 

quantity, as given by equation (70.73), does not depend greatly on the 
molar volume. 

If the vapor pressures are fixed at 1 atm., the corresponding temperatures 
are then the boiling points of the various substances. For the more common 
liquids, the boiling points may be supposed to lie within the range of 300® 
to 450° K, while the molar volumes vary from 80 to 120 cc.; substituting 
these values in equation (70.73), and introducing the appropriate value of R 
in atm. cc./degree, it is found that 



which is approximately 20 cal. per mole per degree, in agreement with 
Trouton’s law. Although this result has been derived for a particular range 
of boiling points and rtolar volumes, it is actually not very sensitive to 
variations in these properties. 

Both the temperature coefficient of thermal expansion (a) and the com- 
pressibility (/3) of the liquid may be calculated, provided the average poten- 
tial energy E can be expressed as a function of the volume. For this purpose 
equations (70.54) and (70.57) are combined so as to eliminate the packing 
factor the result is 

( ^ + af ) = RT, 

and since P is small in comparison with dEjdVy it follows that 

II (r - = RT. (70.74) 


Making the assumption that E may be written as a function aV~^ of the 
volume, where a and n are constants, it is seen that 


^ ^ 

dV~ V ' 


With this result, it is possible by differentiating equation (70.74) with 
respect to the temperature to obtain or, while differentiation with respect 
to the pressure gives ^3. 


Statistical Mechanics of Critical State 

71a. Complete Treatment of Imperfect Gases. — In the evaluation of the 
configuration integral in Section 67d, all terms in equation (67.32) beyond 
the second were neglected; as already pointed out, this means that binary 
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encounters only were considered in the evaluation of the potential energy 
of the system of molecules. The results obtained in this manner are ap- 
proximate, and can be regarded as applicable only under such conditions, 
e.g., low-density, that binary encounters between molecules predominate 
very greatly over all other types. For the complete statistical treatment 
of gases at high pressures, and especially when condensation phenomena are 
being considered, it is necessary to take into account the mutual interactions 
between three, four, etc., as well as between two, molecules. The problem 
presents enormous difficulties, and hence the alternative, approximate but 
simple, approach described in Section 70 was developed. However, an im- 
portant advance in the statistical mechanical treatment of highly compressed 
gases has been made by Mayer; owing to the complexity of the subject 
it is proposed to give here a general outline only of the method of treatment 
and of the results obtained. 

The approach to the problem is based entirely on statistical mechanics, 
and involves the introduction of the concept of clusters* A cluster is defined 
as a group of molecules in which each member is sufficiently close to at least 
one other member of the group as to make the mutual potential energy 
significantly different froVn zero. The number of molecules in the cluster is 

O O 

i=2 






( = 4 


Fig. 55. Types of molecular clusters 


indicated by the letter /, and it is the practice to speak of a cluster of / 
molecules. A single molecule does not, strictly, constitute a cluster within 
the scope of the definition, but for the sake of completeness such a molecule, 
which is sufficiently far from all other molecules so as not to interact with 
them, is referred to as a cluster for which / is equal to unity. If a small 
circle is used to represent a molecule, and a line joining two circles implies 

“ Mayer, et al.y J. Chem. Phys.^ 5, 67, 74 (1937); 6, 87, 101 (1938); 7, 1019, 1025 (1939); 9, 
2, 626 (1941); ref. 1, Chapters 13 and 14; see also, Born and Fuchs, Proc. Roy. Soc., A, 166, 391 
(1938); Fuchs, ibid., 179, 194 (1941); Kahn and Uhlenbeck, Physica, 5, 399 (1938); Frenkel 
J. Chem. Phys.y 7, 200, 538 (1939). 
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that the molecules are close enough to interact, their mutual potential 
energy being different from zero, the various types of clusters can then be 
depicted diagrammatically as in Fig. SS. For a cluster of two molecules, 
there is only one possibility of interaction. For a cluster of three molecules 
there are four possibilities, of which three are equivalent and one different; 
there are thus two types of clusters involving three molecules. If four 
molecules constitute a cluster, there are many possibilities which fall into 
several types; some of these are shown in Fig. 55. In a gas, clusters of all 
sizes, from / = 1 to / = iV, where N is the total number of molecules, will 
occur. If mi represents, in general, the numbers of clusters of / molecules 
each, then the total number of molecules N is the sum of the product of 
the number / in a cluster and the number mi of such clusters; thus 


N= ^Imu (71.1) 

z-i 

Since two molecules in different clusters do not interact, their coordinates 
are independent of each other; hence the configuration integral will contain 
a series of terms, each of which is determined by the molecules in the same 
cluster. 

71b. Cluster Integrals and Irreducible Integrals. — In following up these 
arguments, it is convenient to introduce, for a cluster of the same / molecules, 
a quantity called the cluster integral. It is given the symbol biy and is . 
represented by 

bi = ^ r * ’ * J* ^ (71.2) 

jfl’i 

where /»7 is defined, as before, by equation (67.30), viz.. 


A— /(rvy) (71.3) 

and drk is employed for brevity in place dXkdjkdZky i.e., 

dTk = dxyiykdzk, (71-4) 

The summation is taken over all the products of the/,7 terms for connected 
pairs of molecules that can take part in a custer of the same I molecules. 
The factor 1//!F in equation (71.2) is introduced for normalization purposes; 
this makes the cluster integral have the dimensions of V^'‘\ where F'is the 
volume of the whole system. 

For / = 1, the cluster integral is 


dr\^ 1 , 


which is equal to unity, since integration over the coordinates 
cules gives simply the volume of the containing vessel. 
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The cluster integral for / = 2, is 




\idr 




1 \dT\dT2. 


(71.6) 


Upon carrying out the integration over the coordinates of the molecule 2, 
by the method described in Section 67e, the result is given by equation 
(67.35) as thus, 

% 

f = fff - l}^Xldy2dZ2 . 

= (71.7) 


Further, integration over the coordinates of the molecule 1 gives Vy so that 



^ X 


(71.8) 


where the subscript 1 has been added to i.e., /3i, in order to identify it as 
the first of the analogous (irreducible) integrals for which the general symbol 
will be used, as explained below. 

When the cluster contains three molecules, i.e., / = 3, the corresponding 
cluster integral is given by (cf. Fig. 55) 



(71.9) 


In the first term of the integral, i.e.,/ 12 / 31 , the coordinates of molecule 3 
occur only in / 31 ; hence, integration of this term over the coordinates of 
this molecule gives 

f fzidrz = ^ 1 , 


which is equal to /3i, as may be seen from the results given above for the 
/ = 2 cluster. Similarly, integration of the same term over the coordinates 
of molecule 2, i.e.. 



also leads to j8i, while integration over the coordinates of the last particle, 
i.e., over driy gives the volume V, It follows, therefore, that 



drxdridjz = ^/3 


2 

i- 


(71.10) 
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The second and third terms in the integration of equation (71,9) evidently j| 
lead to the same result, so that the first three terms contribute to the 
integral. The last term in equation (71.9) cannot be simplified further, 
and its value is therefore defined in terms of a quantity 02 y called the second \ 
irreducible integral^ being the first; thus, 

^2 = J* (71.11) 
Combination of equation (71.11) with (71.9) and (71.10), gives 

= hdl + (71.12) 

Proceeding in this manner, it is possible to derive expressions for the ' 

cluster integrals corresponding to all values of /; for this purpose, however ' 

it is convenient to consider the general form of the irreducible clusters and 
the corresponding irreducible integrals. It was seen that the terms /12/31, 
/ 23/31 and/ 23 / 21 , in the expression (71.9) for ^ 3 , could be reduced to the product 
of two independent factors, each involving a pair of molecules; the clusters 
represented by 



are thus reducible, and the corresponding integrals are reducible integrals. 
The integral for the cluster 



cannot, however, be factorized into the product of simpler integrals; hence, 
this integral is irreducible, and is defined by equation (71-11) as The 

essential difference between a reducible and an irreducible duster is that in 
the former one or more of the molecules interact with, i.e., is connected with, 
but one molecule, while in the latter every molecule interacts with at least 
two others.*® Applying these considerations, it is seen that in the duster 

The cluster with two molecules is, of course, irreducible, although it b an apparent exception 
to the rule given here. 
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for which / is 4, the contributions to the cluster integral if 4 of the configurations 



are reducible to powers of /3i. 


Similarly, the terms for the clusters 




are reducible to those whose integrals are given in terms of and ^ 2 ^ The 
other clusters involving four molecules, such as 






are irreducible, for in these arrangements every molecule interacts with at 
least two others, as is indicated by the connecting lines. The contributions 
of these clusters, ten in all, are irreducible, and they are included in the 
irreducible integral /Sa. 

The irreducible integrals can be expressed in terms of a general formula; 
this is based on the fact that, apart from the normalizing factor 1/j!^, the 
irreducible integral jS, is the integral over the configuration space of the j + 1 
molecules. The integrand is the sum of all products of the/,, terms of j + 1 
molecules which cannot be further reduced to a product of integrals. The 
general definition is then 

r • • ■ r L n /.Ai • ■ • (71.13) 

where the summation is restricted to the /i, products for all the irreducible 
clusters of the same J + 1 molecules. 

It is evident from the foregoing considerations that every cluster integral 
ifi may be stated as the sum of terms, each of which contains one or more 
irreducible integrals; thus, the first four cluster integrals are 


h = 1 

^2 = 

^4 = 1^1 4^3. 
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The general expression for b\ can, in fact, be shown to be 


where 


1 W”. 

72^11 

* n, • 

(71.14) 

1-1 

E == f — l> 

(71.15) 




the symbol n, being the power with which /S* occurs in any term of hi. 

71c. Evaluation of the Configuration Integral. — Having thus defined the 
cluster integrals in terms of the simple irreducible integrals, attention can 
now be turned to the problem of the configuration integral for the system. 
As already noted, the latter involves a series of products of integrals, each 
of which is concerned only with molecules in the same cluster. It is evi- 
dently possible to express the configuration integral in terms of the cluster 
integrals, and hence in terms of the irreducible integrals. The result is 


Qu = mzTl 

ml I 



(71.16) 


where, as noted in equation (71.1), the sum of all the Imi terms is equal to N. 
In deriving this expression the cluster integral is regarded as independent of 
volume; such is undoubtedly the case provided the volurhe is not too small 
or /, the number of molecules in the cluster, is not too large. The conse- 
quence of the failure of these conditions to hold will be considered later. 

In order to simplify the equation (71.16) for the configuration Integral, 
the device is adopted of substituting the logarithm of the largest term for 
the logarithm of the sum; under the given conditions the difference is not 
significant. This approximation leads to the result 



NZohiZ^ - N\nZ, 
1-1 


where Z is determined by 


(71.17) 



E ivhiZ^ = 1, 

<-i 


(71.18) 


V being equal to the volume per single molecule. The solution of 

equation (71.18) can best be achieved by writing Z as a series involving 
inverse powers of v; this can be done provided the terms in the summation 

(71.18) converge as / increases, as is the case when the gas density is not too 
great. Corresponding expressions can be written for Z*, Z*, Z\ etc., and 
the coefficients of the powers of tr^ can then be evaluated in terms of ii, 
etc., by means of equation (71.18). If these are then converted into the 


STATISTICAL MECHANICS OF CRITICAL STATE 


479 


corresponding ^ 2 , etc., it is found that 


Z = - 

V 


(71.19) 


and hence 


In Z = — In 


(71.20) 


In a similar manner it can be shown that 


E vi>iZ^ = 1-1: titt 


(71.21) 


Combination of equations (71.20) and (71.21) with (71.17) then gives 


In 


Q 

N 


y = n(^1 -T. + 2 : P-o- + In « ) 


=K 


l + L 


1 


J + 1 


/3,tr' + 1 


n . 


(71.22) 


71d. Equation of State. — From this result the complete partition func- 
tion, or rather its logarithm, can be obtained in the usual manner, and hence 
expressions for the thermodynamic properties of the imperfect gas can be 
derived. The general equation of state, for example, is given by 


P = kT 


d In Q 


kT/ dXn Q 
N\ dv 


u 


( 1 - E rir’'-' ) 


NkTf 
V 


(71.23) 


The difficulty in applying this equation, and others of a similar type, lies 
in the evaluation of the cluster integrals However, it is of interest to 
investigate equation (71.23) under some simple conditions; for example, at 
very low pressures v is large, and hence the term involving tr* is negligible. 
The gas then satisfies the relationship P = NkTIVy as is to be expected. If 
clusters are restricted to those consisting of one or two molecules only, i.e., 
the maximum value of / is 2, then the maximum value of j will be 1, and 

equation (71.23) becomes 


P = 


NkT 

V 

NkT 


1 - 



1 


2^1 y J • 


(71.24) 
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Since has the 
equation (68.2). 
Expanding the 

state becomes 


same significance as this equation is identical with 
summation in equation (71.23), the general equation of 


so that the third virial coefficient is given by 

C(r) = - 

while the fourth virial coefficient is 


(71.25) 


(71.26) 


DiT) = - 

In spite of the difficulties involved, the integral has been solved and the 
third vinal coefficient of argon has been calculated; the result is in satis- 
factory agreement with the not too reliable experimental datum. 

A highly interesting general conclusion can be drawn from a comparison 
of equations (71.23) and (71.21); it is seen that 


kT 

P = vhz^. 


(71.27) 


Upon multiplying both sides of equation (71.18) by N, the result is 


N Z lvbiZ‘ = N, 


(71.28) 


and since by equation (71.1) 


Z = Ny 


(71.29) 


^ correspondence between (71.28) 

and (71,29), that 

^ Pii vbiZ^, 

Insertion of this result in equation (71.27) then gives 


r = —^miy 


(71.30) 


where V is written in place of Nv, For an ideal gas, P = NkTjVy and 

number of clusters in an imperfect gas, takes the place 
of N the total number of molecules. It is seen, therefore, that each cluster 
in an imperfect gas has the same influence in determining the pressure as 
does a single molecule in a perfect gas. The pressure of a real gas will thus 
be the same as that of an ideal gas containing the same number of molecules 
as the real gas has clusters, irrespective of their size. 
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71e. Activity Coefficient of a Gas.-The free energy of one mole of a gas 
IS given by ® 

F = - kT\t\ Q + py 

= ~kT\n^A — ^ QuQi + PF 


N\ 




= - NkTln Q, - kT\n ^ + PF. 


value ofln QJNl given by equation (71.22) and that 
oi PF XTom equation (71.23), it is seen that 



- NkT 


In 


{lirmkTyf^ 


+ In t» H- 2] 




and hence, utilizing equation (71.20), 


For an ideal gas. 



- NkT 



{iTrmkT)^^^ 



- NkTln^ 



(71.31) 


= - NkT 


j, {lirmklPj^f^ 

r" ip — 



(71.32) 


and comparison of equations (71.31) and (71.32) shows that is the 
equivalent o( FjN, the volume per single molecule in an ideal gas. It 
follows, therefore, that 2 is the activity of the real gas in terms of the 
standard state of an ideal gas at a concentration of one molecule per cc., 
assuming F to be expressed in cubic centimeters. The product Zv is the 
activity coefficient y for the same standard state, so that 


y = Zo = 


(71.33) 


71f. Statistical Mechanics of Condensation.— The equations derived in 

the* foregoing sections have been based on two postulates; first, that the 
cluster integrals bi are independent of the volume, and second, that the func- 
tion IvbiZ^ becomes vanishingly small for large / values, so that Z can be 
expressed as a senes of inverse powers of v. There are circumstances in 
which these assumptions are not justifiable, namely when the volume is 
small or when there are clusters with large numbers of molecules, respec- 
tively. These are just the conditions under which condensation of the gas 
to form a liquid is to be expected, and it will be shown that a consideration 
of the statistical mechanical equations leads to this very conclusion. The 
remarkable achievement of the present approach to the problem of con- 
densation, as compared with all others, is that it requires a region of constant 

pressure, with changing volume, in the isothermal, such as is actually 
observed in the course of condensation. 
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The definition of hi given by equation (71.14) holds for all values of /, 
but when / is very large this form is not practical for the evaluation of hi\ 
in these circumstances, however, it is possible to write 

In = / ^ E Ap* - In p) , (71.34) 

> 

where p is defined by 

i-i 

E J/3.P* - 1. (71.35) 


Strictly speaking, equation (71.34) gives the limiting value of b\ as / ap- 
proaches infinity; since In hi is evidently proportional to /, it is possible to 
define a quantity In as /-> times this limit, so that 


z-i 

In ^0 = E jS.P* - In p, (71.36) 

I 

and consequently 

limln^j = /In^o. (71.37) 

/—►CO 


In general In bi may differ from / In and the difference depends on both 
the value of / and of he irreducible integrals p,; the exact nature of this 
difference is not signuicant, but it may be represented by the function 
\n/(/yp). Hence, 

In bt = i\nbo + ln/(/, /S), (71.38) 

and an exact equation, applicable for all / values, is 

h = bl/(/yp). (71.39) 

Since In bi becomes equal to /In bo in the limit as / increases, it is evident 
from equation (71.38) that In /(/, p) must then approach zero; this condition 
can be represented by 

lim /-Mn/(/, ^) = 0. (71.40) 

According to equation (71.18), it is always true that 



E = 1, 


(71.41) 


and hence by equation (71.39), 

E iviboZYM fi) = 1, 

1-1 

/. E fi) ^ tr^ 

1-1 


(71.42) 
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It is now of interest to see from this equation how v * varies as Z increases; 
when Z is zero, the value of tr^ is obviously also zero, but the latter increases 
as Z increases. In the summation represented by equation (71.42), the 
first term, i.e., for / = 1, is always equal to Z since is unity; this result 
may be easily derived directly from equation (71.41). Provided Z is small, 
the second and subsequent terms 
in equation (71.42) are negligible, 
and hence for small values of Z, it 
appears that Z is always equal to 
tr^. The plot of Z against as de- 
rived from equation (71.42), is thus, 
under these conditions, a straight 
line, of slope 45®, passing through 
the origin (Fig. 56). As Z increases, 
the second and higher terms in the 
summation of equation (71.42), which 
are all positive, begin to make ap- 
preciable contributions and then 
increases more rapidly than does Z. 

The effect is not large, however, 
until a certain value of Z is reached 
when terms involving large /'s begin 

to contribute very markedly to the sum; this occurs when Z is equal to 
and beyond that point tr^ increases with such enormous rapidity that the 
curve is practically vertical, as shown in Fig. 56. 

The following general considerations may prove of value in understanding 
the situation. When / is very large, e.g., of the order of lO^^, as is possible 
in a mole of gas, since / can take all values from unity to A^, the function 
f(A 0) will approach unity, according to the limitation expressed by equation 
(71.40); under these conditions, equation (71.42) becomes 

E KhZy ^ trK (71.43) 

i~i 

in this summation, i.e., 7V(^oZ)^; as long as ^oZ is 
less than unity, (hZ)^ will be very small, since N is very large, and this 
term will make a negligible contribution to the sum of equation (71.43). 
However, as soon as hZ just exceeds unity, the contribution of the Wth 
term becomes extremely large, and the same will be true of other terms for 
which / is large. It is evident, therefore, that the sums represented by 
equations (71.42) and (71.43) will increase with great rapidity when l>oZ 
becomes unity; hence the value of will rise very sharply at the point for 
which Z is equal to The value of tr^ at this point is represented by 

and it will be seen shortly that Vg is the volume per molecule in the saturated 
vapor. 

It is of interest to consider the results depicted in Fig. 56 from another 
standpoint. It has been seen that Z may be identified with the activity of 



Z 

Fig. 56. Statistical mechanics 
of condensation 
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the with the standard state that of the ideal gas at a concentration of 
i.e., one molecule per unit volume. According to Fig. 56, Z is equal to 
V i for low values of i.e., at low densities; the activity is then equal to 
the concentration, as is to be expected. As the density increases, the ac- 
tivity falls below the concentration, and the activity coefficient is less than 
unity because of appreciable departure from ideal behavior. When con- 
densation sets in the activity coefficient of the system, with reference to the 
gaseous state, decreases rapidly. 

It would appear from the previous arguments that increases to infinity 
just beyond the point at which Z is equal to *; in other words, it might 
seem that for all values of in excess of the solution for Z is This 
is, however, not the case, for at small values of y, i.e., when is large, one 
of the limitations referred to at the beginning of this section begins to oper- 
ate. At a certain value of y, referred to as y/, which is the volume per mole- 
cule in the liquid (fluid) state, Si is no longer independent of the volume, and 
then^^o2 is no longer equal to unity. It follows, therefore, that Z is equal 

to So for all values of y, only if the latter lie within the range of y„ to vr 
that is 

SoZ =1 for y/ < y y^, (71.44) 

or, from equation (71,36), 

In Z = In p - )3,p* for y/ < y < y.. (71.45) 

71g. Constancy of Free Energy in the Condensation Range.— The equa- 
tion (71.7) for the logarithm of the configuration integral, viz., 

^ vbiZ^ - In 2), (71.46) 

is applicable to all volumes v, and hence the pressure P can be expressed by 



- f (Z - (EW - 1) ) . (71.47) 

Since ^ IvbiZ* is equal to unity, by equation (71.41), it follows that 

kT 

P = — T. vbiZ' (71.48) 

= — L nbiZK (71.49) 
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Diffcrenti.rion of cqu.tion (71.48) or (71.49) with respect to Tgrees 




BF! 


kTo 

kT 


I vh Z^) 

1 Bv 

'T / 

7 E ivhz‘ ( 

V \ d In 




( 71 . 50 ) 

since E IvbiZ' is equal to unity. From the latter fact, it also follows that 
the derivative of this quantity with respect to In d must be zero, so that 


3(i; ivbtZ‘) 

5 In p 


aln z 


— 21 IvbtZ' + 21 PvbiZ‘ ^ 


= 0 , 



• • 


B in 



1 


Z • 


( 71 . 51 ) 


Substitution of this result into equation (71.50) then gives 



kT 1 
V ■ Z 


(71.52) 


In the volume range between p, and i;/ the sum Z which is equivalent 

contains terms of very large value, as seen above; 
hence the summation in the denominator of equation (71.52) must be ex- 
tremely large in the specified volume range. It follows, therefore, that 


F 


mi - 0 


in the range between Vg and Vjy and hence the pressure remains constant ir- 
respective of volume changes, at constant temperature. This is, of course, 
one of the essential characteristics of a condensing system, and hence the 
range between and y, may be referred to as the condensation ranee. 
Utilizing resuhs already derived, it is a simple matter to prove that the 

free energy of the system remains constant in the condensation ranee. 
According to equation (71.31), ^ 



- RT 


In 


~h^ 



> 


but provided the volume lies between v, and v, the value of Z is virtually 
constant, and equal to b„ . It follows, therefore, that the free energy is 
constant and independent of the volume in the condensation range. 
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Upon differentiation of equation (71.23) for the pressure with respect to 
In V'y the result is 


dP 


d\n y It 


= V 


dP 

dV 


-fa- 




(71.53) 


In the condensation range this must be zero, and hence under these conditions 


£ = 1 . 


(71.54) 


It is evident that the largest positive root v of this equation is equal to Op, 
since it is known (cf. Fig. 56) that is the smallest value of the parameter 
v-^ at which condensation commences. Actually it can be shown that 
is the only real positive root of equation (71.54), and so it may be taken as 
defining the volume of the system when condensation begins. It can be 
concluded therefore that, in general, as the summation represented by the 
left-hand side of equation (71,54) increases, with increasing et*, condensation 
commences, i.e., v is equal to when the sum becomes equal to unity. 

71h. The Critical State. — An examination of the variation of the summa- 
tion £ spsV~\ with respect to the reciprocal volume tri, at a series of tem- 
peratures in the condensation range, brings to light some interesting facts 
relating to the critical state. For this purpose it is desirable to know 
something, in the first place, concerning the variation of the irreducible 
integrals [equation (71.13)] with the temperature. These integrals have 
been evaluated for low values of j, and the conclusions drawn are probably of 
general applicability. It appears that at temperatures lower than those in 
the neighborhood of the critical point, all the ft’s are positive; at higher 
temperatures, the ft’s decrease and finally become negative, but the tem- 
peratures at which the change occurs are higher the smaller the value of J. 

At low temperatures, when all the ft’s are positive, equation (71.54) has 
only one real positive root, and this is equal to Vg, As the temperature 
increases, however, some of the irreducible integrals ft, with higher s values, 
become negative, and a point is reached at which equation (71,54) has no 
positive root. At higher temperatures, therefore, there is no volume Vg for 
which {dPldF)T becomes zero; in other words, above a certain temperature 
condensation is no longer possible, and hence this must represent the critical 
point. The conclusions may be depicted graphically by plotting the values 
of £ j’fttr-* against for a series of temperatures, as in Fig. 57. At tem- 
peratures above the critical point the curves are of the type VI, which never 
attains the value of unity because of the influence of the higher (negative) 
ft’s; at such temperatures there is consequently no condensation. Since the 
ordinate of curve VI in Fig. 57 never reaches unity, it is evident from equation 
(71.53) that {dPldV)T is always negative; thus the volume decreases con- 
tinuously with increasing pressure, as is characteristic of the gaseous states 
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As the temperature is decreased, a point is reached (curve V) at which the 
maximum value of the summation just attains unity, and condensation is 
just possible; this of course, occurs at the critical temperature. For tem- 
^atw« above the critical point, the curve IV crosses the line for which 
^ sp,o- is equal to unity, and hence condensation can occur. A remarkable 
conclusion to be drawn from the results, however, is that the usual phenom- 
ena associated with condensation do not actually manifest themselves until 

the temperature is below that of a second characteristic temperature, indi- 
cated by Tm (curve II;. 

It will b^e appareru, from general considerations, that under suitable 
conditions the plot of Z against (Fig. 57) will have similar proper- 



Fio. 57. Theory of the critical state 


ties to the curve of Fig. 56, which is the plot of ir^y equal to Z against 
Z, In the latter case it was seen that when Z attained a particular value, 
such that b^Z was equal to unity, the value of the ordinate increased very 
sharply, A similar effect is evident in the plots of Fig. 57, when the tem- 
peratures are in the vicinity of the characteristic temperature Tm\ the value 
of the ordinate increases rapidly at the volume for which 

= 1 , 

i.e., for which o = /3o, where is defined, by analogy with ba [cf. equation 

(71.37)] as 

lim In j In /3o, 

^e value of decreasing with increasing temperature. If the temperature 
is just above Tm, as in curve III, the sum Z is greater than unity when 
V becomes equal to ffoy i*e-> when the curve becomes almost vertical. The 
sudden increase in the ordinate docs not occur, therefore, until tr^ is appreci- 
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ably greater than at that temperature, that is, until the volume is less 
than the value at the condensation point. 

From equation (71.53), the slope (dP/a^r is seen to be determined 
essentially by ^ ^his slope becomes zero, i.e., condensation occurs, 

when the summation is equal to unity. It is evident that at a temperature 
giving a curve of the type III, the value of 23 will approach unity, 
and hence the slope {dPjdF^T will become zero, in a gradual manner; in 
other words, the slope of the isothermal is continuous through the point at 
which the volume is Vg (Fig. 58). This is, of course, quite different from the 
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familiar behavior associated with condensation; the sharp separation into 
two phases would require that {dPjdF)T sho^d suddenly become zero. 
When the temperature is equal to Tm or less, so that the curves are of type 
II or I, respectively, it is seen that the summation 2^ starts to increase 
with great rapidity when it is still less than unity, and its attainment of this 
value, when the volume is equal to Vgy is very sudden. It follows, therefore, 
that at those temperatures the slope {dPI^V)T of the isothermal is discon- 
tinuous through Vg^ and true condensation, involving separation into two 
phases, occurs. 

According to these arguments, there should be a range of temperature 
for every gas between Tg and r-, which may be called the critical region; 
above the temperature Tc the existence of a liquid phase is impossible, 
whereas separation into two phases will occur only at temperatures below T*. 
Between Tg and Tm the system probably consists of a number of medium 
sized clusters, but there is no tendency for them to be replaced by one very 
large^ cluster such as would be characteristic of the liquid phase. It is a 
striking fact that experimental evidence has existed for some time for just 
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such a critical region as described here It c 

is heated, the meniscus disappears ^ ^ ^ 

equal to T„, but the density Les not be^m" v^ould be 

stirred. This observatio^ would be 

moderately large clusters. At a temperature a^bou^ 10“ ldg£r th^n r'"th ^ 

exceed the value of unity, i.e. when the vnli the ordinates in Fig. 57 

the equations derived above which hold onl "f* smaller than Vg, many of 

applicable. This is particukrTy true S eqttSnmTr^^^^r^’ 

(71.53) derived from the former- if r JT^Zr ^ ^ 

slope (SP/anr of the isotherm wouW be'^o'dve 'CndTh^^"" 
completely contrary to experience. Fur^h^^ « ’ js, of course, 

when h is dependent on v, that is, when the volum^ equations holds 

sented by in other words, the r^suks are no^an^^ ' uV" 

consisting entirely of liquid. PP Jcable at all to a system 

Solid-Liquid Equilibria: Fusion 

i, If''"’’”'' 

with rnelting, but also because it provides anotC sUn^doTfC^a CCSrf 

rfCct th theory of melting must accoun t fo" 

the fact that at constant pressure a solid changes to a liquid at a definite 
and exact temperature, and not over a ran^f r»f ^ ^ ^ dehnite 

the occurrence of a marked volume change at the melf^ and also for 

ing »l„bo„ ,o .h. problem 

which has been emp oyed wah such success to account for the sudLn changes’ 
m physical properties, such as heat capacity, that have been obCervCd a 
definite temperatures in certain binary alloys. The crystal lattices of theL 
al oys are such that they can be occupied by either atoms ^^r B At 
relatively low temperatures, however, the A atoms are arranged in a definke 
manner in one lattice, and so also are the B atoms in an inteflocking latticl 
this leads to a state of perfect order. At higher temperatures however’ 
ome of the A atoms appear in the B lattice, and vice versa, thus Sng 

and%^veTtiuv°the A temperature the disorder increases, 

ana eventually the A and B atoms are arranged in a comoletelv 

TCfact that"tr%'" disorder. In spite of 

i JnS oir lid th"Tr°" di^°^der is a 

t£ To’tS tTet'f ^ discontinuity in certafn proper- 

ties, notably the heat capacity, is to be expected at a definite temperature 
in accordance with observation. ••cinperacure, 

clearly a parallelism between order-disorder transitions in alloys 
and the phenomena of fusion; in the solid (crystalline) state there is complete 

>' Maass and Gcddes, Tram. Roy. Soc., A, 236, 303 (1937); Maaas, Cirm. Rrv., 23, 17 (1938). 
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order, whereas a liquid is mainly disordered, although there is evidence of 
short range order even in liquids. It is of interest, therefore, to see if the 
methods used to study order-disorder in alloys, where there are two com- 
ponents, can be applied to fusion, where one component only is involved. 
Considerable success in this direction has been achieved by Lennard-Jones 
and Devonshire; these authors have used two different mathematical 
procedures, based on virtually the same model. One of these is more exact, 
but relatively complicated; the other, simpler, somewhat more approximate, 
procedure will be described here. 

72b. Model of the Process of Fusion. — The model postulated in Section 
70a for a highly compressed gas and a liquid, of a molecule moving in the 
field of force of its neighbors and confined by them to a small region of space, 
referred to as a cell, is also adopted for the solid state. The essential differ- 
ence between a solid and a liquid is then that in the former case the cell is 
localized, whereas in the latter it is not; in other words, in the solid the atom 
or molecule cannot move from one cell to another, whereas in the liquid it 
can. In order to permit of this migration from one cell to another, it is 
necessary to have a suitable mechanism, and it is in this connection that the 
concept of order-disorder is introduced. In the solid the molecules will 
occupy, or rather vibrate about, definite sites, such as the points of a face- 
centered cubic lattice; these will be referred to as a-sites, or normal sites. 
It is suggested that there are available another set of intermediate sites, 
known as /3-sites, that are symmetrically related to the a-sites. The number 
of a-sites and of /3-sites are supposed to be equal to one another, and to 
the total number of molecules in the system. The arrangement of a- and 
/3-sites may be regarded as equivalent to the interpenetrating face-centered 
lattices of sodium ions and of chloride ions, such as constitute a crystal of 
sodium chloride. Just as each sodium ion in the latter is surrounded by six 
chloride ions, and each chloride ion by six sodium ions, so it is considered 
that in any system of the face-centered type each a-site will have six adjacent 
/3-sites around it, and that there will be six a-sites around each /3-site. At 
temperatures well below the melting point, practically all the molecules 
will be in fixed positions and will occupy the normal (a) sites, with very few 
on the abnormal (j3) sites. As the temperature is raised, and particularly 
in the liquid state, there will be increasing occupation of the /3-sites, with 
the result that the molecules will be able to move more and more freely 
from one a-site to another, through the intermediacy of the /3-sites. The 
latter thus, provide the means whereby migration becomes possible in the 
liquid state. 

When the a-sites are occupied almost exclusively, as in the solid state, 
the condition is one of complete order, but in the liquid state there is con- 
siderable disorder, for both a- and /3-sites will be occupied. When there is 
an equal probability of finding a molecule on a site of either type, the liquid 

Lennard-Jones and Devonshire, Proe* Roy, Soe.^ A, IW, 317 (1939); 170, 464 (1939); 
Lennard-Jones, Proc, Phys, Soe, (London), 52, 729 (1940); see also, Frank, Hid,^ 170, 182 (1939); 
Rice, /. Chtm, Phys.^ 7, 138, 883 (1939); 0, 121 (1941); Kirkwood and Monroe, 0, 514 (1941). 
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is completely disordered, at least as far as long range order is concerned. 
In the latter circumstances there will be free interchange of molecules from 
one normal (a) site to another, and so the characteristic properties of vis- 
cosity and diffusion become evident. It is the transition, then, from an 
ordered arrangement in which all the molecules occupy normal sites, to a 
state in which the molecules are randomly distributed among normal and 
abnormal sites, that is the basis of the phenomenon of fusion. 

Since the change from order to disorder must inevitably be continuous, 
it may be wondered how this can lead to a sharp discontinuity, such as is 
observed in the volume, for example, at the melting point. The reason for 
this is to be found in the fact that the order-disorder change is cooperative 
in effect. Because of the repulsive fields of atoms that are in close proximity, 
the ^-sites are states of higher energy, and it would normally require a large 
amount of energy to remove a single molecule from an a-site and transfer 
it to a ^-site, while all the other molecules remained on a-sites. However, 
it can be seen that if several molecules near one another changed from a-sites 
to ^-sites simultaneously, the amount of energy required would be consider- 
ably diminished. Since’less energy is required, therefore, the transition 
from order to disorder will tend to take place suddenly rather than gradually. 

72c. Partition Function for Solid-Liquid System. — According to the 
model just described, there is one a-site and one /3-site per molecule, and the 
degree of order of any configuration of the system can be described by the 
number of molecules Na on the a-sites and the number on the /3-sites. 
If q is used to represent the degree of order, then it may be defined by 


Na 

7 = ^ (72.1) 

and 

= (72.2) 



(72.3) 


For given values of Na and N^y the molecules are assumed to be dis- 
tributed at random among the available sites, so that the state of disorder 
is homogeneous throughout the system. Hence, if the number of j8-sites 
surrounding any a-site in the lattice is 2 , the number of occupied /3-sites 
adjacent to any one molecule on an a-site is 2(1 — q) \ similarly, the number 
of occupied a-sites around any occupied /3-site will be zq. 

Suppose the energy of interaction of each pair of molecules on adjacent 
a- and ^-sites is w\ it will be a function of the distance between the two sites, 
and consequently on the volume of the system as a whole. This fact brings 
the treatment of fusion into the classification of cooperative phenomena (cf. 
Section 70a). It is probable that w will decrease as the degree of disorder 
increases, but for simplicity the approximation will be made of taking w as 
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remaining constant. The average energy of a molecule on an a-site as 
a result of its 2(1 — g) immediate neighbors on /S-sites will thus be given by 

Wa = wz{l — q)y (72.4) 

while the average energy Wfi of a molecule on a /3-site will be 

Wff = wzq. (72.S) 

The average energy Atv required to remove an atom from an a-site and to 
transfer it to a /3-site is thus 

Aw = Wfi — Wa = wz{2q — 1). (72.6) 

In a state of complete order, when §’ = 1, this becomes equal to wz, as it 
should; on the other hand, in the state of complete (long range) disorder, 
when y = 2> energy is zero, since there is an equal probability of a- and 
/3-sites becoming occupied. In general, the total energy fT of interaction 
due to disorder is given either by NatPa or by N^Wfiy which must be identical; 
hence, from equations (72*1) and (72.4), or from equations (72.2) and (72.5), 

IV — NaWa — 

— Nwzq{^ — q), (72.7) 

The number of ways of distributing the molecules among the sites so 
that there are iV« on the a-sites and on the /3-sites is given by 

N\ N\ 

iW - _ Na)lNJ ■ iN - Nff)\N0\ 

Nl 

{Nq)\{N{l - q)}\ 

Since the energy of interaction in the corresponding state of disorder is given 
by equation (72.7), it follows that the factor Q" which must be introduced 
into the partition function to allow for disorder, that is, the appropriate 
contribution to the configuration integral, is then 

Q" = (72-9) 

where g{q) is defined by equation (72.8) and fV by equation (72,7). If Q' 
represents the partition function of the system of N molecules when each 
is confined to an ot-site, so that the system is in a state of perfect order, the 
complete partition function of the system will then be 

Q = Q"Q' 

= (72-10) 

Utilizing the values of g{q) and of fV derived above, it is found that Ae 
partition function defined by equation (72.10) has a maximum for a definite 
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value of y given by 



zW^lq - 1 ) 

IkT 



2q ~ I = tanh 2 ^ . 


(72.11) 

(72.12) 


If zWj^kT is less than or equal to unity, this equation has only one root, 
namely ^ and this corresponds to complete disorder; when zJVjAkT 
is greater than unity, however, there is an additional root, and this deter- 
mines the maximum value of the partition function for the given degree of 
disorder. When WjkT is very large, q approaches unity and the system 
is in a state of almost perfect order. 

When the partition function is a maximum, the corresponding free energy 
will be a minimum, as is apparent from equation (67.8); this evidently 
represents the equilibrium, or most probable, state of the system. Hence, 
equations (72.11) or (72.12) may be taken as giving the condition for the 
actual (most probable) state of the solid-liquid system for a particular value 
of the interaction energy W, 

72d. Free Energy and Pressure. — For a liquid, the free energy I* and 
the maximum work function A are almost identical, since PVi is small; 
hence, it is possible to write 


F ^ A ^ - kT\n Q 

= - kT\n U(y)^"'/*^Q') 

= - kT\ng{q) kT\n Q', (72.13) 

where y, used in defining^(y) and is given by equation (72.11). Applying 
the Stirling approximation to equation (72.8), it is found that 

\ng{q) = — N{2q In y + 2(1 — q) In (1 — q)] (72.14) 

and hence, 

A = NkT[2q\nq-\- 2(1 - q) In (1 - q)] 

+ Nwzq{l - q) - kT\n Q'. (72.15) 

In the completely ordered state y = 1, and then the first two terms on the 
right-hand side are zero, and the free energy is equal to the last term only; 
the first two terms, therefore, represent the contribution due to disorder. 

It is convenient, although not necessarily correct, to divide the free 
energy into two independent terms; one indicated by F' (or A')^ which is 
appropriate for an ordered system of molecules, and the other by F” (or A'') 
representing an additional contribution resulting from disorder in the dis- 
tribution of the molecules among the ct- and ^-sites; thus, 

F = F' + F" 


and 


A ^ A' A"y 
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■where 

F' « .f' = - kTln Q' (72.16) 

and 

F'' « j" = Ar^7’{2y In f + 2(1 - q) In (1 - q)] + Nwzqil - q). (72.17) 

The value of ^ is a function of w/kT only, as is shown by equations (72.7) 
and (72.11); hence, if tv were known, it should be possible to evaluate F" 
(or A"). This matter will be taken up shortly, but in the meantime it is 
necessary to consider the partition function Q'. In the derivation of the 
configuration integral of a system of iV molecules confined to cells of average 
volume in Section 70b, it was assumed that the molecules could move 
freely from one cell to another. However, for a completely ordered state, 
it is necessary to suppose that each molecule is restricted to its own cell; in 
this case the configuration integral Q„ is given by 

Qu = QSy 

in which Qu is defined by equation (70.25), and consequently 

In Qu = iVln Qu 

^Nln2^yg^+^, (72.18) 


where «o is given by equation (70.28). The value of In Q„ here differs from 
that in equation (70.27), and hence from equation (70.29), by the term N; 
in other words, the integer 1 in the latter equation should be omitted for a 
perfectly ordered state. The complete partition function Q' for a system 
of N molecules in a state of perfect order is thus 






(72.19) 


where Qu is defined by equation (72.18), and Q,*, equal to Qi^y refers to the 
contribution of the internal degrees of freedom. It follows, therefore, that 


F' ^ A' = - kT\n Q' 


rnriFU (2irmkT)*f* mrt^i « 

= — NkT In ^ NkT In 2iryj 


kT 


-NkT In Qiy 


( 72 . 20 ) 


which differs from equation (70.38) by the term — NkT. 

The pressure also may, conveniently, be expressed as the sum of two 
terms, and this can be done by utilizing the thermodynamic equation 
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If P' is the pressure of an ordered system, and P" is the additional effect 
arising from disorder, then 



Since all the factors in Q', other than Q., are independent of the volume. 


% 




(72.21) 


and this has exactly the same value as given by equation (70.31); it was 
noted, in fact, in Section 70c that the expression derived there for the pres- 
sure is independent of any assumption as to the availability of the space to 
the N molecules. Nevertheless, according to the arguments developed here, 
this is not the only contribution to the pressure, for there must be added P" 
determined by 





IV' 


since w for the postulated model is a function of the volume alone. Since 
the system under consideration is in equilibrium, at least as far as order- 
disorder is concerned, the work function will be a minimum at constant 
volume and temperature; that is to say, 


d^" \ 
dq Jv.T 



and hence equation (72.21) reduces to 


P" = - Nzgil 



(72.22) 


72e. Theory of the Melting Point. — The discussion in the foregoing sec- 
tions is sufficient to permit an understanding of how the order-disorder 
model leads to the solid-liquid transformation at the melting point. If a 
quantity is defined by 

= Nzq(l - q), (72.23) 

then according to equation (72.22), 



(72.24) 


(The physical significance of 


can be readily shown to be the number of 
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pairs of molecules occupying adjacent a- and jS-sites.) As already seen, q 
is a function of wfkT only, and w is a function of volume only; hence, for a 
given temperature is a function of the volume alone. For small volumes, 
to is presumably large, because of repulsive forces between the molecules; 
according to equation (72.12), q then approaches unity, and by equation 
(72.23) it follows that «" will be small. As the volume is increased, w 
decreases and at the same time increases to a limit of zAr/4 for q At 

this point, long-range order has disappeared completely, although short- 
range order may still exist. It is seen, therefore, that with increasing vol- 
ume, increases to a maximum (constant) value as the disorder increases. 



Fio. 59. Theory of the melting point 

The other factor, dwldV^ in equation (72,24), however, would be expected 
to decrease steadily as the volume increases, provided the forces contributing 
to w are repulsive. It follows, therefore, that IP** should increase to a 
maximum and then decrease again as the volume of the system is increased. 
On the other hand, as determined by equation (70.21), decreas^ steadily 
as the volume becomes larger, at constant temperature, as shown in Fig. 
The total pressure is obtained by summing the values of P and P* for each 
volume. It is at once evident that the curve is sigmoid in shape, like the 
isotherms which represent the change in phase from gas toliquid (cf- Fig. SI). 
At a certain pressure, therefore, there are two points, A and C, corresponding 
to states of equal free energy, i.e., where / V dP is the same, and which cons^ 
qucntly represent two systems in equilibrium at the same temporatur^ 
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As in the case of condensation, the system will actually follow the direct 
path AC^ rather than the sigmoid path, as the volume changes, since the 
latter would involve an increase of free energy in passing from A to 5, 
followed by an equal decrease from B to C. It is apparent, therefore, that 
the points A and C must correspond to two phases in equilibrium at a definite 
temperature and pressure. The two points presumably represent solid (A) 
and liquid (C), respectively, and the temperature would give the melting 
point at the given pressure. At a different temperature there would be a 
different isotherm; hence, the points A and C at which the free energies are 
equal would occur at a different pressure, indicating a change of melting 
point with pressure. 

It is evident, therefore, that the concept of varying order-disorder as the 
volume of a solid-liquid system changes at constant temperature is able to 
account for the phenomenon of melting. At the point Ay which represents 
the solid just before it melts, the system is in a state of comparative, although 
not complete, order, while at C, which corresponds to the liquid just after 
melting, there is considerable disorder. Points along the line AC represent 
a mixture of solid and liquid phases in equilibrium, and the transition from 
A to C corresponds to a state of disorder gradually sweeping through the 
system as the volume increases at constant temperature and pressure. The 
existence of two points with the same free energy, that is, the sigmoid shape 
of the isotherm, is to be attributed to the shape of the P” curve in Fig. 59, 
and this is due to a combination of circumstances. These are first, the 
increase of w" to a maximum, which implies increasing disorder, with in- 
creasing volume at constant temperature and external pressure; and second, 
the steady decrease in dwjdV at the same time, this being a manifestation 
of the cooperative phenomenon referred to in the introductory Section 72a. 

72f. Calculation of Properties at Melting Point. — Since the proposed 
model is able to give a qualitative interpretation of melting, it is of interest 
to see how far it car* reproduce quantitatively the experimental results 
associated with melting. In order to do this it is necessary to know the 
interaction energy w as a function of the volume; it is then possible to derive 
both q and dwjdVy which are required for the evaluation of the complete 
partition function. The reasonable assumption is made at the outset that 
the interaction energy w between molecules on adjacent a- and /3-sites is 
determined entirely by the repulsive part of the intermolecular forces; if 
the repulsive field is assumed to fall off in proportion to the inverse twelfth 
power of the intermolecular distance, as in previous discussions (cf. Section 
70), it is possible to write 



(72.25) 

(72.26) 


where ro refers to the intermolecular distance in the equilibrium state of the 
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system, i.e., in the state of minimum potential energy, and is the corre- 
sponding molar volume, i.e., Va — No method is yef available for 

the theoretical calculation of Wo> although this might be achieved by wave 
mechanics, and so it is estimated by means of one observable quantity, viz., 
either the temperature of melting, the change of volume on melting, or the 
latent heat (or entropy) of fusion. 

If the pressure P is taken as the sum of P' and P", then by equations 
(72.21) and (72.22) 


PV K/dlnQ„\ zV dw 

NkT N\ dV Jr dV' 


(72.27) 


On differentiation of equation (72.26) with respect to Vy it is seen that 

dw Aw^Vt 

dV W » 


and combination of this with equation (72.27) gives the equation of state 


PV Vf dlnQA 

NkT N\ dV \ V ) ' 


(72.28) 


The foregoing derivations are undoubtedly more strictly applicable to non- 
polar molecules, for the intermolecular force fields would then have no 
marked directional effects. Under these conditions a- and j8-sites ^ould 
have equal probability, as has been postulated, at temperatures above the 
melting point. For nonpolar molecules, particularly if they have spherical 
symmetry, the packing in the liquid would be of the face-centered type, as 
was assumed in Section 70; the value of z in equation (72.28) would then 
be 6, and y required for the evaluation of Qu would be ^^2, 

The method employed to determine wo is to find by a process of trial and 
error the value which will give the correct condition for the melting point 
at any given pressure. The procedure would presumably be somewhat as 
follows: a value of Wo is chosen arbitrarily, and then with the aid of equation 
(72.28) the isotherm PV oINkT is plotted as a function of VjV a, as in Fig. 59, 
for the known melting point of the substance at a definite pressure, e.g., 
zero pressure. This particular pressure must then give the points /i and C 
with the same free energy; that is to say, the area encipsed by the actual 
isotherm and the straight line AB must be equal to that enclosed by the 
isotherm and the line BCy if the value of Wo has been chosen correctly. It 
is of interest to record that Wo is approximately equal to the potential 
energy at the minimum of the potential energy curve for a pair of molecules 
(cf. Section 69a); this is not altogether surprising, since tvo is supposed to 
represent the interaction energy between two molecules occupying adjacent 
a- and ^-sites, whereas Ua is the average energy of interaction between any 
pair of molecules in a gas (or liquid) at the same distance (ro) apart. 
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Once Wo is known, it is possible to calculate various properties associated 
with melting by means of the equations already developed; for example, the 
melting pressure at any temperature can be obtained from equation (72.28). 
From the isotherm of PVojNkT against VIVoy the volume of the liquid at 
zero pressure can be calculated for the given temperature; further, since the 
volume at the known melting point for zero pressure can also be obtained, 
it is possible to evaluate the coefficient of expansion of the liquid. 

The entropy of the system at any pressure may be determined in various 
ways, the most obvious being by means of the thermodynamic equation 



the value of equal to A' -f- A*\ being given by equations (72.17) and 
(72.20). It may be noted that the corresponding entropies S’ and S”y the 
former representing the contribution of the ordered system while the latter 
is due to disorder, may be derived separately from A’ and A”y respectively. 
The entropy of fusion is the difference in the values at the two points A and 
C (Fig. 59) which represent solid and liquid, respectively, at the melting 
temperature and pressure. Incidentally, from the values of the abscissae 
{VIVo) at these two points, the molar volumes of solid and liquid can be 
obtained; Vo '\s taken as where ro is derived from the second virial 

coefficient of the gas. The results calculated for argon are compared with 
the experimental data in Table XXIX; the general agreement indicates that 
there is some basis for the view that melting can be accounted for in terms 
of molecular forces in the manner described above. 


TABLE XXIX. 


Molar Volume of Liquid 
Molar Volume of Solid 
Coefficient of Expansion 
Melting Pressure at 90.3® K 
Entropy of Melting 

*S' = 0.8R, S" = 0.9R. 


MELTING PROPERTIES OF ARGON 


Calc. 

29.6 
26.3 
0.004 
286 X 10« 
1.70 R* 


Obs. 

28.0 cc. 

25.1 cc, 

0.004S 

291 X 10* dynes/cm.* 
U66R 


72g. Partition Function of Liquid Above Melting Point— At tempera- 
tures above the melting point, the fraction y attains its limiting value of *• 
under these conditions the limiting value of Q", which is the contribution 
to the partition function due to disorder, given by equation (72.9) as 

In Q" = In g(y) - g 

= — A^{2y In y + 2(1 — q) In (1 

becomes, with f 



In Q" = Ar(21n 2)-^ 


(72.29) 



500 


INTERMOLECULAR FORCES 


By equation (72.7), ^is equal to Nwzq[\ — f), and since q is it follows that 


and hence. 


^ = \Nwz, 


In Q" = iV^21n2 




wz \ 

4lr/ 

WtiZ / ^ Y I 

UT\ V ) \ ' 


(72.30) 

(72.31) 


This contribution to the logarithm of the partition function due to dis- 
order, based on the order-disorder model, may be compared with the con- 
stant contribution N required by the cell model (cf. Section 70b), assuming 
the whole volume of the liquid to be available to each molecule. If wzjAkT 
is zero, then In Q" will be 1.387V; on the other hand, wzl^kT cannot exceed 
unity, for f — I, and so the smallest value of In Q" will be 0.387V. As a 
general rule, wzl^kT will be less than unity, and the value of In Q" will 
approach the higher rather than the lower limit. Although the difference 
between the actual value of In Q", as given by equation (72.30) or (72.31), 
and that, namely TV, used in the previous treatment may, therefore, not be 
great, it is evident that the calculations of vapor pressures and boiling points 
in Section 70d cannot be exactly the same as those based on the new model. 
The molar free energy of the liquid Fi is given by 

F, = F' + F", 


where F' and F" are defined by equations (72.20) and (72.17), respectively, 
while for the vapor Fp is given, as usual, by equation (70.39); if the values 
of Fi and Fg are equated, the pressure involved in the latter is the equi- 
librium vapor pressure of the liquid. The result is 




- NkT[lq\xiq^' 2(1 ~ q)\n(l - q)\ + NwZq(l - q). 


(72.32) 


In order to evaluate the boiling point,/) is equated to 1 atm., and the corre- 
sponding temperature is calculated; the entropy of vaporization may also be 
derived in the manner already described. To make use of equation (72.32), 
the first two terms on the right-hand side are calculated by the procedure 
given in Section 70d; the last two terms depend on w, since y is a function of 


TABLE XXX.^* CALCULATED BOlUNO I'OINTS AND ENTROPIES OF VAPORIZATION 

Boiling Point Entropy of Vaporization 

liquid Calc. Obs. Calc. Obs. 

Argon 87.3** K 87.4° K 17.5 caL 17.2 cal. 

Nitrogen 75.0° 77.2° 16.7 17.3 

The data in this table were derived from a somewhat different treatment of order-disorder, 
but the results for the present treatment are probably almost the same. 
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w only. The latter is determined from equation (72.26), with wa derived 
from one of the melting point properties as in Section 72f. The boiling 
points and entropies of vaporization of argon and nitrogen calculated in this 
way are recorded in Table XXX; these may be compared with the results 
in Table XXVII based on the cell model, with the whole volume of the 
liquid assumed to be available to all the molecules. 

73a. Liquid as Intermediate Between Solid and Gas: Holes in Liquids.^o 
— An alternative attempt to allow for the gradual, rather than the sudden, 
change from complete order to complete disorder as the temperature of the 
system is raised is based on the treatment of a liquid as intermediate between 
a gas and a solid. A partition function for a liquid is constructed in such 
a manner that it goes over into that of a gas at one extreme, and into that 
of a solid at the other extreme. The fundamental bases of the arguments 
are derived from a consideration of the viscosities of liquids. There is 
evidence to indicate that the viscosity of a normal liquid under ordinary 
conditions is merely a function of the volume. Viscosity is believed to 
depend on the number of “holes'* available to the molecules in the liquid 
state, and hence it has been argued that the number of holes increases ap- 
proximately in proportion to the volume, as the temperature is raised. 
These holes are somewhat analogous to the ^-sites referred to in Section 72a, 
etc., but there is an important difference between the view now being con- 
sidered and that previously described. According to the earlier discussion, 
the number of new equilibrium positions (j3-sites) that become available on 
melting is equal to the number of molecules in the system, but in the present 
treatment it is postulated that the number of holes in the liquid is a linear 
function of the volume and may be increased almost without limit. 

If Vh is the volume of a hole, then the number nn of holes per mole of 
liquid is given by 



(73.1) 


where F and V, are the molar volumes of liquid and solid, respectively. 
The process of liquefaction is thus regarded as the introduction of holes into 
the solid, which is supposed to contain no holes available for molecules to 
move into. The effective volume of a single molecule will be equal to FJN, 
where N is the total number of molecules in the system, and if the volume 
of a hole is l/«th of the volume of a molecule, it follows that 


V. 

- nN' 

and combination with equation (73.1) gives 

^ _ V- y. 

N~ ” V. • 

” Roseveare, Powell and Eyring, /. App. Phys.y 12, 669 (1941). 


(73.2) 


(73.3) 
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The fraction tthlN is the ratio of the number of holes to the number of mole- 
cules, and this may be represented by the symbol 7 , so that 



(73.4) 


A liquid is regarded as a mixture of N molecules, equivalent to a-sites, 
and rtK holes, equivalent to ^-sites; the entropy of random mixing of the 
molecules and holes would then be equal to the entropy of fusion, so that 


A*?/ = -Nk\n 


N 


N tik 


— rihk In 




= 


In (1 + 7 ) 4 - 7 In 


N^-n, 

14-7 



(73.S) 


Therefore, if the AS/ per mole is known, 7 can be calculated, with N taken 
as the Avogadro number. It has been seen (Section 70f) that the entropy 
of fusion of metals and of some other substances, whose molecules rotate in 
both the liquid and solid states, is about 2 cal, per degree per mole; for such 
substances 7 is calculated to be 0.54, so that at the melting point the number 
of holes introduced is about half the number of molecules present. It should 
be noted that if 7 is known, it is possible to calculate n by means of equation 
(73.4); for this purpose the molar volumes of solid and liquid at the melting 
point are required. For most normal liquids « is about 6 , but for liquid 
metals it is three or four times as large. 

73b. Partition Function for Liquid.^’^ — The partition function of the 
liquid phase is regarded as made up of a combination of the partition func- 
tions of the molecules and of the holes in a suitable proportion. The mole- 
cul^ may be treated as occupying equilibrium positions (a-sites) that are 
equivalent to those in the solid state; assuming the molecules in the solid 
to act as simple (localized) three-dimensional harmonic oscillators, the par- 
tition function Q, per molecule may then be given by [cf. equation (67.12)] 
an expression of the Einstein type, viz,, 


$ 

4 


= (1 — 


(73.6) 


where the vibration frequency p is related to the Einstein characteristic 
temperature dg in the usual manner, i.e., hvik = Bg. The term jg 

that for the zero-point energy, while E, represents the average potential 
energy (per mole) of the molecules in their equilibrium positions in the solid 
state. The holes (j^-sites) are regarded as analogous to the molecules in a 
gas, each hole being treated as a molecule occupying the volume VtlNn\ 
hence, the partition function Qg in one of the gas-like equilibrium positions 
will be represented by 



h* 


K 

Nn 




(73.7) 


“ Eyring and Walter, /. Chtm. Phys,^ % 393 (1941), 
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where «£. is the energy required to form a hole. The factor S is a function 
of the volume which will be considered shortly. 

The most stable confiscation of molecules and holes is assumed to be 
the one m which the molecules are distributed among the two kinds of 
equilibrium positions in a ratio equal to their volume fractions; thus, the 
number of molecules in the solid-like positions is proportional to 
while the number in the gas-like positions is proportional to (F — V)IV 

and introducing the a priori probability factor 

(A' + nH)\IN\nK\ to allow for the number of ways in which molecules can 

be distributed among fV -f n* equilibrium positions, that is, to allow for 

order-disorder, the resulting partition function for a system of N molecules 
becomes 

Q = . (73.8) 

In the solid state, is zero, and V is then equal to V,-, the partition function 
in these circumstances reduces to Q?, as it should do. At the other extreme, 
in the gaseous state, nn is very large in comparison with N, and F. is negligible 
in comparison with F-, under these conditions, equation (73.8) becomes 

Q = 7^ (73.9) 

which is the correct form for a system of N molecules constituting an ideal 

gas. It is evident, therefore, that as far as considerations of order and 

disorder under extreme conditions are concerned, the partition function 

is satisfactory. Making use of the equation for the 
maximum work function, 

A ■= — kT\n Q, 

and introducing the Stirling approximation for the factorials, it is found that 


^ Qo~^ . (73.10) 

*^0 employ equation (73,10) to calculate other properties of a liquid, it 
is necessary to derive an expression for the factor 5 in equation (73.7). If 
the equations for the partition function and the work function are to go 
over smoothly into those for an ideal gas, 5 must vanish for large volumes, 
so that gr^B,iRT becomes equal to unity. From viscosity studies, it appears 
that the energy required to make a hole in a liquid is greater than would be 
expected from its volume; thus the size of a hole is about one-sixth of a 
molecule, but the energy required to form the hole is about one-third of that 
necessary to introduce a hole of molecular size. From these and other 
empirical considerations, the function 



(73.11) 
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has been proposed. For normal liquids, at temperatures appreciably above 
the melting point, ly is much greater than l/(« — 1), and under these con- 
ditions it is found that 



(73.12) 


The value of Et can be calculated from the vapor pressure of the solid at 
the melting point, making use of the expression for this pressure in terms of 
the partition function. Since n can be derived from the entropy of fusion, 
and 7 at any molecular volume can be calculated from n by means of equa- 
tion (73.4), all the information is available for evaluating the partition 
function, and hence the thermodynamic properties, of the liquid. 

The melting point can be determined by finding the temperature at 
which the vapor pressures of solid and liquid are equal, and the entropy of 
melting can be estimated in the usual manner as the difference between the 
entropies of solid and liquid states at the melting point. By plotting the 
maximum work function A against the volume and determining the two 
points at which the curve has a common tangent, the volume of the two 
phases (liquid and vapor) in equilibrium, as well as the corresponding vapor 
pressure, could have been determined. However, the calculations were 
simplified in practice by approaching the problem from a less fundamental 
standpoint, making use of the van der Waals equation. 

73c. Equation of State. — An equation of state can be obtained by differ- 
entiating the maximum work function, as given by equation (73.10), with 
respect to the volume at constant temperature; introducing equation (73.12), 
the result is 



This is a van der Waals type of equation, and the critical temperature, 
pressure and volume can be determined by finding the conditions for which 
the E-V isotherm has a point of inflection. 

The general methods just described were applied to argon and nitrogen, 
and the volumes (V^ and vapor pressures of the liquids at a series of tem- 
peratures, the critical constants, and the temperature (7/), volume change 
(AF)) and entropy of fusion (A*?/) were calculated. Some of the results are 
compared with the experimental data in Table XXXL Similar calculations 
were made for benzene, after applying a correction for restricted rotation 
in the solid state which passes over into free rotation in the liquid; as in 
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Table XXXI, the results agreed well with those observed experimentally 
Attention should be called, however, to the fact that the computations are 
based on the value of 7 , and also require a knowledge of the vapor pressure 

TABLE XXXI> CALCULATED PROPERTIES OF LIQUIDS 


Argon 



Melting 

Phenomena 


Critical 

Phenomena 


Calc. 

Obs. 


Calc, 

Obs. 

T, 

82.9° 

83.85° K 

T, 

154.2° 

150.7° K 

Vi 

28.27 

28.03 cc. 

V. 

78.7 

75.3 cc. 

£^Vf 

3.14 

3.05 cc. 

P. 

59.4 

48.0 atm* 

AS/ 

3.40 

3.35 

Nitrogen 




Melting 

Phenomena 

Critical 

Phenomena 


Calc. 

Obs. 


Calc. 

Obs. 

T, 

62.86° 

63.14° K 


141.0° 

126.0° K 

Vi 

31.84 

31.95 cc. 


90.3 

90.1 cc. 

AV, 

2.49 

2.64 cc. 

p. 

48.4 

33.5 atm. 

AS/ 

2.64 

2.73 




at the melting point to derive K,y and of the characteristic temperature to 
obtain v; in addition the value of the factor 8 is given by an expression that 
is largely empirical in character. Nevertheless, the treatment of the liquid 
state as intermediate between a gas and a solid appears to present some 

interesting possibilities. 

% 
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Activated state, 406 

Activation energy, calculation, 127-130 
Angular momentum, electronic, compo- 
nent of, 240, 244, 245 
orbital, 1, 2, 240, 245 
resultant, 6, 241, 249 
spin, 2, 240 
total, 7 

Anharmonicity constants, 151 
Anharmonic vibrations, 150 

and potential energy curve, 180 
Antibonding electrons, 271 
and valence, 275 

Antisymmetric eigenfunctions, 70, 307 
for several electrons, 115-118 
nuclear wave functions, 175 
rotational levels, 173-175 
in Raman spectra, 199 
solution for H 2 , 69, 78, 95 
for Hj'*', 89 
vibrations, 214, 230 
Asymmetric top, pure rotation spec- 
trum, 229 

rotational Raman spectrum, 229 
vibration-rotation spectrum, 226- 
237 

Raman effect, 228 
Atomic states, even and odd, 8 
excited, 5, 10 
metastable, 5, 9 
permitted, ^9 
Auger effect, 189 

Azimuthal quantum number, 1, 56 

Band envelopes, 224-225, 227 
group, 142 
head, 166, 167 
origin or center, 150 
system, 142 

spectra, 141, see also Molecular 
spectra 

Benzene, molecular orbital treatment, 
134-135 

resonance in, 132-135 
structure, 104 


valence bond treatment, 130-135 
Bireciprocal function, 431, 446 
Boiling point, calculation of, 463, 500 
Boltzmann constant, 295 
I Bond angles, 97-98, 101, 102, 103 
distances, 148, 159, 233 
eigenfunctions, double, 103-104 
hybridized, 98-103, 105 
energies of, 105-106, 107-108 
localized, 97-112 
many electron system, 116-118 
tetrahedral, 101 
trigonal, 101-103 

energies and bond orbitals, 105-106 
and orbital strengths, 107-108 
frequencies, 239 
orbitals, localized, 97-112 
Bonding electrons, 271 
and valence, 275 

Bose-Einstein statistics, 307, 308-310 
313, 314 

applications, 321-328 
and ortho-para states, 376 
Boyle point, 449-450, 460 

Combination bands, 230 
Complexion, see Microscopic state 
Canonical structures, 118 
Carbon atom, bond angles, 98-101, 103 
double bonds, 103-104 
monoxide, electronic configuration, 260 
entropy, 392 

ion, electronic configuration, 261, 
274 

spectrum, 164 

Cell model of compressed gas, 452, 461 
Central force field, 47, 235 
CH molecule, electronic configuration, 
253-257 

potential energy curves, 255-257 
Cluster integrals, 474 

irreducible and reducible, 476 
Clusters in gas and liquid, 473 
CN radical, electronic configuration, 
261-263, 274 
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Condensation, 460 
free energy in, 484 
statistical mechanics of, 481-486 
Configuration integral, 436, 456, 465 
evaluation of, 437, 478 
Conservation of density in phase, 282 
of extension in phase, 283 
Conservative systems, 284 
Conti . jous spectra, 184-185 
Convergence limit, 185 
Cooperative phenomena, 453, 454, 491 
497 

Correlation diagrams, 267-274 
Coulombic energy, of H*, 84-85 
of H 2 + 90-91 
integral, for H 2 , 68, 70-74 
for 89 

Coupling, orbital and spin, 6 
in molecules, 12, 242 
Critical region, 488 
state, 458-461, 505 
statistical mechanics of, 486-489 
temperature and boiling point, 464 

de Broglie relationship, 16 
Debye characteristic temperature, 343, 
345, 346 

entropy equation, 435-436 
heat capacity equation, 344, 435 
theory, 342-346 

Degeneracy, accidental resonance, 230 
of eigenstates, 306 
of rotational states, 47 
of vibrational levels, 207 
Degenerate states, 11, 24, 306 
Degrees of freedom, 278 
Depolarization factor, 215 
Depolarized Raman lines, 215 
Determinantal eigenfunction, 116 
Dispersion forces, 427—430 
Dissociation, in electronic transitions, 
186, 188-190 

heat of, calculation, 186-188 
of diatomic molecules, 262-267 
and predissociation, 190 
and spectra, 181 

Distribution law, Bose-Einstein, 310 
classical, 288-303 
Fcrmi-Dirac, 312 
Maxwell-Boltzmann, 288-303 
approximations in, 291-292 


Double bonds, 103 

restricted rotation of, 103-104 
potential minimum, 231 

Eigenfunctions,, 19 
angular distribution of, 61 
antisymmetrical, 70, 116-118, 307 
behavior of, 20 

bond, see Bond eigenfunctions 
determinantal, 116 
directed, and valence, 97 
for harmonic oscillator, 34 
normalized, 22 
orbital, 58, 92 
orthogonal, 23 

and probability distribution, 22, 24, 
58 

properties of, 21-23 
radial, 56 

for rigid rotator, 46-47 
Slater, 115-116 
spherical, 50, 57, 60-61 
spin, 92 

symmetrical, 70, 307 
Eigenstates, 24 
degenerate, 24 
of electrons, 336 
in energy range, 316-320, 351 
and Maxwell-Boltzmann equation, 
320 

and phase volume, 315 
probability of, 305 
of radiation, 328 
of rotator, 47 

Eigenvalues, energy, 19, 20 
for hydrogen-like atoms, 55 
for oscillator, 33-34 
for particle in box, 27-28 
for rotator, 43 
Einstein functions, 381 
theory of heat capacity, 340, 434 
Electron, antibonding, 271, 275 
bonding, 271, 275 
configuration in atoms, 4-5 
in molecules, 240-276 
charge density in Hs, 95 
diffraction, 17 

eigenfunctions, symmetry properties, 
12-13 

equivalent, 248 
gas, 332 
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in metals, 333 
heat capacity, 334 
interaction energy of, 95 
nonbonding, 259, 275 
orbitals, symbols, 25S-259 
quantum numbers, 1-4, 240-246, 258 
shells, completed, 4 
spin, 2 

and valence, 94 

Electronegativity of atoms, 87, 108 
Electronic configuration, of H 2 , 251- 
253, 272 

of halogen acids, 257-258 
of hydrides, 253-258 
of molecules, 251-276 
spectra, 141-143, 145, 162-180 
band heads in, 166 
isotope effects, 168 
Py Q and R branches, 166-167 
rotational levels, antisymmetric 
and symmetric, 174-176 
structure, 165 

selection rules, 165, 176. 179 
structure of, 162 
transitions, 182 
dissociation in, 184 
vibrational changes in, 182 
Elliptic coordinates, 73, 83 
Energy of activation, 127-130 
atomic, 55 

of four electron system, 124-125 
resonance, 126-128 
levels, of harmonic oscillator, 32-33, 
149, 208 

of rotator, 43, 146 
translational, 28 

resonance, see Resonance energy 
Ensemble of systems, 277, 279 
microcanonical, 284, 288, 289 
Entropy, at absolute zero, 362. 436 
change in chemical reaction, 401 
communal, 466 
of crystal, 435-436 
and eigenstates, 348 
of fusion, 467, 499, 505 
generalized equation for, 357-359 
361-362, 433 
of hydrogen, 394 

for internal degrees of freedom, 372 
of mixing, 394 

of monatomic gas, 352 


I from partition functions, 391-392 
rotational, 378 
of vaporization, 464, 500 
vibrational, 381 
virtual, 378 

Equilibrium constant, for isomolecular 
reaction. 404—406 
and partition function, 398, 401- 
402 

Equipartition of energy, 301-302 
Equivalent and nonequivalent elec- 
trons, 246, 249-251 
Ergodic hypothesis, 285 
Eulerian angles, 386-387 
Euler’s constant, 77 

Even and odd electronic states, of 
atoms, 8 

of molecules, 13, 173-177, 242, 
243, 244, 247, 251 

Exchange energy, see Resonance energy 
integrals, 68, 75-78, 110, 121, 125 
in four electron system, 125 
multiple, 121 
single, 121 

in water molecule, 110 
Excited atomic states, 5 
states of benzene, 131 
Exponential integral, 78 
Extreme fields, method of, 211-212 

Fermi energy, 332, 338 
Fermi-Dirac gas, 329-332 
statistics, 310-312, 313, 314 
applications, 329-339 
and ortho-para states, 376 
Force constants, in diatomic molecules 
159-160 

in polyatomic molecules, 234-238 
fields in polyatomic molecules, 235 
Four electron problem, 118-125 
Franck-Condon principle, 182-184 
Free energy, calculation of, 404-405 
in condensation, 484 
and equilibrium, 396 
functions, 399 

generalized equations, 357-359 
of imperfect gas, 442, 481 
of liquid-gas system, 462 
of monatomic gas, 353—354 
and partition functions, 397 
of solid-liquid system, 493 
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radicals, 138 

resonance energy in, 139-140 
stability of, 139 
volume of liquid, 465 
applications, 470-472 
determination, 467-470 
Fugacity of imperfect gas, 442-443 
Fusion, entropy of, 466, 467, 490 
equation of state for, 498, 504, 505 
model of process, 490-491, 504 
phenomena, 491, 499 

■y-space, 279-288, 305 
g and u states, see Even and odd states 
Gas degeneration, Bose-£instein, 323- 
326 

Fermi-Dirac, extreme, 330 
slight, 329 

highly compressed, 452-472 
ideal, Bose-Einstein, 324 
distribution law, 292 
energy of, 367 
equation of state, 303 
pressure of, 367 
imperfect, cell model, 452 
equation of state, 445, 458-459, 
479-480 

free energy of, 442 
fugacity, 442-443 
generalized model, 446-452 
pressure of, 441 
Generalized coordinates, 278 
momenta, 278 
Graphite, structure of, 104 
Group theory, 210, 214 

Hamiltonian form of energy, 366, 375, 
383, 387, 411, 432, 436 
equations of motion, 281 
function, 281 
operator, 25 

Harmonic oscillator, eigenfunctions of, 
34 

energy levels of, 32-33 
in quantum mechanics, 28-35 
Heat capacity of electrons in metal, 334 
of Fermi-Dirac gas, 333 
of Hs, 395 

of ideal gas, 360, 361 
rotational, 375 
and vibrational, 372 


of solids, 339-346 
Debye theory, 342-346, 434-435 
Einstein theory, 340, 434 
vibrational, 381 

Heisenberg uncertainty principle, 14- 
16, 21, 304, 306, 316, 351, 423 
Heitler-London treatment of Hj, 66-79 
Helium hydride, 92 
liquid, 326 

molecule, diatomic, 273 
ion, 91, 274 

Hermite polynomial, 34 
Hildebrand's rule, 464^65, 471—472 
Hund’s case (<i), 170, 179, 379 
case W, 171-172, 179 
Hydrides, diatomic, structure of, 253^ 
258 

Hydrogen halides, electronic configura- 
tion, 257-258 

-like atoms, eigenfunctions, 56-'58 
eigenvalues of energy, 55 
quantum mechanics of, 47-61 
molecular, electronic configuration, 
251-252, 271-272 
entropy of, 394-395 
heat capacity of, 395-396 
ortho and para, 393-396 
quantum mechanics of, 66-84 
molecule ion, 88-91, 267-268 

Ideal gas, see Gas 
Imperfect gas, see Gas 
Infra-red spectra, 143-144, see also Ro- 
tation spectra and Vibration spectra 
Integrals, coulombic, 68, 70-74, 109, 
122 

exchange, 68, 75-78, 110, 121, 125 
Intermolecular forces, 423-505 
Internal rotation, free, 410-414 
restricted, 415-^22 

partition function for, 416-422 
potential for, 415-416, 418, 420- 
422 

Ionic terms, 81-82, 86, 91 
Isoelectronic systems, 261 
Isomolecular reactions, 403-404 
Isosteres, structure of, 260 
Istopic effect in caltulation of force 
constants, 238 
in electronic spectra, 168 
and frequency assignment, 233 
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in Raman spectra, 197 
in rotation spectra, 148, 149 
in vibration spectra, 160-162, 230 

Lagrange equation, 204, 205 
function, 204 

method of undetermined multipliers 
290 

Laguerre polynomials, 51-53 
associated, 51, 55 
A-type doubling, 171-172 

and partition function, 379 
Laplacian operator, 19, 25 
Legendre equation, 40-^1, 44 
functions, associated, 45-46, 47 
polynomials, 43-45, 47 
Linear molecules, spectra, 219-220, 228 
Raman, 229 

LiouvilIe*s theorem, 280-282, 284 
in quantum mechanics, 305 
Liquid, equation of state, 472, 504 
free energy of, 462, 471 
free volume, 465-472 
holes in, 501 

partition function, 466, 499, 502 
Localized elements, 373, 434 
pairs, method of, 97-112 
benzene, 130-133 
water, 108-112 
LS coupling, 6, 12 
in molecules, 242 

Macroscopic state, 287 
Magnetic quantum number, 2 
Mass, reduced, 37, 48 
Mathieu’s equation, 418, 421 
Matrix component, 65 
element, 65 
diagonal, 122 
nondiagonal, 119-121 
in spectral transitions, 144, 194 
Matter waves, 17 

Maxwell-Boltzmann distribution law 
288-303 

statistics, 312-313, 314 
Maxwell's law of distribution of enerev 
321 

of Velocities, 297-298 
Mean values in quantum mechanics, 304 
in statistical mechanics, 298 
velocity of molecules, 300 


Melting point, theory of, 495, 504 
properties at, 497, 499 
Metals, electron gas in, 333 
thermionic emission, 335-338, 354 
Metastable atomic states, 5 
Microcanonical ensemble, 284, 288, 289 
in quantum mechanics, 305 
Microscopic state, 287, 304 
Molecular attraction and repulsion 
423-431, 446-447 
orbitals, 80, 112-115, 245-276 
symbols of, 258 
treatment of benzene, 134-135 
spectra, diatomic, 141-202 

electronic, 141-143, 162-180 
infra-red, 143-144 
Raman, 190-202 
rotation, 144, 146-149 
vibration-rotation, 149-162 
polyatomic, 203-239 

Raman, 214-216, 227-228, 229 
rotation, 228-229 

vibration-rotation, 216-227, 236 
term symbols, 12, 248 
Moment of inertia, diatomic molecule 
148, 158-159 

polyatomic molecule, 233, 388, 413 
of rotator, 37, 146-147 
Morse equation, 181-182 
M-space, 286-288, 304 
Multiplct states, atomic, 7 

normal and inverted, 8 
molecular, 12, 242 

Negative branch, in vibrational bands 
219, 222 

Nitric oxide, electronic configuration 
263-264 
entropy, 392 

rotational partition function, 379 
spectrum, 155 
Nitrogen, bond angle, 98 
molecule, electronic configuration 
259, 274 

ion, configuration, 261, 262, 263 
Nonbonding electrons, 259, 271 
Normal coordinates, 203-210 
transformation, 205 
vibrations, 206-218 
classification of, 212 
summary, 217-218 
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Normalization, 22 
integrals, 68 

Normalized eigenfunctions, 22-23, 63, 
69 

hydrogen-like, 56 
Nuclear spin, 177-179 
degeneracy, 368 

effects in polyatomic spectra, 232 
entropy, 378 

in partition functions, 375-380, 402 
and Raman spectra, 200 
and rotation spectra, 175 
Nutation of molecules, 155 

O-branch in Raman spectra, 201, 229 
Odd electron bonds, 91 

states, see Even and odd states 
Optical antisotropy, 192 
Orbital, angular momentum, 1, 7, 10, 
155, 240, 245, 249 
atomic, 58, 79 
in Hty 79 

in several electron problems, 116- 
118 

bond, and energy, 105-106 
double bond, 103—104 
molecular, 80, 245-276 
in benzene problem, 134-135 
and molecular configuration, 112- 
115 

symbols, 258 
and valence, 112-115 
strength and bond energy, 107-108 
tetrahedral bond, 101 
trigonal bond, 101-103 
Order-disorder phenomena, 489 
and fusion, 490-491, 497 
Ortho and para states, 177-179 
of hydrogen, 393-396 
partition functions of, 376 
proportions of, 178 
Orthogonal functions, 23, 63, 69 
Orthogonality integrals, 68 
Overtone bands, 151, 152, 230 
Oxygen, bond angle, 98, 111-112, 115 
molecule, dissociation, 265 
electronic configuration, 264-265, 
275 

spectrum, 168-169 
ion, 265-266, 275 
rotational partition function, 379 


Parallel bands, in linear molecules 
in Raman spectrum, 228 

in symmetrical top molecules 221. 

225 ' 

vibrationsj 213 
Partition functions, 355-363 
applications, 391-410 
approximate, 385-391 
combined, 384 
definition, 356 

of dependent particles, 436-440 
determination of, 363-391 
electronic, 368-369, 370-371 
and equilibrium constant, 398 
evaluation of, 384 
of free internal rotator, 411-415 
I of independent particles, 432-433 
of liquid, 499, 502 
and nuclear spin, 368 
of polyatomic molecules, 386-391 
of restricted rotator, 416-422 
rotational, 373-380, 386-389 
rotational and vibrational, 371, 
384^385 

of solid-liquid system, 491-494 
and thermodynamic functions, 
355-362 

translational, 364 

vibrational, 380-381, 382-383, 

390-391 

Particle in a box, 26-28 
Pauli exclusion principle, 3 

and antisymmetric eigenfunc- 
tions, 116 

in molecules, 246, 250 
in quantum mechanics, 93 
P-branch, in electronic spectra, 166 
in Raman spectra, 201 
in vibration-rotation bands, 154, 157, 
158, 219, 222, 223, 225, 229 
p-eigenfunctions, 58-61, 97-115 
Perpendicular bands in linear mole-, 
cules, 220 

in Raman spectra, 228 
in symmetrical top molecules, 221, 
225 

in vibration spectra 
Perturbation method, 62 
Phase, 277 

conservation of density in, 282 
of extension in, 283 
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■iSsity in, 279-284, 305 
integral, 431 
polht, 279 
space, 278, 279 
volume and eigenstates, 315 
Planck's equation, 328 
Polarizability, 191, 192 
and optical anisotropy, 192 
and Raman effect, 192, 195 
and van der Waals forces, 428-429 
Polarization ellipsoid, 195 
of Raman lines, 215 
Positive branch, in vibrational bands, 
220, 222 

and negative electronic states, 13, 172 
rotational levels, 173, 199-200 
Potential energy curves, 180-190 
of CH molecule, 255-257 
crossing of, 269, 273 
of H 2 , 79, 272 
of H 2 + 268 

of molecular interaction, 444, 
451 

of restricted rotator, 415-422 
surface, 129 

Predissociation spectra, 188-190 
TTT-bonds, 103 

in benzene, 104, 130 
in graphite, 104 

Principal quantum number, 1, 55 
Probability distribution function. 22, 
24, 304 

and eigenstates, 305 
and entropy, 347 
postulate of equal, 284-286 
Progression in band spectrum, 163 

^branch, in electronic spectra, 167 
in Raman spectra, 201 
in vibration-rotation bands, 155, 157 
222, 223, 224, 225, 229 
Quantum mechanics, 14-61 
numbers, atomic, 1-10 
assignment of, 3, 4 
azimuthal, 1, 56 
in wave mechanics, 55 
magnetic, 2, 56 
principal, 1, 55 
spin, 2 

molecular, 10-13, 241-242, 244- 
246, 258 


statistics, 303-315, 321-339 
theory of valence, 62-140 

Radial distribution function, 58-59 
equation, 51, 53 

Radiation and Bose-Einstein statistics 
326-328 

Raman spectra, 190-202, 214-216, 227- 
229 

anti-Stokes lines, 191, 194 
classical theory of, 191-193 
depolarization factor, 215 
depolarized, 215 

of diatomic molecules, 192-202 
form of, 201-202 
isotope effect in, 197 

of polyatomic molecules, 214-216, 
227-229 

quantum theory of, 193-195 
Stokes lines, 190, 194 
Rayleigh scattering, 190, 191, 192 
quantum theory of, 194 
/^-branch, in electronic spectra, 166 
in Raman spectra, 201 
in vibration-rotation bands, 154, 157 
158, 220, 222, 223, 225, 229 
Reaction rate, theory, 127-130 
frequency factor, 406-410 
Recursion formula, 32, 42 

Repulsive forces between molecules 
430, 447 

Resonance, accidental, degeneracy 
230-231 

in benzene, 130-135 
evidence for, 238 

experimental determination, 137-138 

in four electron system, 126 

in free radicals, 138-140 

in Hi, 85 

in 91 

ionic, 87 

in other molecules, 86, 136-140 

Restoring forces, 159, see also Force 
constants 

Rotational constant, 146 
energy, 146, 170 

interaction with electronic, 169- 

177 

levels, symmetric and antisymmetric 
174-176 

lines, separation of, 147, 158 
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alternating intensities, 177 
partition function, 373-80, 386-390 
free internal, 411—414 
restricted, 414r-422 
spectra, diatomic, 144, 146-149 
polyatomic, 228-229 
Raman, 192-193, 198-200, 229-230 
Rotator, eigenfunction for, 46-47 
eigenvalues for, 43 
energy levels of, 43 
internal, free, 410-414 
restricted, 415-422 
in quantum mechanics, 35—47 
wave equation for, 37 
Russell-Saunders coupling, 6 

Sackur-Tetrode equation, 352, 367 
^-branch, in Raman spectra, 201, 229 
Scattering of light, 190-192 
Schrddinger equation, see Wave equa- 
tion 

Secular equation, 66 

for benzene problem, 131, 133, 134 
for hydrogen molecule, 67, 68 
for water molecule, 112, 113 
j-eigenfunctions, 58-61, 97-115 
Selection rules, in electronic spectra, 

179 

for rotational levels, 176 
in Raman spectra, diatomic mole- 
cules, 195-196, 198, 201 
polyatomic molecules, 228, 229 
in rotation spectra, 147, 148 
in vibration spectra, 152, 155, 219 
Semiempirical calculation of activation 
energy, 127-130 

Sequence, in band spectrum, 163 
Slater eigenfunctions, 115-116 
Solids, heat capacity of, 339-346, 434 
Debye theory, 342-346, 434 
Einstein theory, 340 
Spherical coordinates, 36 

eigenfunctions for H-like atoms, 50, 
57, 60-61 

5 and p eigenfunctions, 60 
molecule, Raman spectrum, 229 
rotation spectrum, 228 
vibration-rotation spectrum, 225- 
226 

Spin, angular momentum, 2, 240 
eigenfunctions, 92-116 


electron, 2 

and valence, 94 

nuclear, 177-179, see also Nuclear 
spin 

and Raman effect, 200 
quantum number, 2, 6, 11, 240, 242 
(r<r-bonds, 103 

Statistical equilibrium, 283-284 
in quantum mechanics, 305 
mechanics, 277-346 
of condensation, 481-486 
of critical state, 486-489 
mean values in, 298 
thermodynamics, 347-422 
weight, 306 

Statistics, Bose-Einstein, 307, 308-310, 
321-328 

Fermi-Dirac, 308, 310-312, 329-339 
Maxwell-Boltzmann, 312-313, 314, 
315 

Symbols, atomic, 8 
molecular, 12, 248 
Symmetric eigenfunctions, 70, 307 
nuclear wave functions, 175 
rotational levels, 173-175 
in Raman spectra 
solution of H 2 , 69, 78, 95 
for H 2 + 89 
vibrations, 214, 230 

Symmetrical top, band envelopes, 224- 
225 

Raman spectra, 229 
rotational spectra, 228-229 
vibration-rotation spectra, 220-225 " 
Symmetry number, diatomic molecules, 

377 

polyatomic molecules, 388 
of internal rotator, 412, 414 

Term symbols, atomic, 8 
molecular, 12, 248 
Thermionic emission, 335-339, 354 
Richardson equation, 338, 355 
work function, 338 

Thermodynamics, of atomic crystals, 
434-436 

functions, of monatomic gas, 352-354 
generalized equations, 355-362 
translational, 366 
third law of, 392, 436 
Transition probabilities, 144, 199 
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Translational energy, in quantum me 
chanics, 28 

partition function, 364r-366, 432 
thermodynamic functions, 366-368 
Triatomic molecule, angular, 209-212 
linear, 214-215 
Trouton*s rule, 464, 471-472 

Uncertainty principle, see Heisenberg 
principle 

United atom, 240, 268, 270 
orbitals of, 245 
splitting of. 243 

Valence bonds, directed, 97-112 
and electron spin, 94 
force field, 213, 235 
and molecular orbitals, 112 
vibrations, 213,391 
van der Waals constants, 446 
forces, 423, 427 
gas, 443-446 

Vapor pressure, 461, 463, 500 
Vaporization, entropy of, 464, 500 
Variation function, 64 
method, 63-66 

Vibrational energy, 149, 208, 381 
entropy, 381 

frequency, 150, 162, 197 
equilibrium, 152 
heat capacity, 381 
partition function, 380-381, 390 
and rotation, interaction, 156 
Raman effect, 192, 195-197 
Vibration-rotation spectra, 143 
diatomic molecules, 149-162 
fine structure of, 153 
frequency separation, 158 
fundamental band, 150, 152 
harmonics (overtones), 151, 152 
isotope effect, 160 
Raman effect, 201 


selection rules, 152, 155 
polyatomic molecules, asymmetric 
top, 226-227 

frequency separation, 2?0 221 
223, 224,225,228 ’ 

linear, 219-220 
Raman effect, 227 
rotational structure, 216-227 
special effects, 230-232 
spherical, 225-226 
symmetric top, 220-225 
Vibrations, anharmonic, 150, 180 
antisymmetric, 214, 230 
deformation (bending), 213, 233 
degenerate, 207 
normal, 206, 207-218 
parallel, 213 
perpendicular, 213 
symmetric, 214, 230 
valence (stretching), 213, 233 
Virial coefficients, 441, 448, 450, 480 
equation, 441 

Water, bond angle in, 111-112, 115 
localized pair treatment, 108-112 
molecular orbital treatment, 112-115 
Wave equation, 18-20, 24-26 
for linear oscillator, 29 
operator derivation, 24-26 
for particle in box, 26 
for rotator, 37 
restricted internal, 417 
functions, see Eigenfunctions 
mechanics, 14, ue also Quantum 
mechanics 

Waves and particles, 14-16 

Zero-point energy of Fermi-Dirac gas, 

33 1 

of harmonic oscillator, 34-35, 180, 
pressure, 332 
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